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g A A a é’ Y [ 3’, a =< 9 = o U
unsamamsaimasanaznavuld  aaiulumsesnuuunadIfINITNIIReIlNIMNUAAIAIY
o A o 1 [ A a t%l [ o 9q 9
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1.2 nszmumsiﬂmmaﬁn (Stochastic Process)

1% X Aodualsgu (Random Variable) Taodl fix) Sluiaddunmsuanuasnnuiiegilu (Probability

Distribution Function) 1182 X NA19¢5z HINAAIATINAANLAZIATINAVY HID Xjper < X <

Xupper-

" A A aa A & A
IFNUBIMTUNAVOL X, = {X1, Xp, .., X} 1110 t ADUAVOIIANTOTLIZNNHITODUC
Y A
21 t Ao
X, ADOYNTNIA (Time Series)

FFNVOIMAUNANNINNNTEVIUMTE IALATANITINITRealization of Stochastic Process

NITUIUMITE TALATAN AD mmaw‘i’mﬂitju {Xe: X1, X0, ., X0}
X, = dwlsgu Fadl £ () Sluiladdumsuanusaanuiheziy

X, = dwnlsgulaedl f(x,) Aulsadumananiasninningdlu

o ! = I ) ' 3
X, = awalsgulasy £(x,) Wulsadunsuanuannuiiozily
% ] I 1 @ 1 .
f(x1, %0, %) = MAFUMIHAINLIIANVIZTUTIWYRIH A 5gY (Joint
Probability Distribution Function)
o . a ] I 1T @ = 1 o
uuusesdsei e Iassaiuanuigiluveusnuesmduna {x,, Xy, .., X, Jizonuuuiiaoea

Taunaan (Stochastic Model)

1.3 31JmJummm:mumm‘lmmaﬁn (Types of Stochastic Process)
a ] 9 I o @ dy
gﬂllﬂ‘]ﬁl@dﬂiglj'lufﬂ‘iﬁimlﬂﬁﬁﬂﬁﬂﬂimmQﬁ)f]ﬂllﬂlﬂuﬁﬁ1ﬂﬁﬂ‘ﬂleZ JU
- Discrete vs. Continuous Process
- Independent vs. Dependent Process

- Stationary vs. Non-stationary Process

1.3.1 nszmumsaimmaﬁmmu Discrete vs. Continuous

. = a d'd 1 [} d' ] ) [ d' 1 ~
Discrete Process ﬂi’)ﬂig‘]_l’n!ﬂﬁi"fiﬁllﬂﬁ@]ﬂﬂllﬂ?lllmmi‘!@ﬁ wuIUIURAuan lunagll (No.

s 1 1

of Rainy Days Per Year) Yaizf Continuous Process ApnIzLIUMId launaannimaoiiioq 15w
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I ) a @ 1 H [ 4
Pnaduseihiludu Taenalildoyagnnineaziimstiuinlugiwarn lideiioq (Discrete Time)
1 =1 A @ 1 o %) I 9 g’/ [ A [ A o ~
iy 5161 sredeu 193U uaamnsaimdeaitiuns il ldnauaeiiowas liaeiiies aagda 1.1
%,' 1 A v R A [ I ~ A [ A @
wazlFunardy 1 mIszmenimsiunnnsanar lunezdusgtl sedou s1eurso e Tua

[

~ A 1 a3 9 ~ a 1 A .
QE“]JTI 1.2 ﬂ'E]'J'I!ﬂJ‘L!GU@3;!a‘Vlll'I5]'Iﬂﬂi3']J'Juﬂ’lﬁﬁiﬁ!mﬁ@ﬂllﬂﬂ@'ﬂlu@i (Continuous Process)

60
x1(t)
40 -

60

x2(t)
40 -

W

60
x1(t)
x2(t) 40 -

317 1.1 Two realizations of stochastic processes
(a) plotted at discrete points in time (b) plotted as continuous lines.



(a)

Rainfall

{b}

Evaparation

mm Annual
2000+
1600
1000
500~

200

1000 -

1
20 Years

150
100+
50

10 15 20 Months

20

5_
|

10 15

20 Days

Hourly or continuous
mm mm/h

5 10 15
Time
(a) Rainfall Time Series

mm Annual

S =N WA O

2b Hours

500

o

5 10 15
Monthly
150+

100+

sop e

J 5 10 DJ 15 20 Months
Daily {July}

20 Years

s O

B 5 10 i5
Continuous
{Sunny day, July)

0.1

20 Days

5 10 15
Noon

20 Hours
Midnight

Time

(b) Evaporation Time Series

1-4

{c) mm Annual

1000
500%
0
5 1¢ 15 20 Years
200 —Monthly
> M
= 0
5 J 5 10 DJ 18 20 Months
[
&

5 10 15 20 Days
mm k' migl
027 ¢ 1chment 8000 km? 400
0.1 +200
i
ol
5 10 15 20 Hours
bl m3s!
N Ho
Catchment 200 km
G.1 5
0
5 10 15 20 Hours
Time

(c) Runoff Time Series

51N 1.2 Different Time Series of Rainfall, Evaporation and Runoff
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1.3.2 Independent (Purely Random) vs. Dependent Process

ATTUIUMITA TALAAANLULBATE (Independent) tazuty' 3da52 (Dependent) 3xfa13241 189710
o S ' 3 ' o ' . . . .
AaauaveIleIAsuNIsHINLIIANNIIIZE U WUBINA18A )51 (Joint Probability Distribution
. (% dy
Function) ANU
9 A ) 1 I ]
0N fF(xq, X2, .0, %) = F(x)f(x2) ... f () HI0WIAFUMTHINUAIANNUILD UTINUD
[ 1 1 % . . . ! d
nateas qU IMNUNDAUUDI Marginal Distribution Le¥ asnTlu Independent Process
Y — A ST
Nf (X, X2, .., %) = FO)f O] f(x3]%1%3) won f (X | X1 X5 o Xp—q) HIOWIATUNITLAN
[l I ' % U 1w 1 g
uaanNuzuI v Iiated s gy MNUNagaved Conditional Distribution iarad2 13y

. ] I
Dependent Process #4n31U84 Dependent Process a 13130419000 18111 2 unufe

- Serially Dependence Stochastic Process (Time Dependence) H3 0052 UIUMINE lauaaani
Y
YuednUal

u

- Spatially Dependence Stochastic Process (Area Dependence) WionszuIUMINE launaani
Y 4

=1 (Y

A A
VUBYNUWUN

A AaaA [/~ J I a A 1A v v o J
ﬂm’ﬁllﬂ@ﬂ“lﬁﬂﬁﬂﬁ'liJ'l‘ii‘lLLﬁ@\ﬂWqu31@Hﬂiﬂl3ﬁ1lﬂullﬂﬂ@ﬁ§$ﬁi’f]U]JJ ﬂﬂﬁﬂﬂﬂfuﬁﬂﬁﬂwu‘ﬁ
luf1e9 W30 Autocorrelation Function(ACF) 19819 ACF v04 Stationary Dependent and Independent

Series HaAd0g Uz 1N 1.3



Serial correlation coefficients

Xt = stationary time series

(a)

1.0 7t = Xt-i
Sx
4 Stationary series Z,
ro = 0.71
0.0 , —~— T—M—Vf./’\/:
1.0 {b)
Residuals for 1st order
Markov model, e,
et = Zt - ay.4¢.]
0.0 VNVA““V"‘V B I e ey
50
Lag
{c}
g0
Distribution of residuals
.. 40 1 Mean = —0.00101
fé sSD = 0.70249
Z 20/
0 - . T e ¥e:
-2 0 1 2 3

Value

gﬂﬁ 1.3 Autocorrelation Function of Dependent Series (z,) and Independent Series (E,)
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1.3.3 Stationary vs. Non-stationary Process

o . = o I a & a Jd 2 Ul 1 ﬂd’ 1]
NITUIUNTUVY Stationary ABNTESUIUNTH LALATANYINITINADILBU W, o<, p LUagULUA
v W % a 4 {
Tamunar TuneanduiunTEUINMIIUY Non-stationary ABNFEUIUMIFIMTINmasi)aeulday
Jd ¢ '
nm ﬂﬂﬂ;]miml‘b'u Trend, Jump 130 Seasonal Variations Ao03A1l5EAOVYDY Non-stationary i

< @ A
awnsomiu @ lueynsunar asgui 1.4

—— stationary =——trend —— seasonal ----- Jump

1200

1000 -
800 -

£ 600 -

400 -

200 -

ACE — _stannary — trend — seasonal
----- jump upper -~ lower

0.6 — -
<04 -
0.2 -

-0.2 ¢
-0.4 -
-0.6 -
-0.8 -

gﬂﬁ 1.4 Stationary and Non-stationary Time Series.
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1 a 4 ’o' o ] ?,’ . Y I 1
m1Jizmmmmwwimmaimmiﬁmmms”lwammmﬁmu“lmmm Boise waa UM

1 A [ A 1 Y = A I
AURAY AT IUVYIAUVUNINTITU AANULY UaL Lag 1 ACF Lﬂaﬂullﬂaqqﬂﬁ1ﬂlja1 ERBIN Non-

stationary Process ﬁ&g U 1.5

50001 <7
X

4000

3000

2000

2

1000
© 50 100 150 260 250 300 350 |
(1 Oct) (30 Sept)
2500 _,
=38
2000}
2500}- !
1000
oo sl v soys
i 50 100 150 200 250 300 350 |
(1 Oct) (30 Seont)
$0p: B F\
5.5
5.0 |
4.5 i
4.0
3.5f l} l)]
3.0} | "
2.5 l
2.0}
Kl f !
1.5 '
1.0} ( '\I
0.5 | n
-, : 2 . " Al T days
o 50 100 t50 200 250 300 i350]
(10ct) (30 Sept)
r
1.00 - 1.t
0.90 { N
i
0.80
0.70 }
0.60 |-
i T days
0.50 1 1 1 1 1 1 1
(10ct) 50 100 150 200 250 300 350
](30 Sept)

Y

iﬂ‘ﬁ 1.5 Statistical estimates of daily flows of 40 years long sample of Boise river near Twin

Springs, ldaho, USA.
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d
14 mﬂﬂ‘sznaummagnsunm (Components of Time Series)

Y s Ao w s A . .
aynIuaNlsznoualgenlszneuNd Ay 4 03A152NOUAD Trend, Periodic, Catastrophic

v H d o |
118z Random #1931l 1.6 nazawnsa@ewiluaumsoynsunan ldasaumsi 1.1

YO =YL+ Y2() + Y3(t) + Y4(t) [1.1]
&

1D Y(t) = ayYniuna

Y1(t) = Trend

Y2(t) = Periodic Component

Y3(t) = Catastrophic Component

Y4(t) = Random Component

y(t) | Composite Series
Observed

y1(t)| Trend

y2(t)| Periodic Component

NNNNNANNNANA

y3(t) | Catastrophic
Component

y4(t) | Random Component

‘sﬂ‘ﬁ 1.6 Components of Time Series

U
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Autocorrelation Function (ACF) ¥30{38n9n0e191ilefe Correlogram VOINTLUIUM T TaLa

a 1 ] A 1 A %) = 1
aanuuuauaateglugln 1.7 daugiln 1.8 uaaimsnaeanlFoumeuszrieynsunalay

A o o A

1 LN a 4
ACF 1930 nTUNaUuA N ACF ﬁ@ﬂmﬁlm@] d@1AYUDY Periodic Time Series U UATICHOUYNTY
172114 Time Domain @2U Spectral Density Function ﬁaﬂmﬁuﬁﬁﬁ ﬁWﬁJﬂJUEUEN Periodic Time Series 10
a 4 {
’Jl,ﬂ’iw‘ﬂﬂlélﬂim’mﬂu Frequency Domain gﬂﬁ 1.9 ugad ACF llag Spectral Density Fucntion U84

Periodic Time Series 1115 Remove Periodic Components i Frequency G]lN“']

J"[_Jl
1.0
0
5 10 15 L
{a) Random, independent noise
rLJh
1.0
0 ‘}Auﬁ'h{ .
10 15 L
{b) Awutoregressive, Markov process
Fi 1.0
[} 1.0 -9~
+1 ra I ~
| /
0L1]||11t|+1 L1 ___;__7_ _____
i
of 2T
/
—'1_ -~ - - 4
Periodicity

(c} Pure sine wave

st 1.7 Correlogram or ACF Showing Independent, Markov Process and Periodicity

U
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Correlogram
Time Series Plot —y'(t)
—e(t) 1.00 ~+1(k) ! -1
700 —y®
600 080
500 /\\ \/\ 0.60 \
400 \
% S
g )
a0 " 020 .
100 A \\/\ /‘\
000+ TN e
0 Nr 4 /
1001 \/ \N\/ T eV 123456K789\@\11/ 131415 1
- 020
-200 %
¢ -0.40
lagk
(a) Stationarity
Titne Series Flot —y'()
— et Correlogram (k) -y e
50 /1 1.00
700 o il
e 0.80
50 - 0.60
= 400 < 0.40
% 50 R
200 000 —r——7—F—" """
100 1 23 456 7 8 9 10111213 14 15 16
-0.20
1 e S D
Jon & i 21 3l 41 51 040
’ lag k
t
(b) Trend
100
Correlogram
50 A 1 1.00 ~1(K) - |
il AN | 2
0 A f\ﬂ (\v/\ AL\l V'\'A ‘ [\4 v/\ N 060 \
. YW | el
x
golzoki_._kj\_.AFHH+H+i
0 ' ! ) 0.00 \ / : /\ VAN /
100 020 \1 / \3/ 4 ?%\/ \3/10 11\12/1;74 15 16
240 1 -
-150 -0.60

t

lag k

(c) After Removing Trend From (b) by Differencing

U

51l 1.8 Characteristics of Time Series and Correlogram for Different Types of Time Series
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Time Series Plot =yt
- :)9/8 B Correlogram 1K) -u .
100
700 0.80
600 /\ WA\N / N /;/W 050
500 \ ) 040
.
X 300 o
200 -0.40
100 060
080
0 ‘/HH‘HHV‘V‘H‘HMVV_THH‘V’HHW‘W\/H\/HV _100
1 21 31 a 51 :
-100 lag k
t
(d) Cycle/periodicity
Time Series Plot —y(t)
—e(t) B Correlogram ~1(k) -y =[]
900 —y© 100
800
700 [ 080
600 ’I 060 \\\
500 040 B
g 40 g R
300 020
200 000 +——FT—FT—T——T—TT T T T T T T
100 020 1234567891011121314151F5
0 frgr i A NARERARREES e A LR S SAAvan sy AV -0.40 ST
-100 11 21 31 41 51
lag k
t
(d) Jump
gﬂﬁ 1.8(me) Characteristics of Time Series and Correlogram for Different Types of Time

Series




Serial correlation coefficients, rL
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Correlogram

0o - 4 36 48 1

"l / A AN

\ S0\ ?U \ 30 fﬁ \\ﬂ]_j 50 L [months)

—0.50
1.00 1o oy 36 4 2 '_clﬂier 1‘6130*\.-*;11‘.011.1_t ,
oso | 6 ."\ 18 ;*\ 30 40 ,\d 2 month periodicity
: /
o] I‘L I/\\' + /\ 1]I f-..a - —~-j—— - R - )
; 'L/ \1‘1 L/ 20 | \j 30 \/ | 40 50 L (months]
_050 L \J v I
1.00 7 3 after removal of
'| i . ST
050+ 4 8 l‘) 1620 2 4 6 month periodicity
o LAANA AN A\‘/‘\ A X
A \/ \ \x’ \/
—0.50_ 10 5(] L (months|
100 ] 4 |after removal of
0.50 4 month periodicity
136912
*\“Qv%‘*z‘\ﬁv’vft A N\/\ N\ﬁvﬁv
080 1 50 L (months]
oo ] o lafter removal of
0.50 { 3 month periodicity
0| . —
10 20 a0 40 50 L {months)
—0.50

Independent Noise

(a) ACF After Removing Periodicity (Time domain)

gﬂﬁ 1.9 ACF and Spectral Density Function after Removing Periodicity
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{b) Variance spectrum

1/12
1;\\
N
. 1/6 ]
NG
S N *‘ﬁ.h_": 173 95% contidence Jimit
e *

-

—_—

VP P ) W N | average density
010 020 030 040 0.50 cycles/month

~_ 1
s """‘
T T Ay W iy P S
e T T T e s e _"-1

e e\ o AR

010 020 030 0.40 0.50 cycles/month

3
- 1/3

-
-

010 020 030 040 0.50 cycles/month

1/3 4

ot % £ 7“—&*&95@::&5&5-‘
0.10 0.20 0.30 0.40  0.80 cycles/month

[ 5

50 000 _
40 000 |
N"‘\
2 30000 {
c
& 20000}
£
> 10000
€ 0
o
®
2 30000
&
% 20 000
]
£ 10000
E
4
T 20000
£
g 10000}
& 0
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0

- T e L s e s = e
010 020 030 040 (.50 cycles/month

(b) Spectral Density Function after Removing Periodicity (Frequency domain)

gﬂﬁ 1.9(n@) ACF and Spectral Density Function after Removing Periodicity

¥
wa A
N

1.5 fauun ugmmmnsxmumsaimmaan (Basic Properties of Stochastic Process)

W {X;} = iwmvesdamlsqunie Stochastic Process

E(Xt) =yt t

=1,2,...,N [1.2]

VAR(X,) = 62: t=1,2,...,.N [1.3]
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COV(Xe, Xe—) = Oxpmy it =12,0, N [1.4]
1o Ox.x,_, @0 Lag k Autocovariance

COV (Xt Xt—k)
VVAR(Xp)VAR(X¢_p) [1.5]

Pk =

1o p, Ao Lag k ACF asgums (2.5a, 2.5b) of Salas et al.(1980)
ACF 1130 Correlogram ¥39 Serial Correlation Coefficients ApW13HtA03 N 1FIan1NNFUIUT

1%1&U (Linear Dependence) Y04n5£UIUMIA TaUATAN

{ ' a { a J
Gﬂhﬁhl@g]}ﬂﬁ'l'ghulg') ﬂ53UJUﬂ1§ﬁI§]LLﬂﬁﬁﬂLLUU Stationary ﬁamzmumﬁwwmmai
2 [ ~ & [ 9 I A a Jd A .
u o=, p "lmﬂaﬂu"lﬂmmam G]i\iﬁ?lﬂiﬂl!fﬂ\i@@ﬂllﬂlﬂu 2 HUUMNAUTUUAVDINITINIADT AD First

Order Stationary L8 Second Order Stationary AIN1T 19N 1.1

M13197 1.1 Different Types of Stationary Processes

First order stationary process Uy = W = constant
Second order stationary process Uy = u = constant and of = o* = constant
- Weak stationary (weak sense) ....second order stationary
- Strong stationary (strict sense) ...second order stationary + other parameters such as
correlatlon coefficient are not varied with time.

a I i a a J o : 1 I
ﬂi%ﬂ’luﬂT’iﬁIﬂlLﬂﬁ@lﬂﬂﬁ]Lﬂu Stationary Lﬁf’)W’lﬂiﬂﬂiﬂﬂWﬁTNm@ﬁ@n‘ﬁﬁﬂ 19191913 U Non-

'
v A

PN a 4
stationary Lﬁ’l’)W‘ﬂﬁﬂH‘NﬂWﬁTm@]’Oi 19U
a 1 Y I 1 [ ~
’L’f:.iﬂ ﬂi$‘]J'J‘L!ﬂ1iﬁ1@lllﬂﬁ@ﬂﬁ?ﬂ?iﬂllﬂﬂﬂﬂﬂqﬂlﬂuﬂigl,ﬂ‘V]G]N@]ﬂQGniNT] 1.2

M519N 1.2 Classification of Stochastic Processes

Deterministic Vs. Stochastic
Discrete Vs. Continuous
Independent Vs. Dependent
Stationary Vs. Non-stationary
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1.6 u‘uuﬁmaam&nsunmuuuéw (Simple Time Series Model)

1% x, = Independent Time Series with f(x;0)
Xt =ILI+ O.& t = 1,2, ......... [16]

& = xt;“ W Independent Series 47 Mean = 0 and Standard Deviation = 1

u, o = Constant Parameters (do not vary with time)

o I . Y a 2= A
Va0l Stationary 911W1T1UADIUAIAIN

x; = Dependent Time Series
£ = Xt—H
t g

& = ¢1&-1—8; [1.7]
&; = Dependent Series with Mean = 0 ; Standard Deviation =1
& = Independent Series with Mean = 0 and Variance = (1- ¢?)

aums 1.7 AeguuuusiassalauaaAniu Autoregressive Fuilunuuiiasauuuiie g
Yevjevich (1963), Thomas (1965), Fiering (1967)

uuusassa TauaaAnNFUSOUNINTYUAD Autoregressive and Moving Average (ARMA) § O’
Connor (1976)

Joint Physical and Statistical Analysis U9911UI1ADY

AR(1)-First Order Autoregressive Model

i Y; = Time Dependent Annual Runoff Series
VY = (¥ -Y) +e

¢, =Autoregressive Coefficient.
&; = Independent Statistical Component or White Noise.

A o < 1w ¥ ¥ a o
Firing (1968) lagan Ifiunsasims lmavesihlumaiheanunsessueldadeunusians

U

ARMA(1,1) A931)71 1.10
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0¢a, b, csl
Pracipitation O¢a+bel
Evaporation Xy
bXi
Ground Surface
Surface Runoff

|

Xy Zy

Ground Waler

Leval Water Surface

Ground Water

c;S!_1

;ﬂﬁ 1.10 Conceptual Representation of the Precipitation-Stream Flow Process
(Salas and Smith. 1980a)

BUVD1A09 Streamflow
Zt = CSt—l + dXt [1.8]

il
Z; = Annual Stream Flow

c.S¢_1 = Groundwater Contribution
d.X; = Surface Runoff

INTUNIT Continuity Equation §1%51 Groundwater Storage

St = St—l + aXt - C'St—l [19]
St = (1 - C)St_1 + aXt [110]
1NAUNT [1.8] az[1.10] 2 1a

Zi=(A—-0)Z;+ dX; — [d(1 — ¢) — ac]X;_4 [1.11]

e Ususdusell (X,) Ao Independent Series
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LUVIEDY ARMA (1,1)
0o=-1

Zy=¢1Zt1—6p& — 0164

\ \ Ir:\depende t (Moving Average)

Dependent (Autoregressive)
a o
ngau

NNAUNIN [1.8]

Zt - CSt—l + dXt [112]
Zt—l = CSL'—Z + dXt—l [113]

[1.13] x (1-¢)
Q1=-0)Zis1=c(Q=0)S;_,+ d(1 =o)Xy [1.14]
[1.12]-[1.14]

ZL' - (1 - C)Zt—l = CSt—l - C(l - C)St—Z + dXt - d(l - C)Xt—l [115]
Zt = (1 - C)Zt—l + {CSt—l - C(l - C)St—Z} + {dXt — d(l - C)Xt—l} [116]
%Tﬂﬁllﬂ']ﬁﬁ [1.10]

St = (1 - C)St—l + aXt
Stc1 =1 =082 + aX
CSt—l = C(l - C)St—Z + aCXt_l

cSi_1—c(1—¢)Si_, = acX;_4 [1.17]
unuaaus [1.17] Tu [1.16]

Zi=(A=-0c)Zi1+acX; 1 +{d. X, — d(1 —c)X;_1}
Zi=(1=-0c)Ziq+dX;+{ac— d(1 —c)}X;4 [1.18]

Zy=¢1Ziq —0p & — 0164 [1.19]

aums [1.18] 1311 ARMA (1.1) il 0o = —1

uuuiaesd lauaganasuuudiassnaunsnasweynsunahliguauianeananaie

auauianuataveseynsuna lusda ua lu'ldmnennuingdesadneynsunaifmilouoynsy

na1luefannilszms isums Iaay (Cloning)



1.7 madnranveanuudiaesalaunaAnuuud1e (Main Statistics of Simple Stochastic Model)

(1) Mean (). ..veeeieieieieeeeeee less uncertain

(2) Standard Deviation (6)................... less uncertain

(3) Skewess Coefficient (y)................... highly uncertain

(4) Autocorrelation Coefficient (pk).........very uncertain for small N

(5) Other statistics of hydrologic time series
- range (storage capacity)
- run (drought)
- rescaled range

1.8 nuudraesalaunafn (Stochastic Models)
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1 R 0 4 ) ) N
Glumﬂﬁwgwﬁ%ﬂanmuuumaawmwmmmmQ Annual Time Series L6 Periodic Time

Series Aanandluasan 1.3

Msehn 1.3 Important Stochastic Models to be included in this Handouts

(1) AR(p) Chapter 4

(2) ARMA(p,q) Chapter 5

(3) ARIMA(p,d,q), Seasonal ARIMA(P,D,Q),, , Chapter 6
Multiplicative ARIMA(p,d,q)x(P,D,Q)y

(4) Multivariate AR(p) Chapter 7

(5) Disaggregate Chapter 8

u

YoNAVLUVUS 180949 (Limitations of Model)
) lyenunsa Reproduce Short Term Dependence
@) IELRITRED Reproduce Long Term Dependence
(3) mydsznammsiimeiinnugaen
@ Hdotnalums Generate Toyalnisiuauning

Y
(5) VIANUFIUNNAIUNONN (Physical Basis)




1-20

a J a
6) Hwsimosuinmull

1.9 Systematic Approach §1H3UN3312890YNINNAINIRQNNINE

[

9 Y 1
Systematic Approach f‘hmumsﬁ’mamuﬂsm’mmnqmﬂmmﬂizﬂwﬁ”m 6 TUADUALL (ﬂgﬂﬁ

1.11)

(1) MmsmaulsenouveauuIany (Identification of Model Composition)

a.

b.

Univariate ‘Vi%?) Multivariate Model
Combination of Univariate and Disaggregation
Combination of Multivariate and Disaggregation
1 o 3 L % 1 90‘ %
mu‘ﬂszﬂmﬁumLm‘umaaﬁuagﬂmmaﬂymzmmizummmm ﬂmﬁﬂﬂm%ﬂl’ﬂﬂﬂi&lﬂiﬂ
<3 o
1391 uaxmmmummﬁﬁ%’mmmmm (Modeler’s Input)

o ) o ¢ Y A P =TS
YNAIDYN L‘;Iﬂ!i]'lﬁ’f)\‘]ﬂﬁﬁﬁLﬂi'l$ﬁ@igﬂiillﬂﬁﬁl’r)ﬂﬂ%ﬂ?ﬂ!lﬂﬂulﬁaL‘lﬂiﬁJUﬂNLﬂ‘UuﬁTﬂ
A A 9 o I ° F E) J < ¥
IO ‘I/INLa’f)ﬂaluﬂ”liﬁ'iﬁullll‘UWE‘I’ENE)"I%L‘]J‘L! (1) ma’f)\i‘]rﬂﬂﬂ‘!HWWUlﬁaHﬂi%‘]J‘]Jf]NLﬂ‘]Jlﬂ

o g § ' 3 g
i'lEJ!,ﬁ’f)ué]j’Jt’J Multivariate Model ‘H%@ 2) mamﬂ‘%mmmﬁTwaLsffﬁwJU’emLﬂumﬁm?J

Y A 1 <3
#18 Multivariate Model 118719 Disaggregation Model tJast/3unanii Inathszuueany

9
o

QD o ’.f ~ 1 1 <3
neiliilusieden wie (3) 19 Univariate Model 3129915 manin Inamuaazerauny

A3

o =

I a Y ddal v A '
‘LHiWﬂLﬂ@uLLUULﬂu@ﬁi%Llﬂﬂu ﬂimui]zﬁlﬂﬂiﬁ]ﬂ1

o

a £ v o J 1 U ] ¥
Nﬂi$ﬁﬂﬁﬁﬂﬁnwu‘ﬁigW'J’l\?@’l\uﬂﬂu'l

(Cross Correlation Coefﬁcient)llliflﬁlﬂt‘? 19 UNWw aa

2) msdenlsznnuuusiand (Selection of Model Type)

a.
b.
c.

d.

AR
ARMA - IM11gAUOYNINNAIHI ACF Nf1anad0819%19 (Low Decaying Correlation)
ARIMA

A
U

3) mimgﬂﬁﬂymzmmgmuﬁmm (Identification of Model Form)

a.

b.

M1a18U (Orders) YDILULTIADY LFUAT p LAZ q

asnaeuNeynsunalanuzil (Skewed)nso 1 dwl dosasraaovas lioynsu
<3| A ... 99 NPT ! 9 . .

1381 WU Constant #5358 Periodic 011U Periodic mmg}’nmﬂﬁn Fourier Series

a d A [
UnTzvivIe 1y

1 a 4 o . .
4) MsszaanImsIlmesHuUIIand (Estimation of Model Parameters)

a.

Method of moments
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b. Method of maximum likelihood
(5) MINAFDUANUIMUIZTUVDILUVINAB (Testing Goodness of Fit of the Model)
a 4 . 1 o <3| a A o A [ .
a. ATIINGIU (Verify) TupusrasuilulUamauudgiuismuanse'la 5 Residuals (Gt)
I Aa A
Aludaszuazimsuanuaanuilnd (Independence and Normality)
A 1 o I @ { ' o
b. manﬁ]ﬁ(Verify) NUVU0UTUAWNUNHLIZANVDIDYNTVNIAIVOIATUNA
(Historical Time Series)

- 9197989901 Model Correlogram nfSeuneuny Historical Correlogram

AorruSinarhlusiufiuh (Storage Related Statistics) tagmmananAeITIAIY
g (Drought Related Statistics)
c. msasvaouaNumInga i wnai 1ute a uaz b ﬁ’mﬂ%’mﬂ%ﬂugﬂﬁ’ﬂymmaz
FUAVOILULTIA0Y
(6) M3vYsziunLlaitiuey (Evaluation of Uncertainties)
a. AN luveuYeLULTIa09 (Model Uncertainty)
- mﬁ@ummmn@hﬁswiwaﬁwﬁﬁﬁﬁﬁmmmﬂmgﬂsmamﬁ YUnT IR0
LUUTIA0IN1LABNA1E
b. AN IUEHUUVRIVUIITINNDS (Parameter Uncertainty)

] I a 4 o o a A1
- “ri'lﬂ1illi]ﬂlli]\1ﬂ'3'lllu1i]$L’]Ju"ll@\?W'liqu@i l,l,ﬁ351,6195}LL'U'U€1]T€1@\1ﬂ’UW1§'IiJm@§1/I’e:f3Ji]'lﬂ

Y
NITLINLINUU



Characteristics
of the Overall
Water Resources
System

IDENTIFICATION
OF MODEL
COMPOSITION

Characteristics
of Hydrologic
Time Series

|

SELECTION OF
MODEL TYPE

Modeler Input:
Knowledge,
Experience, Bias,
Limitations

!
AT

IDENTIFICATION OF
MODEL FORM

*

ESTIMATION OF
MODEL PARAMETERS

i

TESTING GOODNESS
OF FIT OF THE MODEL

Characteristics of
Hydrologic
Physical Process
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*

U

Hydrology)

EVALUATION OF
UNCERTAINTIES

sﬂﬁ 1.11 Systematic Approach for Time Series Modeling

4 o a
1.10 msﬂszqnﬂm5111aaaagnsunamnqﬂmﬂm (Application of Time Series Modeling in

o 4 1 o [
(1) ﬂﬁ’c’fﬂlﬂﬂ%‘l’i@@ﬂihl’mﬂﬂn (Generation of Synthetic Time Series) #1131

- Reservoir Sizing

- Risk of Failure

- Planning Capacity Expansion

2) MINNTL (Forecasting)

- Short Term Planning of Reservoir Operation.

- Real Time Operation

- Operation of River Basin
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- Planning the Operation During Ongoing Drought.
1.1 agduvudiasseynsunaioznaIndluunaig

UNT 4 uUVIaey Autoregressive

Annual AR(p)

14
Zy = Z ¢th—j + &
j=1

& = 08¢

A
o
z; = Time Dependent Series with Normal Distribution and E(Zt ) =0; Var(zt ) =1
& = Independent Normal Variable with Mean = 0 and Variance = 0'82
¢1, ..., Pp = Autoregressive Coefficients
Periodic AR(p)
14
Zyr = Z ¢j,TZU,‘L'—j + O-S,va,‘[ ;T=1 .0

j=1

Zyr = Time Dependent Normal Variables with Mean = 0 and Variance = 1
O¢= Independent Normal Variable with Mean = 0 and Variance = O'EZ_T

¢h1.1) «+r) Ppr = Periodic Autoregressive Coefficients

UNT 5 uUUIaed Autoregressive and Moving Average

Annual ARMA(p,q)

14 q
Zy = Zd)th_j —ZHJ et—j ; 90 =-1
j=1 j=0

Periodic ARMA(p,q)

p q
Zyr = z D cZyr-j+ Evr — Z Oirevi-ji0o0=—171=1 .., 0



‘unﬁ 6 HUVD1A09 Autoregressive Integrated Moving Average
Condensed Form 284 Multiplicative ARIMA(p,d,q)x(P,D,Q),
®B)P®B)(1-B®)’(1-B)'x=0(B®)(B)E,

Bx=x,, : Backward Operator

B'x=x,,

(1-B)x=x,x,, ; 1" Order Simple Differencing
(1-B)’x=x-2x,_+X,,; 2" Order Simple Differencing

(1—B)dx[= d" Order Simple Difference

(1—Bm)xt=xt—x[,m : 17 Order Seasonal Differencing
(1-B®)’x=x2x, 0+X,0 ; 2" Order Seasonal Differencing
(1-B®)"x, = D" Order Seasonal Differencing

(I)(B)=(1—(|)1B—(|)2B2. ...—(I)po) =Autoregressive Operator

0(B)=(1-0,B-0,B".. ..-6,B") =Moving average Operator

d)(Bw)=( 1-® le-d)sz(D. .. .-(DPBP(D) =Seasonal Autoregressive Operator

@(Bm)=(1-®le-®2B2m. . ..-@QBQCO) = Seasonal Moving Average Operator

Simple Non-periodic ARIMA(p,d,q)
(B)(1-B)'x=0(B)E,

Non-periodic ARIMA(1,1,1)
(1-¢,B)(1-B)x=(1-8,B)E,

(1-¢,B —-B+¢,B*)x=(1-8,B)€E,

x=(1 +¢1 )X _¢1Xt-2+8t_e 1841

Periodic ARMA(P,D,Q),,
®B?)(1-B®)°x=0(B®)E,
Periodic ARIMA(1,1,1)

(1-d B")(1-B")x=(1-©,B")€E,
(1-® B" -B"+® B™)x=(1-O,B")E,

th( 1+® l)xt-w_q) 1X +8t'®18t-w

t-2w

1-24
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HUUD1A09 Mulitplicative ARIMA(1,1,1)x(1,1,1),, 38l =12

®(B)¢p(B)(1 — B'*)(1 — B)x; = O(B'*)0(B)¢;

X = (1+¢1) Xt-l_d)l X, H(1+D)) Xt-lz'(1+¢1 +(Dl+q)l(|)l) Xt—13+((|)l +(D1¢1) X14”
q)lxt-14+(q)l+q)l(|)l) Xt-ZS-(DI(I)lxt-26+8t_elgt-l_®l81—12+®16181-13

‘unﬁ 7 npydasariaannils (Multivariate)
Multivariate AR(1)

Zy =AZ, 1+ Bg

Expanded Form

[Ztl] all qlz2 | gin [23_1] pll plz  pin
22| a2 a2 . a||z2, |y (b2 b2 L b

[€c]
|2 |
ZI{‘J am qnz | gm lZ{.l_lj pri pnz . pnn L?J

1
[Zi]
[ZZ| — .
il Zy = l fJ Column Matrix ¥11A [N x1]
a11 a12 . aln bll b12 . bln
21 22 2n 21 22 2n
A, =% a - a . [nxn] B; = b b - b . [nxn]
g2 g gt prz | pam

E;
&t

H' nx 1]

& = Vector of independent normally distributed random variables with mean = 0 and standard

deviation = 1 (uncorrelated in time and space)

Multivariate AR(2)
Zy =AZy 4 +AyZi 5 + Be
Periodic Multivariate AR(1)

Zv,r = Al,TZ'U,T—l + Brgv,r
A1+ =(n X n) Periodic Coefficient Matrix of Period T
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B; =(n X n) Periodic Coefficient Matrix of Period T

&1 = (X 1) Vector of Independent Normally Distributed Random Variable

UNT 8 uuUI 10N I (Disaggregation)

uuuS1a09NUGIU (Basic Model)

Y = AX + Be
HUUIARIMUUVENY (Extended Model)

Y = AX + Be + CZ
1 A =) Y 2~
Y=Column Vector mmmimmammﬂﬂwuu FINVUIA (12x1)

X=mJagtiuvotounsuasel (1x1)
9

1 A o A =IPA Y @ o =
Z= Column Vector UO4ASIUABUTIUIU w’ IADUYDIUNOUNUIUU FINUUIA (w’x1)

&= Column Vector Gllmeﬂﬁ]‘Qﬁu%m Completely Random Series %3© Stochastic Term
= a I
FIUUNTNFUUYUIA (12x1)

a J a u’é ~
A=M1951UADILUNIT NG FINVUIA (12x1)

J R A

a 4 a
B=N151105UNTNY BIUVvUA (12x12)

a 4 a P
C=N171UADIUNTNY FINVUIA (12xwW°)

[

AA o S 2 o J 3 2
ATUNIIUIUADIUINI n ﬂ%ﬁ?ﬂ?iﬂﬂlEJHLL’U’Uﬂ'laf]Qllﬂﬂﬁﬁullﬂiﬂlfﬂﬁlmﬂgﬂqﬁj ANU

ool T 17 [ 17071 [, © S [
:\‘.\1(1) N 2 A\(l) bll b]j o bLlZn =l ‘11 le - 6 1.12n }'\v_l_l(l)
a (1) . N . )]
5\'.5 ) O <2 by b22 P bll:n g5 Cyy Lzz P |
) . - )
'\v_l: : 5(11% Yel12
S . . s(2) : R )]
2 g S(2
v, @ : 5 W11
y (2) . ) &3 ’ v @
Va2 () . v-12
o = : 512 . ;o (2)
Y= + + Y112
Y 1( ) . ' g - -1 .1(11)
e - n) - ;o
_\‘,é ) ) . 8(3 . Yeo12
. . .jn) . o . (1)
5\'.52) 201%202 - - M2nn blllhl bl:n.: © o bianaof | 12 Clant Llln: © o Clnl) '\"'1-13
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o 1 9 o A A
HuudIaewuLee 191aeiias 1 1Aou
Y, = A, X + Be + C,Y,_,

e T=mouilagiiv e T=1 03 12 (w=12)

' g ' A Y
Yr=Anhmveaaouilagiiu T

1 ao’ 1 o
X=eimaegtlidagiiu

U g 1 A U 9 g’/

Y1 = MUIMUBiaouUnoUiUIuU T-1
&= Column Vector ﬂlﬁ]ﬂmﬂﬂi}ﬁuﬂlm Completely Random Series 130 Stochastic Term

1 a 4
Ar, Br, Cr=AM513mesvouion T

1.12 190815919949

Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484

1.13 puudnriameun

From the conceptual representation of the precipitation- stream flow process in Chapter 1, the
stream flow process in a very simplified form, the groundwater recharge is assumed equal to
the soil infiltration, can be represented by ARMA(1,1) model.

1. Let the precipitation-stream flow process be more complicated as shown in Figure 1.
The groundwater recharge is a fraction of the soil water but there is no interflow.
Please derive the stochastic model for the stream flow.
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X; = Arandom variable representing annual precipitation.
Z; = Arandom variable representing annual stream flow.
SW = Soil water layer

GW = Groundwater layer

a,b,c,d,e = Coefficients of the model having values 0 — 1.

Figure 1

2. If the precipitation - stream flow process has the interflow term as shown in Figure 2,
Please derive the stochastic model for the stream flow.

General definition of the terms is the same as Figure 1.

Figure 2
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APPENDIX A1.1 DEFINITIONS, TERMS AND NOTATION

Some definitions and terms are given herein so that the
reader has less difficulty in following the material presented
in this book. Alsoc the notation has been carefully selected to
make the presentation of equations and models clear and
following as much as feasible, the standard notation commonly
encountered in published literature.

DEFINITIONS AND TERMS

Normalization The operation by which 2 time series
is transformed into normal.

Standardization The operation by which a time series
with a given mean and standard de-
viation is . converted intoc a series
with mean =zero and standard devia-
fion one.

Independent series Time series which does not have any
dependence in time or in space.

Independent stochastic Time series which is independent in
component tune and idenlically distributed.

White noise Same as independent stochastic com-
ponent but normally distributed.

Periodic series Time series with periodic components
or pericdic parameters.

Seasonal series Time series with time intervals that
are a fraction of the year.

Historical series Time series measured in the past.

Original series or Series or data available before any
data analysis is made.

AR model Autoregressive model.

ARMA model Autoregressive moving average model.

ARIMA model Autoregressive integrated moving av-

erage model,
Empirical distribution Frequency distribution of data (no

reference to any certain probability
distribution function).

17
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Normal (0,1)

Population

Sample

Estimate

NOTATION

Item

Population parameter

Estimated parameter

Normal transformation

Inverse normal
transformation

Logarithms

Original data
Normalized data
Standardized data
Stochastic component
Variance

Standard deviation
Covariance

Covariance matrix of
parameters §

~

and ©
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Normal distribution with mean zero
and variance one.

Theoretical, true or known distribu-
tion, parameter = or statistical
property.

Observed, assumed or generated data
of a limited size.

Distribution, parameter or any sta-
tistical. property estimated from a
sample.

Description

le. Greek letter and Roman letters.
Example: ¢, ¢, b, A

le. Greek and Roman letters with

caret. Example: §, 8, b, A, vy

Y = g(X). Example: Y = log(X)
X = g_l(Y). Example: X = logwl(Y)=

antilog(Y)

1oge(}(), In(X) : Base e
Iogw(x) : Base 10

log (X) : Any base
X, x

Y, ¥

Z, 2

€ s E;{ or independent series

Var(X), 0%, s2, C,
c, s

COV(XA,Y), SXY
V{3, 8)

18
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Autocovariance function i

Autocorrelation function ACE

Population autocorre- 0, Pu(x), P
lation function XK K,1

Sample autocorrelation  ry, rk(x), Ty ¢
function

Partial autocorrelation q:k(k) , PACYF

function
Spectral density g{f)
function
Univariate series X,, €., X Y
SRS A
Multivariate series Xt, 2
Generated series ﬁit, ;Et
A converges to B A~B
R proportional to n R~n
A equivalent to B A< B
Inverse of matrix A Al
Transpose of matrix A AT
Derivative of S 93 , V.5

Er

respect to ¢ ¢

APPENDIX A1.2 ELEMENTARY STATISTICAL PRINCIPLES

Flementary statistical principles used in various chapters
of this book are briefly reviewed herein. The purpose is a
handy access to some basic definitions and properties. For a
formal presentation on this subject the reader is referred to
standard textbooks on probability and statistics such as those
by Benjamin and Cornell (1970), or Mood et al. (1973).

Random Variable

It is a variable whose outcomes (values) are governed by
chance. 1ts values can not be predicted with certainty but
only in probability terms. Random variables can be discrete
or continuous. Discrete random variables take on wvalues only
at discrete (specified) points, while continuous random

19



variables can take on any value on the real axis or any value
between two boundaries values.

Probability Distribution Function

It is a function that defines the probability associated
with a random wariable. It is also called the probability law
of a random variable. For instance, if a random variable X
can take on only the values 0 and 1 with probabilities 0.3 and
0.7, respectively, then -the probability distribution function
or probability law is p(X=0) = 0.3 and P(X=1) = 0.7. The
probability distribution function of discrete random variables
may be represented by: the probability mass function (PMF)
and the cumulative distribution function (CDF). For in-
stance, for the discrete random variable X=1, X=2, X=3 and
X=4, the PMF may be P{(X=1) = 0.2, P(X=2) = 0.35, P(X=3)
= 0.25 and P(X=4) = 0.2. The corresponding CDF is P(Xg1)
= 0.20, P(X<2) = 0,20 + 0.35 = 0.55, P(Xg3) = 0.20 + 0.35 +
0.25 = 0.80 and P(X<4) = 0.20 + 0.35 + 0.25 + 6.20 = 1.00.
These two functions are plotted in Fig. Al.l.

Similarly, the probability distribution function of a
continuocus random variable is represented by: the probability

i P { X =x)
0.35
0.25
0.2k 0.2 0.20
5 X
O | 2 3 4 T
} Fix}=P{X=x)
j.0r .
0.20
0.8}
0.25
0.6
04+ 0.35
02 -
0.20. X
o i ) 1 o
O ; 2 3 4

Figure Al.1. PMF and CDF of a discrete random
variable.

20
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density function (PDF). and the cumulative distribution

function (CDF). The PDF of a random variable X, usually

denoted by f(x), serves to determine probabilities by inte-

gration. That is, the probability of X to be between x, and
Xz

Xz is obtained by P{x,<X<xs) = IX f(x)dx. On the other
1

hand, the CDF, denoted by F(x) is the cumulative probability
from - up to x. That is

X
F(x) = [ f(x) dx (A1.1)

=0

Figure Al.2 shows schematically the PDF and CDF of a
continuous random wvariable.

A T{x}

Figure A1.2. PDF and CDF of a continuous random
variable.

Several types of probability distribution funections are
used for discrete and continuous random variables. Examples
of such functions are shown in Table Al.1.

Joint Random Variables and Probability Distribution Functions

Two or more random variables considered simultaneously
are called joint random wvariables. The probability distribu-
tion of such variables are called joint probability distribution
functions. For instance, the joint PDF of the continuous var-
lables X and Y are denoted by f(x,y) and the joint CDF by

21
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Table Al.1. Examples of Probability Distribution Functions
Name Function
DISCRETE
Uniform P(X=x) = % )
x=1,2, ..., n
Binomial P(X=x) = (3) p (1-p)" 7",
x =0, 1, 2, , N
-v X
Poisson P(X=x) = eX,V ,
x =0, 1, , ®
. _ x-1
Geometric P(X=x) = (1-p)” 'p .,
x =1, 2,3,
CONTINUOUS
Uniform f(x) = .
(b-a) °’
a<x<hb
Normal f(x) = —— exp {- 5 BB,

Lognormal -2

Gamma-2

Jon o

- { ¥ < w®

Inx-y
t(x) = —L— exp [~ § (—5—D%
mcyx y
0 <x <=
kK _B-1 ~ux
o X e
()= ="y
< x ¢




by F(x,y) As in Eq. (A1.1) the relation between f{x,y)
and F(x,y) can be written as

X
F(x,y) = [ [ f{x,y) dxdy (A1.2)

Independent and Dependent Random Variables

Two continuous random variables X and Y are
independent if f(x,y) = f(x)-f(y) or F(x,y) = F(x)F(y).
Otherwise they are dependent variables.

Expectation and Population Moments

The expectation E(X) of a continuous random variable
X is defined by the integral

o

E(X) =] x f(x) dx = ¢ . {(A1.3)

-~

1t is called the expected value or the mean of X. It is also
called the first moment of X around zero. The r-th moment
of X around zero is

[+ 2]

E(x%y = [« f(x) dx . (A1.4)

w O}

On the other hand, the r-th moment around the mean | 1S

o]

E{(X-)F] = f  (x-p)f f(x) dx (A1.5)

- (X

The wvariance of the variable X is the second moment of
X around u, or

oo

E[(X*;J)z] = f (X-p)2 f(x) dx = Var (X) (Al.8)

-
The variance Var {X) is also writlen as

2

Var(x) = B(x2) - [EG)1% = E(X2) - p (A1.7)

Covariance is the linear relation between two random

variables X and Y For continuous variables the covari-
ance 15 defined by

23
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Cov(X,Y) = E{(X-p ) (Y-p )} =

4] [v23
Iy xep Qg f(x,y) dxdy
- - LT
(A1.8)
The covariance is alse written as
Cov {X,Y) = E(XY) - E(X)-E(Y)> (A1.9)

Similar definitions as the ones given above exist for discrete
random wvariables.

Sample

A sample is a set of observations Xy Koy oooy XN

obtained from a Xnown or unknown probability distribution
function. For instance, if we take 20 numbers from a table
of standardized normal random numbers they constitute a
(random) sample of size N = 20 obtained from the known
normal distribution. On the other hand, 20 years of annual
streamflows also constitute a sample of size N = 20 but in
this case the distribution is not Known.

Frequency Distribution

if the sample Xis oo Xy is ordered from the lowest

to the largest, and an empirical probability is assigned to
each ordered wvalue, the array of ordered values and corre-
sponding probabilities is called the frequency distribution.
The ordered sample may be also arranged in groups or class
intervals. In this case the frequency distribution is given by
the typical histogram.

Sample Moments
The r-th moment around zerc of a sample Xps o ooes Xy
is defined by
1 N r

For r = 1, m; of Eq. (A1.10) is the sample mean X. The
r-th moment also can be defined around the sample mean X
as

N
(X, - HF (A1.11)
i=1

"t
Zl—

24

1-36



1-37

Equations (A1.10) and (Al.11) are the Dbasic equations from
which the commonly used statistical characteristics of samples
are derived.

APPENDIX A1.3 ELEMENTARY MATRIX DEFINITIONS AND
COMPUTATIONS

Matyrix Definitions

A matrix is constituted by elements arranged in a given
number of rows and given number of columns. For instance,
a matrix A with 2 rows and 3 columns is represented as

a a
A = 11 12 13

(2x3) 37 829 P93

The order of a matrix is given by the number of rows and
columns. For instance, a mxn matrix has m rows and n
columns. A matrix with only one row is called a row matrix
and a matrix with only one column is called a column matrix.
A square matrix has the same number of rows and columns.
A diagonal matrix is a sgquare matrix whose off diagonal
elements are zerc. The -<ddentity matrix I, is a diagonal
matrix with elements equal to one. A lower triangular matrix
has all elements above the diagonal equal to zero.

Addition, Subtraction and Multiplication of Matrices

Assume the (2x2) matrices A and B. The matrix C = A
* B is equal to

a1 252 11 P12 aptbyy  aggtbyy
C=A+B= + =

ag) Hgg 21 P2 3p1tbyy  Byytb

22

Thus, to add or to subtract matrices, they must be of the
same order.

A matrix A{(mxn) can be multiplied with another matix B
if this second matrix is of order (nxqg). For instance, let us
multiply A(2x3) and B{3xl). We obtain

ajy 219 353 b5 ayybyy * aggbg) + ayabay
C=AxB = Aoy, | =
ay1 299 2p3 EES ay10yq * Bgobyy + Aggby
(9%3) (3x1) (2x1)
25

A Is positive semidefinite if the inequalities in eq. (A1.15) are replaced by >
signs.
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AMONHMUZUDIDUNITNNANMINNINEN

CHACTERISTICS OF HYDROLOGIC TIME SERIES

2.1 mﬁﬂmmagnmnm (Types of Time Series)
a 'd a 1 aa < aa
Tumseszrinudalauaadn szamwnsoniteynsunamuia ldilu 2 uuude eynsunal 1 1A
(Unidimensional) 11820UN3ua1a180A (Multidimensional) A90113191 2.1 8YNTUIAWLY 1 HAABDYNTY
' o o A L= A ~ & v A = 1 aa
navesduna 1 gaulsnimstiunn a Alannie wulsunadusetnaail o daueunsunamaisia
A "o o A o = Hq A &R 1 = =
AvOUNIUAIBIMIFdUNAYRIMAIBA sNMITUNN & NlaNnile ugaIA I DO, EC, pH Na01il v
(Multivariate) ¥3pOYNTUNAWRIMFUNAveIAIsszn@ernunlimaiuin o waregandounu
. . . . ! 4 < a 4
(Multisite %50 Multipoint) 134 USwausielnaniil n, v, a, v Wudu Tumsinszdounsunaiag

[ J o J

a 4 aa aa 3 1 o 1 1 @
UATIEHUVD 1 Mﬁﬁ%@ﬁﬁ?ﬂﬂ@] ‘ﬁu’ﬂgﬂ’ﬂ TANTUNUDISHINDYNTULIA (Cross Correlation) ﬁ%ﬂi%ﬁ?"l\‘m’ll
v J

gjj I J Y a o < o a 4 aa 9 1 o v I3
L!ﬂiu‘u@] Wunaan DIDUN TNV VNAUTUWUTFI DAITNINITUATICHUU UV AIINA ﬂ?uliJiJﬁTTﬁiJWLl‘ﬁﬂ

A09UATIZHLVY 1 TR

H ] a a 4 a
ﬂ]i"lflﬁ 2.1 ﬂ']illﬂ\ﬂ)’l!@ﬂl@\‘]’f]‘lggﬂiﬂL'Jﬁ11Uﬂ1ijlﬂ§1$ﬁﬁiﬁllﬂﬁﬁﬂ

Unidimensional (Univariate) Multidimensional (Multivariate)
- time - multisite
- line - multipoint
- counting series (no. of rainy days) - multivariate
For example For example
- flow at a gagging station - flow at several points
- average rainfall over an area - different kinds of series at one point (several
- aggregated flow over watershed water quality parameters at one point) ....such
as BOD, COD, DO, ...
No cross correlation exists. Cross correlation exists.

2.2 ‘ﬁ'smmmmmgnsunm (Time Interval)

Y
=<

a ' ] @ "o <
mgﬂinnm‘vmq‘ﬂm‘n&nfﬂzfmwnaﬂuﬂmﬂu%yawmﬂimumuaﬂﬂummﬁ’mmﬂ%}mmﬂu

U
wa

@ Yy ' A 1 < 9 A < v =K 9 @ . . .
Uuan DUNUADIUDINADALIA L"]fulﬂﬂ@'ﬁllﬂiaﬁlﬂﬂllagﬂu‘ﬂﬂm’ﬂu'ﬁ@@]IUNQ (Automatic Recording Machine)

U

vy T A A qu v ’ = 2 a <
gl’l@r’ll@ll"aLHJUG]’E—]Luﬂ\‘]LW@Gl“]fcluq’lulﬂw’lgﬂ']UL%uﬂqiﬁﬂﬂqﬂqquﬁulliﬂﬂ]@\iw’lq HONITINUDIIUNTINVLIAS

2

v =2 9

3 o @ [ L4 A A =R = 1
UUN “Ui’]llﬁlﬂui"lfls]f’ﬂll\i 5189 1dUMH TR unses1ell FIUIAUNNDUNTUIANITURNAADNITLUAAN

Y

a A s 1 1 A [ {
amwammmﬂﬂizﬂaummmmwﬂsmaaﬂ%mww@emm Periodic Component R CREAN] 2.2
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M5190 2.2 MIUTFINALAzENENAveIeIAllTznoUVDIBYNTUNAT

Time Interval Components of Time Series

0 (Continuous Series) All Components + Randomness
Hourly Daily / Annual Cycles + Randomness
Day, week, month Annual Cycle + Randomness

Annual No cycle + Randomness

2.3 pasantian e seynsaIaImagnnIngn (General Properties of Hydrologic Time Series)

amiinaudrluund 1 eunsunmmegnninelsznendie 4 esrisznevitdiry fe

(1) Over year trend and other deterministic changes (trend + jump)

(2) Cycle or periodic change of day and year

(3) Almost periodic such as tidal

(4) Stochastic or randomness

gﬂ“ﬁ 2.1 LLZ‘T@NﬂiTV\I’O‘lgﬂiNL’Jﬁ1$Qﬁ®Qﬁﬂi$ﬂ@UGl‘N‘] HAZMINADALEALAAL DA TENDVVDA
PUNTULIAT gﬂ‘ﬁ 2.2 1AA494ATZNPLNI Stochastic 1182 Deterministic TuoyATUNIA gﬂ‘ﬁ 2.3 uaag

PUNIVNAMUUA Teueuny

y(t) | Composite Series
Observed

y1(t)| Trend

t Time Series = Trend + Periodic +
y2(t)| Periodic Component Catastrophic + Random

NNANANNNNNANNA y() = yi(®O)+ y2(D)+ ya(H)+ ya(t)

y3(t) | Catastrophic
Component

y4(t) | Random Component

t

317 2.1 Time series components
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x (t) x(t)
t t
(a) Stochastic {(b) Stochastic+Tremd
x(t) x(1) [\
AN m
NABRYVA
t t
(c) Stochastic+Periodic (d) Stochastic*+Tump

311?; 2.2 Time Series Containing Stochastic and Several Types of Deterministic Components

5107 2.3 Several Realizations of Stochastic Process

U
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5UN 24 uday Correlogram ¥03YNINIAINH IAT9A519UY  Independent  Noise,
Autoregressive 11az11111) Periodic 317 2.5 @A Correlogram Y899YNINIIANNI Periodicity 41
P RCGRRI gﬂ‘ﬁ 2.6 UaA9 Correlogram UBIDUNITUIAT (z) LAY Residuals (e) UDI Autoregressive

Model 819UN 1

L

1.0 p(0)=1
p(k)

plky=0:k=1

10

5

15

{a) Random, independent noise

L4
1.0
0 ‘!’Auﬁ-j\\i -
10 15

(b) Autoregressive, Markov process (Dependent)

Periodicity

{c} Pure sine wave

51 2.4 Correlogram

Y



(a)

Serial correlation coefficients, 7,

Correlogram

1.00
0.50

-0.50

1.00

0.50

-0.60

gﬂﬁ 2.6 River Thames at Teddington Weir (82 years of monthly flows)

12 24 36 48

AN AN

\_jID \_20 u \0_../ 50 L (months)

2 atfter removing

12 24 36 48 12 months pertodicity
6 18 /\ 30 42

_\_/[\ ANAWAWAWAY
\1Jo \/ 2U Vso\j Uo \j 5? L {manths)

3 after removing Ei=
4 8 12162024 48 6 months pernodicity
10 20 30 40 50 L (months

4 after removing
4 monthg periodicity
36912 onths 1 :

PAAAADAAAAAANAAAA

10 20 30 40 50 L (months)

s after removing
3 months periodicity

20 30 40 50 L (months)
Independent noise

514 2.5 Periodic Correlogram

U

Xt - Ty - my
(a) Hp= g

1.0, ¢ ~t

£ A

2 bE
:3 Stationary series 2,
£ ry =071
8
< 0.0 e
= 0y 4B
S
o Residuals for 1st order
;% Markov model, e,

et=Zt- a1-Zt-1
0.0 AR NAN

< " ER R —~ A e
50
Lag
{c)
60
Distribution of residuals
~ 40 Mean = —0.00101
_é SD = 0.70249
2 20
0 Lo
-2 -1 0 1 2 3
Value

2-5

Xi+ Tt — my
St
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= . . Hq Yo A 2 A
g‘ﬂ‘lfl 2.7 WA Spectral Density Function mmagﬂﬁmaamﬁlﬂvmmm Correlogram Glugﬂ‘n 2.5 ¥
a o {
1018 Periodicity Spectral Density Function ABMITIAT 1EHOUNTUIATUY Frequency Domain ERD
A a e . LR < Y1 a 7 .
Correlogram A9N1TAUATIEHOUNTUNIAIUU Time Domain Favzifiu lanwan1suATIEH Spectral Density

. Ay aA 0 Y3 a Aa . . =
Function JU0AR09241 11IHUBNT WAV Periodic Y0IAUD

(b) Variance spectrum Frequency Domain.
|
50 000 ﬁl B
40 000 N
Ny .
30 000 e 6‘ :
20 000 . i
NIRRT 95% confidence limi
10000 ----f---__.. “'ﬁ‘(" 'EL ______ _Ji:an idence ||f"ﬂ|t
0 b At = PN raverage density

010 020 030 040 050 cycles/month
1

Smoothed estimate of spectral density (months)?

010 020 0.30 | 040 050 cycles/month

0 : > :
010 020 030 0.40 0.50 cycles/month
10 0007 5

o= N —
010 020 030 040 050 cycles/month

gﬂﬁ 2.7 Periodic components of 30 years runoff record, ELK river at Clark, Colorado, USA.

12, 6, 4 and 3-month periods present (2) 12-month period removed (3) 12 and 6-month periods
removed (4) 12, 6 and 4-month periods removed (5) all periods removed (Reproduced from L.A.
Roesner & V.N. Yevjevich (1966) Mathematical Models for time series of monthly precipitation
and runoff, hydrological paper no. 15, Colorado State University)
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2.4 anduWus1uA 109 (Autocorrelation)

[ L @ a 4 4 1 £
anduiius ludnes Avmsiasizieynsuallu Time Domain 109 110UNTUNIANLY T
:« . .
03A11)52NOUN Stochastic #ag Deterministic 0% 151119 317 2.8 11#AY Correlogram Y8 0YNTVIATNWIIN
Random Process 11/381iMg1 fTiJlegﬂi UAINUIN Periodic Process Autocorrelation Coefficient 71 Lag $114¢)

ausaana ldannauns 2.1 ¥ie 2.2

CoV(x(t), x(t+1))

P(D) = o) [2.1]

p(0) = \/V,fzzo(‘:c((ytc)()tt)/’jz(:(;zlr)) [2.2]
1.0 (a) 1.0
PLT) PT)
o — —— ST T T 0

T

gﬂﬁ 2.8 Typical Correlogram (a) Random Process (b) Random Process Superimposed on a
Periodic Process

2.5 Spectral Analysis

a 4
Periodicities fﬁiﬂiE]Wﬂ@ﬁﬂElﬂﬁﬁl,ﬂi”lzﬁﬂigﬂﬁuﬂmﬂu Frequency Domain HW30MIM Spectral

Density Function (SDF)
. . Variance
SpectralDensityFunction = S(f) = Interval of Frequency [2.3]
13

f = Frequency (cycle/unit time)
w = Angular Frequency (radians/unit time) = 2nuf

S(w) = S@2rf) = 2nS(f) [2.4]
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2.5.1 Spectral Density Function Versus Autocorrelation Function

SDF 118z ACF Hanuduiusnuasgui 2.9 wazaums 2.5 uag 2.6

p(T)

10K S(f) = Zf:p(r) cos(2nft)dr
p( = [, S(f) cos(2nfr)df
1=0; p(0) =1, cos(0) =1

- 2, S(ff = 1.0

0

random process

S(f)

1.0

periodic process T =00 f -0

51 2.9 AwdUUT Y1319 SDF 1ag ACF

S(f) =2 [ p(r) cos(2mfr)dr [2.5]
p(@) = [~ S(f) cos(2nfr)df [2.6]

1% S(f) Aeanszanawes S(F) Tuaumsh 2.5 9921114910 Numerical Integration Y9N3
Y

2.5 9214 Sample SDF §'(f) avaums 2.6 nasnnuudnia §'(f) lumaundeaz1d A1 S(fF) ndeams

.é\'(f) _ 2[r(O) cos(0) + rz(l) cos(2mfAt) At + r(1) cos(2nfAt +2r(2) cos(2mf2At) A+
4 r(m—1)cos(2nf(m — 1)2At) + r(m) cos(2mfmAt) 4t]
S(f) = 4t[r(0) + 2 Xt r (k) cos(2mfkAt) + r(m) cos(2nfmat)]| [2.7]
=1
S = At[r(0) + 2 £t r (k) cos(2mkAt) + r(m) cos( 2mmAt)] | [2.8]
fn = ﬁ (Nyquist frequency) [2.9]
f="n [2.10]

m



2-9

m = Max.Lag = %
k = lag k
r 1.0 . .
ko, (Time Domain)
) p(Kk) =0 for k=#0.....independence
oL i_ o
0 'm k
S(D) |
|
I (Frequency Domain) (f = %f,\,)
1
|
0 fy f

2.5.2 Ismsmuamimiszanames SDF S(f)

amnlszinmves SDF S(f) wmIdlasnmsmaundeves §'(f) FIAUIVIINM k Aale 0 59 m

=

Y
(Maximum Lag) A3l (931/% 2.10)

S) I \@
@ o O
[ I
[ [
I -
0 1 23 iyt
RN -
L o Kk
0 1 2 3B mrl m
[ [
- R o
0L @ o
Lo )

1 2.10 FBmsdamaszanuves SDF S(f)
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k=0, §(0) = 0.5[$ Sr1cIn 2.11
K |50 = 0SS [2.11]
/9; ’,‘CFN% S(ﬂ) — 0.255" ((k - 1)f”) + 0.5 ( fN) +0.255" ((k + 1)f”>
for k=1,2,. . -1 [2.12]
k=mf=fN |35f)=05 [(s (m - D + $(f))] [2.13]

A29619MIAUIUN ACF tiag SDF d1m5U0YNTUNIA MUY Periodic 111U Cosine FINAMNDMINY

112{Y; = cos(2mk/12)} uazunuaunasues 3 Cosine F3HANND AU 1/6, 1/12 Uag 1/24

_ cos(2mk/6) + cos(2mk/12) + cos(2mk/24)

Ve =

3

ueraglugii 2.11 uag 2.12 MuaA

A19619MIMUIUN ACF 118z SDF dm5ueynsunavedtfsunams liagegaved Kentucky

! { U 1 o 9 14 g '
River uﬁmagiugﬂﬁ 2.13 4agAIRgNNITAIUIUNT ACF Liag SDF ﬁ?ﬂi'i_l't’]%‘!ﬂillma1"119\‘11@3Hm'11!1‘1/n‘518

iAouvoa Cave Creek naasoglugili 2.14

\WAWAWAWAWS

SRRV
SWAWAWAWAW
AVARVARYALVALY:

S0

1/12

t= oas} (e
P=12 SPECTRAL DENSITY

- m =100

- 2% F '

w 'fl .T

~ =8 .

- (o} S 20 25 30 3s 40

thﬁ 2.11 (a) cos(2nk)/12 (b) its correlogram (c) spectral density

Y




PEAK FLOW (1000 cfs)

CORRELATION COEF.

S(f)

U

120

]
o]

b
Q

2-11

(9)

; o\ AR e [
> \/\/ \/v \/\/ \/\/ \/\/
» =%[cos<2"")+c05( ~5) + cos (21K, ]
1
_ (b)
o CORRELOGRAM
g
P of\ = x [\e S
E \/\/ \/\/ \/\/ \/\/ '\w.
=3 K
w
[+4
o
(o]
(8]

25

- SPECTRAL DENSITY m =100, f,= z

f=.042 f=.083 f=|67
P=24 P=12

Y

ML

“

‘iﬂ‘ﬁ 2.12 (a) Sum of 3 cosines (b) its correlogram (c) spectral density

E MAXIMUM ANNUAL DISCHARGE
| KENTUCKY RIVER NR SALVISA
i
Y

TABLE 2-1
n . L L \ N L
[-Teley 1910 15206 1930 1940 1950 t9€0
YEAR
{b)
CORRELOGRAM
o 5% CT _
\y/» gp\ /F\ !\j\["
- s 1] L/n/sv zo\f\
c= 9, C. 1

SPECTRAL DERNSITY
m=30, fh=1

(c)

51l 2.13 (a) Kentucky River Peak Flows and its Correlogram (b) Spectral Density



sr A PART OF THE MONTHLY FLOW
= CAVE CREEK , KENTUCKY
w sl APP B (o)
po =)
(]
=
— A
=
(=)
- )
L. =
Z,
=
= 2
[ )
=
)
° . .
MONTH NUMBER
L0
(b))
w CORRELOGRAM (BASED ON 204 MONTHS OF FLOW }
S
w2
B
=
=
<X
-
Laf
o
o
. \_/ \/ \/ \\—/ \/
>
~al
2o
f=.083 3} SPECTRAL DENSITY (<}
_ P=12 m =100
— r
53 e |5 =
o =
o m £ —"H—‘—‘_'i-d’.-“r"—'——
k=1 [E~] (-1 2 25 30 as a0 a5 50 =R+ 0

ﬂ“?i 2.14 Cave Creek Monthly Runoff (b) its Correlation (c) Spectral Density

2.6 AMENDANIEdANUG IV IOYNINIAT (Basic Statistical Characteristics of Time Series)

Y

tocovariance L% Autocorrelation A4ANNITN 2.14 — 2.18

Coefficient) Au
%= T, Xy [2.14]
52 = g, S 52 [2.15]
N YN 1(xt_x)3
9= - D= 2s3 [2.16]
Ck T 12 1 — ) (Xppe — X) [2.17]
LiJi’) 0<k<N ; k=lag
f(x) I MIunusnNuzdluenlmduilseansanuhiuuin
A 3N Y Y A1 = J 9 Yy A3 ~ ' 9
wieaunld sianiluuiniFeniutdyn drdaniluauiFoning
x 410 7951)
f(x) - &
g = 0 (Normal)
g > 0 (Right Skewed)
g

< 0 (Left Skewed)

2-12

an A 9 L d’ 1 Y a Q‘{ Y
mﬁmwugmmmauﬂimam"lmm auaae Mmanuulsysiu mdudseansanu (Skewness
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Lag k Autocovariance L& A4DITLAD Linear Auto-dependence 130 Self Dependence 3 314’51@’61@5 U
1181

_ Gk _ 2R =)

=TT Mz Pk [2.18]

= Lag k Autocorrelation coefficient = Serial Correlation Coefficient
= Autocorrelation Function (ACF)

l‘k-
ro=1
r, ~ p; = 1% Serial Correlation Coefficient

Alternative for calculating r,

re = T (e =%0) Kk =Feak) [2.19]

\/ZItV;lk(xt—ft)z TR etk e41)?
Complex Characteristics of Periodic Time Series(Nonstationary)
X, = periodic time series
v=year ; T = time interval within year, T=1,..w for monthly time series w=12

Periodic or Seasonal statistics

X, = %Zg=1 Xpr ® =U;T=1,..000...0 ,W [2.20]
1 -
st = o7 Zv=1 (ko — X0)% ~ of [2.21]

1N -
_ sz=1(xv,‘r_xr)3

9= om—oz ~ [2.22]
1N - -
< Yv=1(Xv,r—%7) (OCp 1~ X—k)
Tk = e o s ' = Pk, [2.23]
T.0T—k
If t-k<1 i.e. -k=12-12=0; ®» =12
Tix = ﬁ25;11(xv,‘r_xr)(xv—l,w+r—k_xw+r—k) [224]

StSw+t-k
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2.7 ARUENUANINEINUNIZANMUHWAIVD99HNINIAT (Drought Related Characteristics of Time Series)

° Y & 3 v 1A Y ?

mvualieynsunafomannaunuluuaazfou ix;: x,, x,,...., x, } HAZAUABINITUITY
A < o YA 1 A 1w 4 %} [ A ] FIR] A A A %’
L@@ucﬁﬂﬂ1wu@1w11ﬂ1ﬂﬂ‘1/lL‘1/l1ﬂu y ﬁmumimuﬂmmazmau%mmaaﬂllﬂnJu 2 1Y A9 ADUNNUININ

5 3 o &

W0 (Surplus) tazi@ouivALl (Deficit) A9l
x¢ < y; Deficit w5o Negative Run
X; > vy ; Surplus w3e Positive Run

v A

AUANLTAOYNTUNANNSINANIRUAS AD Negative Run Heliguauiiandinn 2 #2Ae Run

= F A
Length 4181 Run Sum G]f\?ﬁ'liJ'liﬂW'lllﬂﬂﬂg‘]Jﬂ 2.15

X
17!

]

e

iC 19 - N
I(1) = 4, 1(2)=1, I(3)=2, 1(4)=5, 1(5)=1
d(1)=8, d(2)=1, d(3) 3.5, d(4)=9, d(5)=0.2
51/ 2.15 Drought Related Characteristics of Time Series (run-length and run-sum)

U

Q

2.7.1 Run Length

. =K o A A ¥ a 1w A < Y1 A

Run Length (1()) HU18039TUIUABUNNNTVIALAAUUISANDNY mﬂgﬂ‘ﬂ 2.15 dzmulgni
3 Y 1 % a1 QQd'
M3VIA41 5 ATI AD 1(1)=4, 12)=1, 1(3)=2, 1(4)=5 1@< 1(5)=1 Run Length L?Jumuﬂiqu FaAanaN

9 v A

difAe Aunde MdeuuuIATFIULAzMATogga F9asamuIu Inanauns

Iy =%, 1(j) = Mean Run Length [2.25]
1o j = run no. , the maximum run=M

1(G)=Run Length j

1

sv(D) = [ ZT A0 — Iy)? [2.26]

M

iy = Max(l(1), ....... ,L(M)) [2.27]



2-15

115U N uag y lag

Iy, sy (D), Iy Aoawlsgu

' _ 202
N uay y i aztimavi v anadd Ly, sy (D), Uy 1Winiuaie

2.7.2 Run Sum, d(j)
Run Sum (d(})) nedanasmwsuansuiati lugie Run Length (1)) a9 910317 2.15 92

wiulananmsnai s asq Usuamsviailuuaazsaliaum d(1)=8, d2)=1, d(3)=3.5, d(4)=9 uaz

(%

< @ U A A aad o A ' A 1o A
d(5)=0.2 Run Sum Lﬂumuﬂiqumuau Run Length UMADANTIAYAD AURAY AT IWVYUUY

9

WIATTIULAZANAoZIgA A1 Run Sum tazmadaansomuim lannauns
. ti+t(H-1
LOED AR CED [2.28]
131N 2.15, 0 j=1, t,=5, 1(1)=4
_ wtasl(D-1
d(1) =22 (v —X0)

8
() =) (y—X) =8
t=4

dy =2, d() [2.29]
Su(d) = [==3M,(d() — dy)? [2.30]
diy = Max(d(1),...... ,d(M)) [2.31]

2.8 Storage Related Characteristics of Time Series

o A A 9 o I o ¥ A . Y o Y
ﬂmﬁnnmlmmgﬂim’mWﬂmﬂwmﬂnmfnfmﬂﬂm (Storage) f1® Partial Sums ﬂ’lﬂ’lﬁuﬂiﬂ

v o, o .

mgﬂimmuwnﬁa 15 S5 Xy S 3EAWITOAIUIUN Partial Sums(Si)llﬁglIMﬂﬁiJmi
S;=S_,+X;—Xy;i=1,...,N [2.32]
A
1o

S; = Partial Sums (Use capital letter S)
SO =

0
N
_ 1
XN = Nz Xi
i=1

N
1 _
Sy = NZ(Xi —Xy)?  (Use small letter s)
i=1
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WeN3 1 S; LA WNTAMUIUNT Range of Partial Sums l@vnauns
Ry = - [Max(So,Si,-., Sy) = Min(So, St Sw)) [2.33]
N

&
o
R, = Range (Rescaled Range) of Partial Sums
a . ° 9 ' < ¥ Y 1 Aax ' < ¥
LUINAUDY Partial Sums ’1]3ﬁ']iJ']ﬁﬂLl"lulﬂcl“]faluﬂ"li‘llu'lﬂ‘ll@\iﬂ"l\iLﬂ‘U’Ll']ulﬂ IFUITTIVUIADNINUUN

Y94 Rippl A931/9 2.16

jo-]
150,453

Rippl diagram
a method for
determining Min,

, Capacity of Reservoir
to deliver x;,

.
1

;a;ﬂ‘?; 2.16 Rippl Diagram for Determining Minimum Capacity of Reservoir to deliver X

lleynIuNa1 M 39 uaazgalivula N 92 @150MuIumal RyG) e j=1,....M 14 oui

R.() U1 nae 9214 A1 Mean Range Aaauns

— RN y
Mean Range, RN = 29-/[=1 TU) [2.34]

A o = ) ~ o 9 Y A A ' v
e Ry Tdwdeafisuny N Tunszai Log-Log 9 1ans1lidua3aiisond1 Hurst Phenomena f1d

g1 2.17
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log R_N=h-N logN
straight line in log-log

Ry ~ N hy

log R_N

log N

Hurst Phenomena

[

' P

Why =anumaduveadunss Feezulsiuaua N asil
1 [ <3 [ I

5}1 hN > > ’é]fﬂ\ﬁ’)ﬂli’)uﬁﬂ\‘]’ﬂﬂuﬂﬁwl’m']HJL!LL‘U‘U Short Memory

9 1 "y ' g

01 hN > > ’é]le‘Iﬂ“]L!ﬁﬂﬂ??@uﬂiﬂlﬂﬁnﬂulmﬂ Long Memory

v 1 ' < . .
01 hN * Euﬁmamuﬂsmummmmu Inifinite Memory

2.9 MINAaoU Non-homogeneity 8¢ Inconsistency mmegnmnmmaq‘nnﬁﬂm

Non-homogeneity LL8% Inconsistency UYDNOUNTULIATN YN AINGT 1¥U Trend 130 Jump (Slippage)
Y

aa o Y =
‘1/]1\1?(6%?”%1561/]11@ JU

(1) Fitting Trend Function

X; = by + byt + byt?+.....+b,,t™ [2.35]
wmsnaaeun by, by....., by # 0

(2) MsnaaauNamaszriNAuaaelagly t-Test

Hoipty —p =0 [2.36]
Hl:lul - ‘le i 0 [237]
t = (X1—X3)—(u—u3)

- [2.38]

S = (N1—1)S;1%+(N,—1)S,?
P Ny+Ny—2

[2.39]

iglj’] |t| > ta/Z,(N1+N2—2) ......... Reject HO [240]
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(3) manaaeudadiumanunlslsiulagly f-Test aagil 2.18

H,: i [2.41]
H.: % 41 [2.42]
1- 0,2 :
=5 [2.43]
= :
f> f%,m,vz ......... Reject Ho [2.44]

1
f<figpip OF 77— oin. Accept Ho [2.45]
2 ff,vz,vl
f(f)

critical region

[ T LR C. SN
1 2,‘1,‘2 2 2:Y1

31]"?; 2.18 f-test

g 2 < :
aYNINNA1WeTI3Ms Inaveahsgllveauniihlnlasila 7l Lee Ferry 551314 1856-1959 LAA
M31AA Jump 18z Trend Aa31lN 2.19 A20619M5 19 t-Test nadouMslasunilasaundoues Net Basin

Supply (NBS) 316104 Great Lakes t1era90g 1140131399 2.3

{!

Annugl Hislorical Flows 10 ac.

1922 — 1959

gﬂﬁ 2.19 Annual flow series of Colorado river at Lee Ferry, Arizona, 1896-1959 (1) historical

annual flow record with 1856-1921 period data estimated from other stations by correlation (2)
arithmetic mean for period 1896-1959 (64 years) (3) arithmetic mean for historical observed
period 1922-1959 and (4) approximate trend in the period 1922-1959 (after Yevjevich, 1972)
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m‘m‘ﬁ 2.3 Example of Testing for Changes in the Mean of the Annual NBS of the Great Lakes

System.
Lake Subsample Sizes Statistic t Change
N1 N2 From Computed in
t-Tables (95%) the Mean
Ontario 36 33 2.0 0.299 No
Erie 36 33 2.0 0.635 No
Superior 36 33 2.0 1.525 No
Michigan 36 33 2.0 0.866 No
St. Clair 43 26 2.0 4.477 Yes

2.10 AaNDAYEIdYN NI (Characteristics of Annual Time Series)

v
Waﬂﬁﬁﬂ‘bﬂﬁluﬂil}naﬁlﬂﬂFjuﬂiﬁjiﬂﬂ 1411 ﬁﬂ1ﬁ1uﬁﬂiﬁ®m5ﬂ?W‘]J’JTE]‘I;}ﬂﬁJL’JﬁWNWNﬂ?J
Y < .
anyuzilu Independent Stationary Process

Y 9
v

1 = gll n) Y= (% =T 9 A 1 =
Independent 1o AU Ty lAvuegiuruTlneouniiiiu W5e Correlogram naaedn lall
Serial Correlation
. J a 4 ' =
Stationary 1118ANUIMITIHIMBIVEIEYNIUNA1 laeu Ta
A A . A o I
3119 2.20 uarasoYNITUIAVRIHUIEN Ft.Collins TaTas1Talanyazilusynsuraw
A g A Y1
Independent 11193910 1, HiA1doewIn wamsnadoye 1411 p; = 0
A Z ~ ' 3 ~ A R A ]
3191 2.21 ueragoYNTUIAVD N8 V01111 Danube 7 Orsova JUUHY Falanyazu

PYUNTUNIAMUY Dependent 11199910 r, BAUMIAY 0.1 HamsnadoU¥o 1821 p; # 0

—= ry=0.02 > p1=0
207 p/P 1 !

Independent

1.0

fe) 1 I ] ] 1 +
10 20 30 40 50 60 70 119 |0

gﬂﬁ 2.20 Annual precipitation series at Ft. Collins, Colorado, for period 1887-1978 (92

years), in modular coefficients Pt/p with Pt= annual values and p = 14.57 inches= annual
mean.
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20} Q,/7Q rp=0.1 - P, 40
Dependent
toy WAJ\RML/L[LJ"J‘J UU
t
(o) ] ] ] ] 1 ]
20 40 60 80 (00 120

sﬂﬁ 2.21 Annual runoff series of Danube river at Orsova, Romania, for 120 years (1837-1957)

Y

in modular coefficients, Q,/Q with Q= annual value and Q = annual mean.

Ismsnaaeun1iludasy (Test of Independence)
(1) Correlogram (Time Domain)

(2) Spectral Density (Frequency Domain)

2.10.1 Correlogram Test

{ 1 ] o 1
81 Correlogram 7 k > 0 {ifi10g1oN Probability Limit 96115 2.46 uag 2.47 uaaluilueynsy
[ { 1 [} ]
NAMUY Independent 1UN19ATINULIM 81 Correlogram 91 k > 0 Tif19g 11 Probability Limit terasinilu

YNTUNIALUY Dependent

1.(95%) = ﬂ% ]iv_k_l [2.46]
Tk(99%) — —1i2.31\2,6_\/kN—k—1 [2‘47]

[ ?,’ 1 1 %’ ] ?,’
@198 Correlogram v¥esayNTUNAWBNNIMT T vewmith 4 delugls Ae 1t Gota Tu
1 8 . . 13 . 1 ¥
a1au 1311 Nemunas 14 Lithuania 431 1Rhine 1 Basle, Switzerland (iagitld U1 Danube 14 Orsova
= ] ~ 1 9°J 1 =t ' %’ . I
Tsuuile uaaeglugli 2.22 WuMeYNINIAIVBIUINIIIETV01N Rhine 118 Danube 110 LNTUNIA
{ I ' 2 <
11 Independent YL NOYNINIAIUDIUINIT V011N Gota Az Nemunas 1HIuoynsuauy

Dependent
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Iy < 5% 1s out of limits

——— GOTA  RIVER |- DANUBE RIVER =0
p+ 0 g

—— -+~ RHINE RIVER

0.5k rk(v) NEMUNAS RIVER INE

0.4r

03 L(95 %) far N=2120
0.2 4 A S s i__; _____ -
0?, ' A w7 7

-0.2k VT T (95 %) ior NEi50  L{95%) for N=120

gﬂﬁ 2.22 Correlograms of annual runoff series of 4 European rivers; Gota river in Sweden

(N=150), Nemunas river in Lithuania (N=132), Rhine river at Basle, Switzerland (N=150),
Danube river at Orsova, Romania (N=120). Probability limits at the 95% level are given for the
normal independent variables for two lengths, N=150(max) and N=120 (min), (Yevjavich, 1964)

] ¥,

319 2.23 a@ Correlogram ¥039YNINIAUBIUINMNIEY Hu3161) 1% Autoregressive Model YD1
L. J .. : Y < ' Y g {
191 1Az 95% Probability Limits Fataa 1¥iiu110unsuna1ve1imuilu Dependent ymzoynsumal

woar1T)1 Independent

1.Or Runoff
- K Dependent
08
O.6“
Q-

o] -
oF S NN —39-@4&—/—% K
M. 1Y - / 1._“ ?;O g st

0.2F

Precipitation--> Independent

gﬂﬁ 2.23 Correlograms of St.Lawrence river at Ogdensburg, NY: (1) r« of annual runoff series,

(2) r« of annual effective precipitation series, (3) correlogram of first order autoregressive model,
(4) probability limits at 95% level for normal independent variables with N=97.

= . ~ o a A
319 2.24 u@Ag Spectral Density Y030 UNIUNIAWIRNUTIEY TunIAnz TuanReurlioveallszimea

4 =) v L 1 d Aa 1
ANTFOITN H9kA1 Spectral Density 5z1n8 2 udaaduiueynsunawnuddse 317 2.25 ueaa Spectral
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I v ¥ o .
Density Y9401 NINIAUDIUINIT 10U Gota 11 Vanersburg 152inel Sweden 11380181 Fitted

Spectral Density U91UU1089 AR(2) Spectral Density U94 residuals 1192 Expected spectrum UVDIDUNTU

NAMVUDATY

- Spectral density
9(f) =2 Independent

gﬂﬁ 2.24 Average variance spectrum of 231 annual (homogeneous) precipitation series of

northwest area of USA (area between longitudes 94 and 85 and latitude 63.5 and Canadian-
USA border.

5.0} g(f)

AR(2)

95% Probability Limit

O i 1 1 1
O (OR 0.2 0.3 0.4 f Q.5

gﬂﬁ 2.25 Spectra of annual flow series of Gota river at Vanersburg, Sweden, for 150 years; (1)

estimated spectrum (2) fitted spectrum of second autoregressive model (3) spectrum of residuals
and (4) expected spectrum of independent series.

2.10.2 ajUna@uiidvesayns3Ia15101) (Summary of Annual Series Characteristics)

E4 1 o 1 a a
(1) @Hﬂihl?ﬁ1i?8ﬂﬂl@ﬁﬁju HIM lm%f]ﬁiﬁﬂii%L“HElﬁf]’)nﬂ@ﬁﬂﬂﬂi%ﬂﬁuﬂ1iﬁ1ﬁllﬂ’d§lﬂ

4 aAaa 4 %’ 1 90}
)  eynIuNa15161lli Tns9a3 191U Dependent 1H99910nT VUM FIANAndvati luguih
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v ] Y 9 ]
(3)  dUNTWIMYITLEL1Y (Long Time Series) 89921 Non-homogeneity NAVUNULBINNAULALY
] Y
FITUWIA 1Az 89N Systematic Error 30 Inconsistency (NANINTYY
@ eniimsuasunlasnuauianeadaveseynsunai®a lildinaain Non-homogeneity tag

1A { a o y { a Z
Inconsistency HaNANMIasunlasnegimans luinunvsevegiininiiug

2.11 AMaNTAYDIDYN TNNIAMUD Periodic

1 o 4 v LN aa
UNTUINUY Periodic F¥UIIHANIA AU edlavinazsiedu ﬂ?ﬂﬁﬂﬂ!ﬁﬂﬂﬁﬂﬁﬁﬂ@ﬂéﬁﬂ
A 1 | Y 1 A A . . S aa . . 1 A A
Wi@ﬁ?\“ﬁ]'lﬂ@ﬂﬂihﬂﬁ'li?ﬂﬂllﬂ FIUNANWADDYNTULIDULUY Periodic I&UMATDALUY Periodic AIUNVUDU
A ) 2 A d' o ¥ o = oy ¥
Ao lASIEs UL Dependent GIUANN ( pk,c )AIUULDTIIADY AR %Qﬁ?ﬂ?ﬁﬂ“ﬂ?llﬂ‘ﬂﬂlmll Constant

Coefficients e iUy Periodic Coefficients

<
Egh X,,T ﬁemgﬂimamtmu Periodic ﬁnﬂiﬂuﬂﬁ%ﬂu@l&lﬂi1]L’JﬁW!L‘U‘]JiJWIiﬂﬂlulﬁJémﬂﬁiJﬂﬁ 2.48

_ Xy r—Xg
Zyr = —— [2.48]
St
4 . . {o o 1 Ve Y
1o Z,T A9 Standardized Series NIAA1T X uag S, uan
1 . . o w Y . . .
A1 Periodic Skewess 1150199 14 Iagn1s Taking Logarithmic
1 @ [ %7} 1 Sol . o ]
AIDYINOYNTNULIAULUY Periodic iw’m"umammﬁllwammuﬂmmm Boise 33 Idaho meagiu
v v ~
37 2.26 oUNTUNIAIVOITATING IMaveuhswRouNa0Tl 11B.402 Middle Fork ¥4 American River 1N
13109 Auburn %’51; California Llﬁ’ﬂﬂugﬂﬁ 2.27 @ Correlograms U89 Logarithms U89 Original Monthly Flow

(y, Series) 1% UDI 7, Series YOIADI 11B.402 uerasod 1ugiln 2.28

14,000 e N | T

T 1T

11,200 . -

Daily mean, standard deviation = periodic

8,400

DISCHARGE (CFS)

5,600

2,800

b 1 L i i i
4] 73 146G 219 dus Slets
LAYS

ﬁﬂﬁ 2.26 Daily flows of Boise river, Idaho, USA for year 1921.

U
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Periodic monthly flow

1933 19341935 1936 ‘1937 1938 1939 1940 194171942 194371944 1945

January
4000
2000 /\\/\A /\
0 1955 1956 1997 1954 1‘).1‘) 1960

U

TLU46 1947 1948 1949 1950 1951 1Y52 1953 1u54

January

sﬂﬁ 2.27 Monthly river flows for station 11B.402, Middle Fork of American river near Auburn,

California for period 1931-1960 (Roesner and Yevjavich, 1966)

- Yvo=log Xy
Correlogram of Logorithms of Monthly Flow Series X

lcO' lk(.‘) \t-‘l'
.8
6}
4
L2F
-.2] 10 50
-4
-.6f
-.8
-7 rk(z) Corretagram of Stondordized Series Z
6|
ol
Al
|
.2
.1
0 ,_/\/f\/_/\ -
-1 10 20 30 4050
-5 (b) k

gﬂﬁ 2.28 Correlograms of (a) logarithms of original monthly river flows (b) series on log-

domain after removing periodic mean and periodic standard deviation for station 11B.402,
Middle Fork of American river near Auburn, California (Roesner and Yevjevich, 1966)
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1 3
Periodic Correlograms U830 NIUIIYIU 518 39U 578 7 IU 1AL 13 71U VDI Log Series VOILUUN

Tioga uaageg 1131/ 2.29

1.0 — :
AL
.90 r'»'.lll" Lo L .I , gt
Nt
9 M '

.80 ') l |
) | , 3
,70nr]'1 . _r1.1 3
f Daily | 3 3-Day T

gﬂﬁ 2.29 Periodic correlograms of daily, 3-day, 7-day and 13-day series for log-transformed

flows of Tioga river (1) r(1,t) computed from eq. 2.11, (2) smoothed r(1,t) using Fourier
(trigonometric) series and (3) mean of r(1,t) (Tao et al., 1976)

2.12 qmauﬁ’ﬁmmagmmamsmu Multivariate (Characteristics of Multivariate Time Series)

Lag k Autocorrelation 11ai¢ Lag k Cross Correlation U939UNTULIDNULUY Multivariate TIMTOATUIN

Tannauns 2.49
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B ) 2
[

Correlation Matrix Y84 n 94n311a1 iaaI0g luaung 2.50

[2.50]

Periodic Lag k Cross-correlation gnsamun lannaums 2.51 uag 2.52

€))
[2.51]

vrk

Lo (20 (020,
(l) [6))
Stk

ij _N
rkr_

Mrt—k<1

Zv 1( ® —(l))(

l] —
k‘r - (O]
St Sw+1: k

[2.52]

(€)]

o)) )
Xy- 1,w+t—k ™

w+T-k

N WuaaanNUaNHUTIE 1IN

vndoyary 79 a011111 Upper Great Plains ¥o4a#3gomiin1 Tugii 2.30 awnsaimnaiig
1231 09 ufse

U

: [ v o
Isocorrelogram U®4 52 ﬁa1ﬁ§aﬁmmﬁuwuﬁﬂuﬁmuauq Taaaga
Lag-zero Cross Correlation Coefficient (ro)fTU Interstation Distance (d) (L& magslui 19 3.32 uag Isolines VDI

= A o o2 ' = '
dusedeundunsiznyulvg 30 Y uaneglugilin 2.33

1oo® 95° 90™
T e T -
’ =58 5:& esota Lake
. North Dokota .\ e «33 =39 Superior
l “ss 41 .29 o3z 2a'f
. A - - *31 36 _Wis:onsin
/ Scu:;‘: anof!nﬁs i B =7 & - \
.72 - T 27 3 ‘79_ - lo= -
e 66 27 | aa .:; lo exp( 000418d) o
cer 73 &3 - = -%a - mean, standard deviation
. . _’““;z'.x( 4 of multivariate varies with
=3 S0 . [Iowa . R R
as . u ] latitude, longitude, altitude)
. Nebraska Sie 47'\ 1o s as . ..
-3 sa ves ) d S - regional characteristics
E_.A."_; _ ~ R ;] tlissouri a .5 —ap*
I 23 .21 =15 PET:] l\ 44 “N 7’\
S - - .17 .16 \ +4s
_§ ’ Kaensas .25 »6 { 3
6‘:’ i .22 .20 _:\l_iL‘——
r._.-.._.-__._ I oxlahema 1
Texas 74_! “&8Q ” 2 Al _2§°
o ‘ i eniles

U

(after Tase, 1976)

) 30 Study area and location of 79 stations of precipitation in Upper Great Plains of USA
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rg of 52 stations

100° 55° s[0°

\ } .x5° miles

31 2.31 Isocorrelogram patterns for series of station 52, as correlated with all other station

series for residual independent series, monthly precipitation in upper Great plain of USA (after
Tase, 1976)

|‘0=Exp(-0.00418d)

Q.6 |-

0.4

Q.2

-0.2

-0.4 : : : : : :
o] 200 400 600 800 1000
gﬂﬁ 2.32 Lag-zero cross correlation coefficient r, versus interstation distance (d) and fitted

function r=exp(-0.00418d) for stochastic component of monthly precipitation in Upper Great
Plains of USA (after Tase, 1976)
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40*

ﬁﬂﬁ 2.33 Isolines of 30 year generation monthly mean for precipitation of Upper Great Plains.

U

2.13 1901591909
Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484

2.14 nuiilpiameun

From the given periodic time series x(t) for t=1 to 144 in Table 2.4, you are assigned to do the
following tasks:

(1) determine Autocorrelation Function (ACF) for the maximum lag of 60.

(2) determine the Spectral Density Function (SDF).

(3) identify the periodicity in the time series from ACF and SDF.

(4) remove the periodicity from the given time series and determine ACF and SDF after removing
the periodicity.

(5) Plot ACF and SDF for all cases.

Table 2.4 Periodicity time series with 144 periods, x(t)

Year Month t x(t)

1 1 21.8320

22.1980

22.9051

21.9051

21.2979

22.2979

21.1730

19.1730

O 0 IN|O|Ul | (W
ORI |U | (W(N |-

18.4659
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10 10 17.0999
11 11 17.0000
12 12 19.0000
1 13 18.9001
2 14 17.5341
3 15 16.8270
4 16 14.8270
5 17 13.7021
6 18 14.7021
7 19 14.0949
8 20 13.0949
9 21 13.8020
10 22 14.1680
11 23 16.0000
12 24 20.0000
1 25 21.8320
2 26 22.1980
3 27 22,9051
4 28 21.9051
5 29 21.2979
6 30 22.2979
7 31 21.1730
8 32 19.1730
9 33 18.4659
10 34 17.0999
11 35 17.0000
12 36 19.0000
1 37 18.9001
2 38 17.5341
3 39 16.8270
4 40 14.8270
5 41 13.7021
6 42 14.7021
7 43 14.0949
8 44 13.0949
9 45 13.8020
10 46 14.1680
11 47 16.0000
12 48 20.0000
1 49 21.8320
2 50 22.1980
3 51 22.9051
4 52 21.9051
5 53 21.2979
6 54 22.2979
7 55 21.1730
8 56 19.1730
9 57 18.4659
10 58 17.0999
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11 59 17.0000
12 60 19.0000
1 61 18.9001
2 62 17.5341
3 63 16.8270
4 64 14.8270
5 65 13.7021
6 66 14.7021
7 67 14.0949
8 68 13.0949
9 69 13.8020
10 70 14.1680
11 71 16.0000
12 72 20.0000
1 73 21.8320
2 74 22.1980
3 75 22,9051
4 76 21.9051
5 77 21.2979
6 78 22.2979
7 79 21.1730
8 80 19.1730
9 81 18.4659
10 82 17.0999
11 83 17.0000
12 84 19.0000
1 85 18.9001
2 86 17.5341
3 87 16.8270
4 88 14.8270
5 89 13.7021
6 90 14.7021
7 91 14.0949
8 92 13.0949
9 93 13.8020
10 94 14.1680
11 95 16.0000
12 96 20.0000
1 97 21.8320
2 98 22.1980
3 99 22.9051
4 100 21.9051
5 101 21.2979
6 102 22.2979
7 103 21.1730
8 104 19.1730
9 105 18.4659
10 106 17.0999
11 107 17.0000
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12 108 19.0000
10 1 109 18.9001
2 110 17.5341
3 111 16.8270
4 112 14.8270
5 113 13.7021
6 114 14.7021
7 115 14.0949
8 116 13.0949
9 117 13.8020
10 118 14.1680
11 119 16.0000
12 120 20.0000
11 1 121 21.8320
2 122 22.1980
3 123 22.9051
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HanMINAZINAUANADATIMTUMINa0IDYN TN

STATISTIC PRINCIPLES AND TECHNIQUES FOR TIME SERIES MODELING
& = v =
e aznansluunii 3

M3YsLINUANIIINBS VDLV (Estimating Model Parameters)
msulaseynsuna1¥insuanuaauuuln@ (Transforming Skewed Variables into Normal
Variables)

O MsUszInammITimes U Periodic @28 Fourier Series (Estimating Periodic Parameters by
Fourier Series)

o mslFumindlumstszmnamniweivesuuuiiasuuuraeiindls (Matrix Approach for
Estimating Parameter of Multivariate Models)
NSNATDUANNHN IS TUUDILUVINAD (Goodness of Fit Test of Model)
MIsnInaaNiANNanAveIiIeE 1Az MITINATIUIUNTINADS (Preservation of
Historical Statistics and Parsimony of Parameters)

@ 4 1 4
O msmm'ﬂzmﬁ'@yaslﬁmmzmswmﬂsm (Generation and Forecasting)

a Aa d 1
3.1 !‘Vlﬂ1!ﬂmﬁﬂﬁxﬂ]ﬂ!ﬁ1w1i1wﬂ®i!ﬁmﬁu (Basic Estimation Techniques)
a 1 a o dy Y A a A
mﬂUﬂflTiﬂ‘izﬂJ1mﬂ1WﬁHJLG]'é)iL°lJENG]u3J 37970
(1) Method of Moment
(2) Method of Least Square

(3) Method of Maximum Likelihood

d
3.1.1 '3%fnﬁﬂi]‘i]ﬁi’)‘ijﬂ?1Nl‘}’iN1$ﬂNﬂli’)Qﬂ”li‘lJ5%3»11&1!?'!11/‘”51;]!9]@5 (Goodness of Fit of
Estimators)
1 a 4 a dou 1 dy

fﬂi@]i’J%ﬁﬁ]‘ﬂﬂ’)'lllL“Vilﬂ%ﬁllﬁluﬂ1iﬂ§$1|'lmﬂ'l°l/\|'li'm!,G]’E]i ﬁ]$W%15ﬂ‘l'lﬁ]'lﬂlﬂmm@\W]@ulﬂu
(1) Bias or Unbias

. . . A Aoy Y A
(2) Efficiency; Efficiency Estimator AeMUsEUNUAT Mean Square Error (MSE) U8nga

%30 Minimum MSE)
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. 'Y 2 ! 9y Y1 a J 2 A AR
(3) Consistency H118A1101 N 1w A1 szanazin 1namwsinesunuu vse @ I
9 A
w1lna o

(4) Sufficiency HUIWANNINMS 1%'%’agau1ﬂﬁq f (Maximum Use of the Information Contained

in the Data)
3.1.2 Ms5z3NauuY Unbiased (Unbiased Estimator)

it & = alszu1n1 (Estimator)

=
Il

a 4
a = W151U§D9 (Parameters)
1 E(&) = a ua@3 @ A9 Unbiased Estimator
81 E(®) # a uanin @ Ao Biased estimator

Bias = a — E(@) [3.1]

3.1.3 Efficient Estimator

1 A a Aa = ! A o
mszununidszansnmvuenemlszanania Mean Square Error (MSE) AFA NANUNIT

n3.1
Bias =a—E@)

Estimation Error _ , _ 5 [3.2]
MSE = E(a — @)

=E[(ea—E@)-(a-EW@)[

—E(a-E@)" +E(@a—E@)" - 2E[(a - E@))(a - E@)]

= (a - E@))" +Var(a) - 2(a — E(@)E(@ — E@); E(@a —E@)) =0
=Var@) + (a - E@))°

= Var (&) + Bias? [3.3]

. I 3 . . . P
.". MSE gfimenga 61 11U Unbiased Estimator a2 Variance ¥09 & JiA1e1ga

3.2 Method of Moments

Y ' % s 1w
2 X = awlsgu FelileAdunsunuauniny fix)

E(X") = 1" Population Moment of X
= [x"f(x)dx [3.4]
M, = 1" Sample Moment of X

1
= 13N X [3.5]



mniwes laeliaums 3.4 mduaums 3.5 wie M, = E(X")
8NAI0E 1L UTIA0I0619910
Xe= a+ bz, [3.6]
Z; = Independent Random Variable with E(Z) = 0 and E(Zz):1
E(X)=E (atbZ)=a [3.7]
E(X))= E (a+bZ)’= E(a™+2abZ+b’Z’) = a™+b’ [3.8]
My = %Zé\;l Xi
M, = <3N, X;°= 4% + b?
a= %ZXL- ; ilogon E(X)=a [3.9]

24+ h%= %ZXL-Z; 090 a2+b?2= E(X?)

Q

S
Il

Y X, — a2 [3.10]

Z|r

an

a ') s Y1 A . Y 1 A A
ﬂ131J5$1]1i111/‘|’]511]!91@5ﬂjﬂj'ﬁjﬂlﬂuﬂﬁ]$1ﬂﬂ1ﬂﬁgll']ﬂﬂ/] Biased ﬂﬂljuﬂnﬂaﬂﬁﬁﬂﬂﬁgmﬁlmiﬂﬂ

P o % I Y {
1FTumuaN 1 nIANAT Biased @991 3UFUuA1M11 Unbiased 930135199 3.1

Y o Y a J 3 .
1519 3.1 ﬂ'l'i'lJ3ULLﬂﬂ1W131NL@]@31ﬁ!Lﬂu Unbiased

Estimator Unbiased Biased
1 — 2 1 —\ 2
52 =—%(X; - X) =~ X(Xi = X)
_ N X;—X)3 _ v &Xi-x)3
g ~ (N-1D(N-2) % s3 = s3

Mz Asymptotically Efficient 130 Unbiased + Minimum MSE t{o N—> 00

3.3 Method of Least Square Estimate

DUNTUAIDIN (Vi V1, Vo evevrerenannnienannns YN}

uuuteed ¥ = F(Veen, Veeas oo Veeps @1, Ay e, @p) + &
a 4 o
MNAATUUUTIA0Y @y, Ay, ..., Ay

Sample Estimates @y, @5, ..., @,
&= Residuals or Error Series with E(g,) = 0 and Variance = ¢

A A
SSE = thz = Z(yt - f(yt—llyt—Z"' 'yt—p; aq,-- "ap))z
SSE = X(y: — 1) [3.11]

a&l (yt yt) -
@, e =9 =




4 Z 52 —
a&p (yt yt) -

Least Square Estimate o9y Efficient Estimate (Min.MSE)

A208197 3.1 Least Square Estimate YDILUVINADY AR(1)
AR(l) Model: Ve = $1yt—1 + &t

E(Y,)=0

E(St) = 0

Var(e) = o?
MNUADUNTUIAIAIOINAD {V1, Varevevnrrnennnnnns ,Yn}
= thv=1(yt — 1 Ye-1)?
= thv=2(3’t - ¢A>13’t—1)2

N 2
t=1€¢t

[3.12]

d’ = % )
ioann lifien y, = y, Iuoynsunaidledis

d Zi\’:z(yt - fﬁlyt_l)z
GIoN
N
Z 20y — 431 Ve-1)(=Yt—1) =0

Z( V- Vi 1+<p1yt 1)=0

i —Yt- Vi 1)+¢1Z)’t 1 =
4

D G )

Zt 23/t 1

3.4 Method of Maximum Likelihood
Ve = f(Yt—ert—z» o Ve-pr A1, Ay ey
Sample Series: (V¢ V1, Y2, --+» VN)

)

a,) + &

a =(a1,a2,...,

& =
E(St) =0
L(.) = Likelihood Function = f (&4, &, ...

=f 1581: D) f (&2, ...

= [ [reso

t=1
LL(.) = LogLikelihoodFunction
= ([T, f (e @)
= X In(f (e @)

f(en; @); Since g =

A1UKAN Maximum Likelihood Estimate #215231a1a1% dd

9
MPIFA NUUAIUYAN Calculus

L EN @)

[3.13]

[3.14]

Error Time Series which is Independent Series

[3.15]

Independenct Series

[3.16]

fjﬂ femdszinumiivhida LLO) §
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0

s LL() =0
5 —LL()=0
da,

Maximum Likelihood Estimates ﬁﬂmﬁ uyandn wﬂlﬁ ® Asymptotically Efficient, Consistent L0

Sufficient Estimates

o 4 A 7 o . . .
M20819N 3.2 MININININOSVDIVVT1809 AR(1) 1a8IT Maximum Likelihood

Ve = P1Ye-1 T & . '
& = Random Error Term Fadlanyazitiy Independent and Normally Distributed Fq3

E(g) = 0uway Var(s,) = o?
L() = fl(vfpfz»---»fzvi(l’ﬂ

- ]_[f(et;cpl)

e &)

\/_o
_ 1 e‘%ﬂyﬂg?
(V2mag)N
1 _Lzltvﬂ“«’?
LL(.) = In{———— ¢ 207
O =y )
N
= —N In(V2na, Z ef

~N In(vZria;) - Z(yt Ber)’
N

Z 2(ye — P1e-1)(=ye-1) =0

t=2

N
2(%.%—1 — $1ye-1?) =0

$ T YeVi-1
| ===
Zt 2 Vi

A o ' = [ g’/ =2 ' 1 9
ieanneynsunaiieda hifie y, doius lamsema -y, - dyy, 14

aLL() 1
¢, 202
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a d a
3.5 msdszanammniimeslngds Regionalization (Parameter Estimation by Regionalization

[ 9y
Tunsain lifidoya(Ungaged) wiodoyadu(Short Record) vz liamnsalismsiszunm

u

1 a 4 add' U 9 ddy a Y~ [ v J 1 a 4
MWITNANBIMVITNNANINILET  TUnsAHE e 1EI T MaumMsUaAIANNFURUTTEHINNIS 1NN T

o a J ' ¥ ' j} A A 2 A 1 as a 4
VIV UITABILASWITIULABTUDIQNUT ITUNUNHIBISISNIN FUTININITMTUTEHIUNITIND T

Regionalization gNA0E 1T Lag Zero Cross Correlation Coefficient (rgjmmauﬂimamﬂuﬂmﬁeu

o v

VBN 52 ADIUNUVTDIUDUS 9N 79 DU Nﬂ’JWNﬁﬂJWH‘ﬁﬂQgﬂVI 3.1

rg of Station 52 vy

100° 95° s0° .o
08 .
L o ryp=Exp(-0.00418d)
o6l &)
0.4 |
0.2
(o]
. * . . -0.2
o 02" L = - ?
: . S 000 d =interstation distance
| .385° miles -0.4 1 1 L L 1 s . .
o 200 400 600 8C0 1000

(a) Isocorrelation (lag zero cross correlation) (b) r, = Exp{-0.00418d}
pattern of monthly precipitation of Station 52
and other 79 stations series in the Upper Plain
of USA.

r, = Lag 0 Cross Correlation Coefficient

d' a J as . . .
317 3.1 MIIMImes 1A8IT Regionalization

3.6 mauasdoyalvilumsuanuasing (Normalization)
' 2 a
msudasdoyaniinsuanuaauuutl (Non-normal) x, 191Hunsuaniaeln@ (Normal) y, iivane
9
7% fame Uil
= = .
n‘smagn‘mnmﬁmﬂ (Annual Series)
do
@ masmlasareWantu Log
Y A A ¥ A~ A P
01 x, ABAUKWTDUIMIFIUNTUINUAULD Log Normal 2 (2 WI5111A07)

Y, = Log(x) wimsuanuauuuind Niy; w, o)

)
fy) = e 2\ % /. Y IMsuantadiiy Normal [3.18]
V2maoy
) _ l(log(x)—uy)z
flx) = Toro. € 2\ oy ; X UNI9LNLD3LLUY Log Normal [3.19]
AOx

log(x¢—
naLan z, = M ~ N(z;0,1); Z UMtV Standard Normal
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oy x, UMILANLAULUY Log Normal 3 (3 Wiines).
=) a = I
Y, = log(xc) 3EUMIUINLIVUYNA N(y; p, ©,) 1agil ¢ 111 Lower Bound
) m3suasfae Square Root

a 14
o) x, UMILANUALLUY Gamma 2 (2 WT1UADT)

X

__1 a—1
f(x) = p’ar(a)x e B [3.20]

Ve = Jx; zimsuanuaanuulng

o) x, UMILANUAULUY Gamma 3 (3 Wimes)
ye = Jx — € WIMIIAILVVYNA N(y; p, o) Tagi ¢ 13)14 Lower Bound
(3) M3uasdig Power Function
y = a(x-c)’ [3.21]

1 o o é =l l-ﬂ' 1
b = AYNNIAIFINAIANIN 1T

N[
Wk
N

NIUDYNINHVL Periodic
=~ A 9
¥ 2 madenlumsuilasvoya
NuAvNH 1: Normalize X, ; NOUAITA ic UAY O
N@NT 2: NOUMIIA e LAY G NOUNT Normalization
9y A A A . . a A .
VBLFAIUDINIABDNN 1 AD e LBE G VYOI Normalized Series (), 7 ) 9NUALLDU (Distorted)

~

Fordsvoamadondi 2 e y,, = x”—:“’ SAmaInuaza aliannsa Take Log 14
Hesdrlumamlaseynsunamuy Periodic

W = ar(xv,‘r + C‘r)bT [3.22]

Lﬁ'ﬂ c;= Periodic Lower Bound a;, b; = Other Parameters

130 Yy = log(xyr +¢;) ;T =1,...w [3.23]

S . . 9 I 2 @
NIUBDUNINULIAULVY Periodic ﬂjﬁclslfﬁQﬂGb'uﬂ’ﬁLlﬂaQlﬂﬂjﬂu{lunﬂﬂqﬂ T

a d
3.7 MIMWNNAADSUVY Periodic 1aa)Y Fourier Series

Yur = Normal Periodic Time Series

Yoo = Uzt 0:Zy4
. ) - .
7y, = Standardized Normal Series %49191111191n3419011411 Dependent 131 Correlation HUDAIT

ﬂ%’e’] Periodic ﬁkl@%}
AR(1) 11U Periodic Coefficients
Zyr = ¢1,TZU,T—1 + & [3.24]

P11 f1® Periodic Coefficient = f(pk‘f)



Nyl AR(1

): d)l,‘[ =Pz

A Uy, O, Prr A0 Td0INEYNTNAIRES

3.7.1 38msdszanamuuy Non-Parametric Approach

ax . . ! a I ¥ ca!’
14T Non-Periodic ﬁ]zﬁm1mﬂizmmmwwsmmaﬂﬂ JU

[

Xy ~ Ug

s2 ~

o7

Ic~ Ve

rk,r

~ Pkz

Up ~ Vg
A A o (% L4 o J . A a 4 o w
o u ﬂ@ﬁﬂ]uﬁﬂ]&lﬂﬂlﬂ\‘]ﬁ?ﬂﬁgﬂqmﬂnlﬂﬂ Non-parametric 10 v ABWITIUADIAINA AU

1 a d A . .
3.7.2 miﬂi%u]mﬂ]ﬂﬁ]um@ﬁiﬂﬂ)ﬁ Fourier Series

1
TN

N . —
Yo=Y T=1,.,w

e =U— Y, ;T=1..,w

A
o e;

= ! a v axy .
AemANuAana1nlumsUseuum Mean Iﬂﬁ]’)‘ﬁ Non-parametric

A Y A
NIAUN N UDY e, ISUAININ

~ A ) —_ 1 A9 1
ATUN N NN WIATUVD y‘r 9% Smooth NIULAT e; ICUATUBYNI

ad . . Y A 1 as .
7% Fourier Series 92 1¥A11/52118%1 Smooth 1125 Non-parametric

3.7.3 M3 ﬂizﬁ]ﬂ!?’h Fourier Series Coefficients

I o J A 4
W u, Wudtszunaaiuy Non-parametric ¥04¥1513ita05 (v,)

Mriua
i U, Fourier Series Estimates of v
~" = h 21T . 21T .
U, =u +2j=1{Aj cos(—w ) +Bjsm( - )} ;T=1,...,w
u= _Z?—l Ur
A;, B;= Fourier Series Coefficients (j=1....... ,h)

j= Harmonics j

h = Total No. of Harmonics and the Last Harmonic

h=2 o=@y eniedinh=122=6
_1 d' U 1

h = wT M w =1@vR  en@I9813 h = (365-1)/2 = 182
2 2jty , .

Aj = ZZ‘T‘LluT cos (T) v i=1,..,h
2 . 21T . s

= ZZ‘T‘LluT sin (T) yi=1,..,h

1w = g
1 2mht

Ap == T_lufcos( )

Bh = O

Y qu . ° ~ v
211990 Harmonic lumssmuia 0, 9211 o, = u,

9
[ Y

ANUU

U a 4 ~ % 1
Tumstszanammsiinesvz 19ieq Significant Harmonics (h*) #41i08n31 h

3-8

[3.25]

[3.26]
[3.27]

[3.28]
[3.29]

[3.30]
[3.31]

[3.32]
[3.33]



Cumulative Periodogram ADIBNITHIAT Si gnificant Harmonics

3.7.4 Cumulative Periodogram Test (P,

MSD(u) = izg;l(ur —u)? = Variance of u

3-9

[3.34]

130 MSD(u) =Mean Square Deviation of u 30 Total Variation of u

MSD()) = (A2 +B2) ;j =1 ueocs,

MSD(u) = ¥}, MSD())
MSD(hj)

Pi =

i

J=1 MsD(w)

1io P, = Cumulative Periodogram

h; = Significant Harmonic i h;

9
%

; All h harmonics

[3.35]

Mean Squared Deviation of Each Harmonic (j)

[3.36]
[3.37]

TuaeuMsmuIam Yo MSD (k) uanteglumsnd 3.2 deih b, luwdeansivles 14

¥ ] I 1 [
Cumulative Periodogram Faa3150LU 900N 1 2 @IU Periodic Part LAy Sampling Variation Part A3 il

1 ] ] J { g
n3.2 %qm!,mszmwmuﬁmu Periodic i8¢ Sampling Variation Ao Significant Harmonics & Sampling

.. I Y 1% A 1 A o o 1 Ad . . Y =)
Variation Part 1fuidunseasgii 3.2 naasneynsunanlofsadiuiilu Periodic oon luudrvzdl

v

]
1 A

o w I . . Y A o I
msaaIuinilu Periodic on ludrvelianyaziilu Dependent

A15131 3.2 Calculation of Cumulative Periodogram

3 1y . Lo < Y Y o ~ ' A
nyaiiu Independent #1911 Sampling Variation Part Lﬂugauimmgﬂw 3.3 UFEANNDUNITUNIAUND

Rearranged Order Cumulative MSD(hj)
Harmonic MSD Rearranged MSD* 4
Harmonic o j=1toi
i
i MSD() MSD(h) i Z MSD (hy)
=1
i=1
1 MSD(1) MSD(h,) 1 MSD(h;) = MSD(h,)
j=1
i=2
2 MSD(2) MSD(h,) 2 Z MSD(h;) = MSD(hy) + MSD(h,)
i=1
i
i > msp()
j=1
h MSD(h) MSD(h,) h
Total MSD(u) MSD(u)

*Re-arranged from most significant harmonics [highest MSD(j)] to least significant harmonics

h,= most significant harmonic [highest MSD(j)]

hh = least significant harmonic [lowest MSD(j)]

0,

p=2

MSD (u)
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Significant harmonics

Sampling Variation Part
oo ] Daily
i w=365, =182, h*= 6
osor (approx.)
Monthly
oeof w=12, h=6 and h*=4
Staright Line (approx)
Zy . - independent
odof ’
Observed
020l PeriodicPaxt —  _____. Fitted
-i
0 1 12l
0246 w/2 or (w-1)/2

gﬂ‘?‘i 3.2 Separation of the Cumulative Periodogram into the periodic part for both the observed

(1) and the fitted (3) and the sampling variation part, also for both the observed (2) and the
fitted (4) in case of a periodic time series with an independent stochastic component.

1.00 P

0.80¢

0.60¢

Curve
Zy ¢+ - dependent
0.40 | Vot

0.20

i

I
02 jl ) w/2 or (w-1)/2

gﬂﬁ 3.3 Sepeartion of the Cumulative Periodogram into the periodic part, observed (1) and

fitted (3), and the sampling variation part, observed (2) and fitted(4), in case of a periodic
series with an autoregressive stochastic component.
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% 1 a J 1 901 1 1 4
ﬂ?@ﬂTﬂCunnﬂaﬁvePeﬁodognnlmﬂﬂWWﬁﬁuﬁ@ﬁuUUﬁWQﬂmﬂﬂﬂuuﬁ$u1ﬂ1uﬁﬂﬁﬂ§1ugﬂﬁ1}4—37

ﬂ’iﬁﬁﬂqm!ﬁﬂizﬁﬂlﬁ Periodic Part {18 Sampling Variation Part lxisanuazm Significant Harmonic(h*)

1849 0.9-0.95 vo4 Explained Variance (Pi) ﬁﬁgﬂﬁ 3.7

1,00
P.
o0l 1

0.80

0.60

0.50

Q.40

0.30

0.20

0,10

H

000

1 1 1
0 20 40 60 80

{00

31Jﬁ 3.4 Cumulative Periodogram of five parameters of daily precipitation series, Ft. Collins,

Colorado

1,00

Q.80

oR:=1¢

070

0.60

Q.50

C.40

¢.3¢

0.20

0.10

OI‘ 1)

0.00—1
o 10 20

U

Texas

51l 3.5 Cumulative Periodogram of five parameters of 3-day precipitation series, Austin,
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28

51 3.6 Cumulative periodogram of five parameters of 7-day precipitation series, Ames, lowa

Y

1§ If the separation point
0.9b cannot be identified
0.80}; P. 100%oexplained variance
1 n =n Em N O EE = .
o.70}
0.60
T
b 9

0.50 h*
0.40} l,I i
030 h* - 90-95% of
0.20% explained variance
0.10} .

1
0.00 L — ! !

1 1 1 !
O 20 40 &0 BO 100 120 140 160 180 200

‘51J°?; 3.7 Cumulative periodogram of five parameters of daily flow series of Tioga river

U

Aa d o [y
3.8 msdszanammandimesveauuudassriaenuls (Multivariate Model Parameter Estimation)
3.8.1 35M 3000 Square Root Y@UNNINH
BBT =D [3.38]
1AM UAAT Matrix D 9941171 Matrix B
o 9 v J . . S A
HansAIUIUE 1HHaaNWTL U Unique Solution NABLND

B = Lower Triangular Matrix
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Iay D = Positive Definite ‘H%@ Positive Semi-definite

(1) Positive Definite

(A1 Q12 . Qin
a1 dzz . dzp
>0
[Qp1 QApz - Qpn|
(2) Positive Semi-definite
[A11  Qq2 Ain|
a a .a
21 22 2n >0
_anl 5% . ann-

[

[ Y
Graybill(1969) o35 1uMInA B iije D 13)u Positive Definite A43)

. J (W bY =2 forj=1i=1,..,n [3.39]
i } g , (2) b =\/dif YT bIR)? forj=2,..m 0= [3.40]
1 [dij_zi—:ll bjkbik]

3.3 21 (3ypi= forj=2..n—1i=j+1 [341]

pJJ
n = size of square matrix B and D

[

) Y
Lane (1979) 1auatUz 5 1UNI511A1 Matrix B 18 D = Positive H30 Positive Semi-definite #1471

j () b* =0 forallk < i
x (2) b* =0 forallk =i
i X X Lﬁ@ dii — Zj<i(bij)2 <0
ki _ A=Y ibUpk .
x x x x1 uazp® = forallk >i [3.42]

=
=Y jci(bY)
4 . SN2
we d4“ — 2]<l(bu) >0 [3.43]
2 o ' . [ o J . v J
BUMIAUIUINNNAIVDI Matrix GlUﬂ@allu 1 LLﬁQ%\?ﬂ’]UQﬂ!ﬂ’] Matrix Gl‘lf!ﬂ’f]allu 2,3,4,.....

ANA1N1

3.9 m5ﬂﬂﬁaummmmxaummgmuﬁmm (Goodness of Fit Test)

a o o A I o a =\ a

ﬁhh@];‘g?ﬂﬁﬁﬂﬂ]ﬁ)ﬁllﬂﬂ%1aﬂﬂﬂ’6 8t Lﬂu@]’)uﬂi@ﬁ‘izuaghﬂﬁlmﬂL!ﬂ\‘il!UﬁJﬂﬂ@](Independent and
. . =®X 9 = 3 a @ 1w =

Normally Dlstrlbuted) %W]’EN?Jﬂﬁ‘i/l@ﬁ’é]ﬂﬂ’ﬂhLﬂu’ﬁ]ﬁ‘i$"llf)\1ﬁ’lllﬂi St Llag‘ﬂﬂﬁﬂ‘ﬂ’ﬂﬁﬂllﬂi St UNITLLIAN
wauudnd

3.9.1 msnageuaNmiludasy (Test of Independence)

I a =\ at o dy

ﬂﬁ‘ﬂ@’dﬂﬂﬂ’ﬂmﬂu@ﬂi%hﬂﬁWU’)‘ﬁ@ﬁu

(1) Anderson Test

an X = o J .. Y Y = ' ISP

ATUIZLTHIINNITATUIUY Probability Limit A9FNNIT [3.44] 91 ACF U894 8t N Lag 410731 0 YA

] Y 3 (J a
¢ 11 Probability Limit iaaanainils € uailsdasy
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—1+ZaVN—k—1
n(a) = —2A— [3.44]

N-k
20/2 9 z-score 17] Exceedence Probability AL OL/2
11, anluie + r(0) waasiuuyudasy
(2) Porte Manteau Lack of Fit Test
- 158 Constant Coefficient
a3298001a8 1% Porte Manteau Statistic A9a1N15 [3.45]
Q=(N-d)Xp-17ic(e) [3.45]
aN Q< )(Lz_p_q HAAIIVUTIADY Adequate YEE) €, = Independent
Q = Porte Manteau Statistics
L= Max. Lag=0.IN - 0.3N
D= No. of Differences §1135U ARIMA(p,d,q)
)(f_p_q = Chi-square Statistic 171 L Probability L91¢ L-p-q Degree of Freedom.
- Periodic Coefficient
N3 AlUBI0YNTUNAMUY Periodic 92 19A1 Modified Porte Manteau Statistics (Q1) AIauN15 [3.46]
lumainaaey
Q1 =NYi, Z(ru=1[rk,r(€)]2 [3.46]
() = No. of Periods per Year

N = No. of Years of Record
(3) Cumulative Periodogram Test
Fmsnaaouanuitludase Iald Cumulative Periodogram 1@na1iumdlliniade 3.7.4

WanMInAdeULLLNBRENINADA P, REUN i §115UOUNTUNIAMUY Independent A1 P, 9ZN5L100Y
9 A A Y o A o Y '
FOUNAUATINFONYA (0,0) A (0.5, 1.0) t151mau P, idma lanszarwegniouen Confident Interval

K L A a ' ' o J { <
+ Ta YoUFUATINTONA (0,0) 1A (0.5, 1.0) WINAUNI OIN LaaIn €, danatiosndsznouinilu
u]

A

Periodicity 8¢ Periodicity 13 Harmonic h, 14 € v2411% MSD(h) Tiannnuasiinarldamninden
A ] 2 ' A ' . .o =

UV UINTUATININYUY A1 Ko, AD A1 Smirnov-Kolmogorov Statistics 1u¢11iNVI 3.3

MSD(hj) . N N-1

Pi: ;'-:1 Ug ; l:].,...,E OT'T [347]

e o%=Total Variance = MSD(u)

MSD (k) = % [(ZItV=1 & cos(Znhjt))2 +(ZV, & sin(Znhjt))Z]; hj =ﬁ- [3.48]



K o from Table 3.1

It the no.of points falling outside
the limits are greater than o,
itindicates g4 has periodicity

otherwise g independent
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For example o.=0.01, N=100,

K g [-N=0.01x100=1, if there are 2
_N' points falls outside the limits, it
indicates that £¢ has some
periodicity.
Pt 0.5 i
5
N'=! N;“ Jwhen N=even N=DD) N;l L when N=odd

H 3 A
517 3.8 msnadounnuiuddsz Tag1d Cumulative Periodogram

m3131 3.3 Smirnov-Kolmogorov Statistics, Ka

o

0.01

0.05

0.1

0.2

0.25

Ko

1.63

1.36

1.22

1.07

1.02

(1) Test of Independence in Space

T¥vanmanaaenaunAgIuI Cross Correlation Coefficients (D) 1MAUNT0A19910 0 1N 1]

aunN1g [3.50]

Ho . pij:O
Hy: p’ 0

d’ ISl
W9 N UAUn

—Za ij +Za
—2 —2
N <r < N
81N fiades
r[ﬁ < roij < ré‘ ... AcceptHo: p'=0
_ (1+p)—(1-p) exp(2Z/VN=-3)
(1+p)+(1-p) exp(2Z/VN=-3)

annaznaao Iagld Z-Score aaarung [3.49] 81 N taunaznade Iasld Confident Limit 914

[3.49]

[3.50]
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= Upper limit (% = 0.05,0.025)
a
2

B
B

d
2
1

= Lower limit

3.9.2 msnaaeunNiuiln@ (Test of Normality)
I ad 1 A o =\ A Aax A
manadeunNuiulnafnoniInageueynsunamMIoamlsinIanuIIuulnd 175N
Hewl¥laena 11l 3 3570
() a
(1) 355 Taen1snaoen Empirical Distribution UHN52A18NI1MMIIINL9LUna (Normal
. { o I ] A
Probability Paper) ansAnaemiluidunss ugasnoynsunaiiimsuanuasuuulng
(2) msnagoULLY Y *-Test

Y a 1
(3) misnadounun (Skewness Test) MstanuatuuUlnAvzliary =0

Yy

6 6 ' = a
o) —Zg\/; <y< Zg\/;!,!,ﬁﬂﬂ’ﬂ Y=0 wsolimsuvnuauuUna 81N> 150
2 2
21 N <150 1481 y4 v 9710015197 3.4

MNP < Yoy HAAIN Y=0 W30HMIHANIUVUNA (Normal Distribution)

msnageunuy y? — Test
—p:)2
22 =y, e [3.51]

e

Oi = Observed Frequency
ei = Expected Frequency

M 1% < X2 (k_z) WAAINBONTY Ho : X, ~N(X(; %, )

Table 3.4 Table for skewness test for normality for sample size less than 150
(after Snedecor and Cochran,1967, p552)

Yo Yo

N o N o
0.02 0.10 0.02 0.10
25 1.061 0.711 70 0.673 0.459
30 0.986 0.662 80 0.631 0.432
35 0.923 0.621 90 0.596 0.409
40 0.870 0.587 100 0.567 0.389
45 0.825 0.558 125 0.508 0.350
50 0.787 0.534 150 0.464 0.321
60 0.723 0.492 175 0.430 0.298
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o a d 4
3.9.3 MINATOUNHININITNNDINNBIHNE (Parsimony of Parameters)

v

lumsafruuuieemndlaungdn tuandinyndeson liAemssnunuauianeana
9 . L. 2 Ay & a oA v ° Ao a o
VONUDYA (Preservation of Statistics) GUUBDINIVIIIANU D WUVIADIUITUIUNITIUAD TN
Y an { [ e’y 1 A an
AUAVIANNADAYDIYNTNIATNTUATIZHIUN (Generated Data) vz liAninIndnuanianieaa
@ ] o a d 1 o o @ [
VDIDYNTUNININIBYN (Historical Sample) ﬁwmauwwmmmwnﬂummmﬁ’ay,amaﬂn (No. of
4 [ e’y @ % 1 [ 3’, a
Sample Size) BYNTUNANTUATIZHIUIIZ MO UAUBYNTUNAIAI081NNUTEMS Aaiu Tand
o [ o a 4 [l a
Tumsadranuiiass szmrualiisumnaidmes luwamulyl Tagaziaonldmmiy
a P ) = o w1 ° 7 ' J A T ~
maiweinianuulsUsiuiesuazianudrAgaouuudaoun iy U AURd AdUTeLY
11913314 tag Serial Correlation Coefficients
(1) Parsimony

o . Ay o Y o a S 19 ¥ a o Y IS
MMUNANNIIUDI Parsimony Ndestinatiuaumniwmes lildunmulld szdmualdas sl

Parsimony (Index of Parsimony) #8931ANNHIBWNAY 15 AIdNATN 3.52

N
o = ; = Index of Parsimony > 15 [3.52]
1o N= Sample Size
k= UIUMNITA0S

N= 30x 12 =360 1A0U

N 360 . -
k= i 24 @UIUNTNNDT

Taena 'l nuudiaessiemeuszlsuaumaniiaei =36 { 12, 126, 12p }

A51108N I 24)

(2) Akaike Information Criteria (AIC)
AIC Aotnasinddaildnaao Parsimony of Parameter 8115 UHUUT1AD9 ARMA(p,q) 92

Funsafmuma AIC Tdasaums 3.53

AlC(p,q) = NIn(62)+2(p +q) [3.53]
N = Sample Size
~2
0¢ = Max. Likelihood Estimate Y04 02

AN AIC tyuSiaesimuzaufenuuTIaesnil AIC Mga

[ J J
3.10 ﬂ”liﬁﬂ!ﬂ§1$ﬁﬁi’iﬂﬂﬁ!m$ﬂ157‘|ﬂ1ﬂﬁm (Generation and Forecasting)
v ¢
3.10.1 M3a amsww%’m&a (Generation of Synthetic Samples)
o A J o a < o

Gl'liJWaﬂﬂ']i‘Vlﬂﬁ'l’JiﬂL!é}’J mi’d%}mmumammgﬂimaa11/mQ‘wmmmﬁ@maﬁ%’mmmmm

. . A . 2 A v @ ' . . &
YD White Noise 199 Independent Stochastic Component %3L3 gnnuna lin Whitening Process Tagna 'l

AUVAN € AD White Noise Ha11Ju Independent Stationary Normal Variable.
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o o 2 o 7 : ' {
ﬂﬁﬁ\ilﬂﬂ%ﬁ%’ﬂy‘aﬂuﬂﬁJL’JiﬂﬂzLﬁiJ‘ﬂ']ﬂﬂ']ﬁﬁ\‘]Lﬂﬁ%W Independent Normal Variables “?Qflﬂ%ﬂaﬂ
Y 1]

N 0 tazANULTUTIUNINDY 1 HAI9INUUIANY Time and Spatial Dependence Structure Lo
Periodic Components 11 1a)

(1) Univariate Time Series

@ [l o d Y 9 o

gnAIPEIMITUATIZHTOYa TagldunuT1a03 AR(1)

z=0,7,,+&, [3.54]

4

53]

z,= Dependent Normal Variable #3aunaem1ny 0 tazauulslsiuminy 1

yi—H
Zy = A_y [3.55]
Oy
(I)1 = Autoregressive Coefficient
auua 1 y= log(x,) = Normalized Variable with Mean |l and Variance 0‘5
€, = Independent Normal Variable with Mean Zero and Variance Gi
& = 08t [3.56]
of =1-¢f; (07 =1) [3.57]

#1151 6218 1aen13 Taking Variance Y99 €, V01U 1a04 of AR(1)
&, =Independent Normal Variable with Mean Zero and Variance One

:’J (v d
muﬂaummﬂmﬁwﬁagnmnm
(1) Generation of E_,l
aq Y

) auudlviz,= U, =0
3) z=0+GeE1
4) y= ﬁy + 6y21
(5) x,= Antilog(y,)

o g’/ d' = o [
(6) MUIUN 1 D95 ATV t=23,...N

@ 7 A { ' o o

(7) aunsadunsizdoynsunanlvie N ldnaeganundesnts ualumsdunsgioynsu

' { o o’y ] [ ua aa
L'Jﬁ'lél@\?flﬂ'li@li’Jﬁ]’c’f’f]”]J’J'l’f]lélﬂilll'Ja'lﬁﬁ\?Lﬂi'l$W"ﬁuﬁlﬂMﬁ'lll'liﬂiﬂ}:l'lf;lmﬁhﬂﬂﬂ'l\‘]ﬁﬂﬁ"ljf]\‘]

aynsuna luodald

Tunoun13&uA31ZH White Noise (§,) A28 Excel
D) Funs1en Uniform Random Number 19 g lF s o RAND()
(2) §A3129 Standard Normal Variate Ins 14 aa91 NORMSINY 19 wadwsainiadia

RAND() 19 Input §1115114A % NORMSINV
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[ 4 9 a J 1 9 1 9
3) lumsdaunsizyt Random Number a28A0UNUAD59% 1318 Pure Random Number (61 I
- B U . v &= o B Y o~ @ 7Y A yyve £ X
Pseudo-Random %3in1) Initial Biases Aauussuiludoslimsdunsizidoyaiio 1idang a
(39071 Warm Up Length
A o o ~ @ a @ A .
syunsunaNdunsiziausziilse Temilumsimsgvanudes Risk) TUNTUAL DOALLIY

H f %l
L!ﬁ%ﬂ']ﬁﬂgﬂﬁﬂ?ﬁlﬁﬂ’)ﬂﬂﬁzﬂﬂl!ﬁaﬂlﬂ

(2) Multivariate Time Series
o 4 o 1 [ wa A [
fﬂiﬁ\uﬂﬂ%ﬁEJL}ﬂiiJL’JaWLL‘U‘]JWaWEJGI’JLHJ'J'ﬁﬁWNWiﬂiﬂHWﬂﬂ!ﬁMUmﬁﬂ’JﬂU Time i8¢ Cross
Y
Dependent Structures ﬂl@ﬁ@igﬂiul’)ﬁWﬂﬁmﬂ’mﬂiﬁ 3 UUINNY ﬂ\iﬁ

uIM e 1: 19 Linear Regression Analysis

Ssudalsifosnil 5 (n<s)

0 _ ¢y (-1 €))]
Fo=agtaé T +aj_1¢; +n; [3.58]
1o
t( ])= Independent Normal Random Variable (White Noise) with Mean Zero and Variance
One VOIOYNITNLIA j W0 j=2,3,....n
Aoy Aqyenernneens , &j_1= Regression Parameters
_ 2())

1, = Independent Normal Random Variable with Mean Zero and Variance = g,

(1) @) 5(3) (J)

2 o
Gunnmsdaunsizd £, nPudBafmnam & a1 Cross-correlation

A ' ] o ' a J ' (% 9
structure (oriium EP Tmid T luauns azdeasmnadmaiines o ) ndanmiuTalag
D &y 2D 50 ()
iz, 9.7 27 ewaney

y [ 4
ﬁﬁﬂﬂ?ﬁﬂ?ii%’ﬁﬂﬂ?i Linear Regression U8 E(])Lllf’) i=1,...,5 Lﬁ@ﬂ?ﬁﬁfilﬂ313Wﬂl§ﬂiunﬁ’]i’]ﬂ

()

IADUYDY Net Basin Water Supply U89 Lake St.Clair 1tag Lakes Ontario, Erie, Superior and Michigan-

Huron La@90g luauns 3.59 (Yevjevich, 1975)

) = _0.00065 + 0.1258: ) + 0.167212 — 0.049946 +0.193156 + 7 [3.59]

=

UM 2: 15 Multivariate Matrix Approach

Qddy [ 4 g‘/ . 9 [ ~ [ P =} A
Iﬂfﬂ‘ﬁuﬁ]gﬁﬂlﬂiigﬁﬂwﬂiﬂﬂa"mﬂJ YA NIDUNULUNUNISTIUATIEUNASYAUNUDULUINNN 1
Y

= ad A = d'
51882108AU09I5HIzNa 10 TuuNh

Zi=AiZai+Bg 0 Ll Multivariate AR(1) [3.60]
Zi=A1Zv1+ AcZi2+Be ol Multivariate AR(2) [3.61]
il

Z: = (nx1) Vector Elements z:") ; i=Series i
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A1, Az, B = (nxn) Matrix Parameters

&= (nx1) Vector of Independent, Normally Distributed Random Variables with Mean
Zero and Variance One

UHIMAN 3: Dissaggregation Approach

an A A

Y
BUGNMIIMIFUATIZE 1 DYNTUNAT 1FU BUNTUNANEY 1 @01il wisaynsunaTel nasn

[

ES =2 4 A ~ A o e’d’! ant
U WAUAITCHOUNTUINUVNADTIUDUIINDUNTULIATVDIADIULUTNNAUATICHUUATNITNIG

o b 1

o o { o o
Disaggregation W%’E]ﬁ\iLﬂ51$W@1§‘!ﬂim’mﬁ"lﬂla@ui]1ﬂ@1§ﬂilll’3?l"li18 17] AUATIETUNUU NITEUATIEN

ax 1 =2

2 [
PUNTNIIAIARBITNYT Time and Space Dependent Structure 310AZ108AVBIITUILNAIDIIULNT 8

Y=AX+B¢g [3.62]

\ii® Y = Column Matrix of Seasonal Values HaHa3I0009 Y 1910 X wi3n% Y fvwauniiy
[(w*k)x1], w = No.of Seasons, k = No.of Time Series

X = Annual Value Fuflumm3ndunng (kxl)

A = Matrix Parameters of Size [(w*k) x k]

B = Matrix Parameters of Size [(w*k) x (w*k)]

&€ = Vector of Independent, Normally Distributed Random Variables with Mean Zero

and Variance One with Size [(w*k) x 1]

3.10.2 mswmnmﬂ (Forecasting)

[ < Y A Y é’ [] Y [BE-%
mimmswzm’ogaﬂ@ﬂszmumﬂumiﬁswauﬂsunawuuﬂwu ﬂlﬁiJ"lJu”lﬂm”lﬂU@Hlﬂim’JﬁW

o ' N o ke 4 4

MDY (=1, 2, ...., N) ﬁ?uﬂ’]iWﬂTﬂiﬂ!@nQ%’]ﬂﬂqﬁﬁ\imiqgﬁﬂuﬂiuna']ﬁiﬁﬁ ﬂ’]inﬂﬂiﬂ!ﬁ@ﬂ’]ﬁ
g [ Y a1 1 ~ 1 o v A A

ﬂ'lﬂﬂ'lﬁmﬂ']sll’fN’f]TalﬂﬁiJna'la'JQW‘HTJ'H]Zllﬂ'll;ﬂ'lclﬂclu’f]u']ﬂﬁﬂna'] t+1 i]']ﬂﬂ']LWCﬂﬂ'ﬁﬂ!Glucﬂﬂﬂﬂuvlﬂa'] tn

Y v A~
NI A3l 3.9

o J °
f19E1IMINEINTAIA Y HUVE1809 AR(1)

Zt=d1Zt.1+ €t [3.63]
Zt+1=(I)1Zt+8t+1 [3 .64]

fvuali Expected Value of z,, \loNI1UAT Z, 10171z, ]

t+1
[z.,]=Z(1)=E(z,,|z) [3.65]
[2)z.,] = z, {HBIINANIAT £ 9LNIIVA 2,

uag [ew1] =0
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9
v @

JUY

[z..]= Gz, W50 z(1)=0,z, [3.66]
[z..] = P,[z.,] 50 z(2)=0, (1) [3.67]
2] = Oyz..] W30 23)=0, 2(2) [3.68]

=

a L [ dy 1 1 ) A
mﬂuﬂmﬁwmmmiuaﬂymzm gNINITNYINTUAINYUT 1 AU 150 One Step Ahead

Forecasting %93 Lead Time L=1

o 1 < Y o < .
#19619M1INENITAAIBUULUTIADI ARMA(L,1) ¥9% Lead Time L

Zt= Q1Ze1ter— 01811 [3.69]
Zt+L = G1Zt+L-1 €0+ — 0181411 [3.70]
[zt+L] = d1[zesL-1]+[et+L] — Or[EtrL1] [3.71]
M L=1

[zt+1] = Pa[zer1-1]+[Er+1] — O1[Et+1-1]

[Zt+1] = (I)th— 015t ; [Zt]: Zt, [8t+1] =0, [St] = &t
[Zt+2] = ¢1[Zt+1] : [8t+1] =0

[Zt+3] = (|)1[2t+2]

[Zt+L] = ¢1[Zt+L-1] Lﬁ@ L>2

Generation Forecasting

Historical Time Series

e I e
1 5 2 1 t|  tr] t+2 t+3

Past Present|Future

~ 9 ' ' o P o
31]7] 3.9 m@LL@ﬂ@TQiSW?TQﬂTiﬁQLﬂiTgﬁﬂl@y‘auagﬂTﬁWfJ']ﬂiﬂ!

3.11 19NE1391999

Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.
Water Resources Publications. USA. pp.484
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=3 v Y
3.12 nuvdnriameun

(1)  From the 3 monthly time series (y,,.) in Table 2.4 of Assignment in Chapter 2, calculate
and plot fourier series estimates of the following parameters and compare with the non-
parametric estimates similar to the example as shown in Figure 1 and 2.

a. Mean
b. Standard deviation
c. Lag k autocorrelation coefficients for each series for k=1,2,3

300

200

Figure 4.9.
(1) Fitted periodic mean ﬁt’ (2) periodic mean
glt’ (3) fitted periodic standard deviation Gt

and (4) standard deviation So for the NBS
of Lake Michigan-Huron.

Yy_,S; = non — parametric estimates and [i,, 6, = Fourier series estimates
7’ °7T oYt

Figure 1
05 Iy, ¢
04 A
T, r0.247

0.3
0.2 k= 7 N

TN/ A\ rro33y " \
N AN\ i

. T 00667\ 7 \

V E \/l /&@ .
0.1 1 1 1 1 1 1 1 1 1
h 2 3 4 5 8 7 B 9 10 1R

Figure 4.10.

Variation of the monthly first (1), second (2),
and third (3) autocorrelation coefficients of the
standardized series z, . for the NBS of Lake
Michigan-Huron. ’

Figure 2
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<
uni 4
P13910090YNINNIANILNUUI189 AUTOREGRESSIVE

AUTOREGRESSIVE MODELING

° . A A [ 1 o 3 ° a Ag A
HUVTIADY Autoregressive WIBITENAUNLUVTIADY AR Hunuviiaesa lauaaaniiun

a H = I Y o an P o & ~
Heuaauad) 1960 (Juduu nuudiaed AR Unatisnlylumsdiasanseynsunaineluazeynsunm

. . A < o A v ] A 1 o o o Y
1411 Periodic Luﬂﬂlﬂullﬂﬂﬁnaﬂﬂﬂﬂﬂiﬂﬂﬁl 15119159 umumﬂmﬂumi‘wmumuumam AR Ulﬂl,!,ﬂ

O Thomas and Fiering (1962)
O Yevjevich (1963)

O Box and Jenkins (1970)

41 98asPIAVRIVUI A9 AR

o T Y o A
Hyua1a99 AR mm‘sumaan"lmﬂu ARG
- AR Model with Constant Parameters ?71??%1J81§ﬂ511£’361518ﬂ

- AR Model with Periodic Parameters @115’ UOYNTULIAULUY Periodic

4.1.1 ’sﬁJmiﬂtﬁﬂﬂ]ﬁﬂ%ﬂl@ﬁ!mﬂﬁmﬂﬂ AR (Mathematical Formulation of AR Models)

(1) AR Models with Constant Parameters

it = Stationary Normal Time Series with ,02 and Autoregressive (Markovian) Correlation
t H

(~Serial Correlation)

AR(p); Box and Jenkins (1970)

Ve= U+ Vo — )+ + Sp(Ve—p — ) + &
Ye=u+Xi0;(ve-j —n) + e [4.1]

]

A
4o

Y = Time Dependent Series (Variable) with Normal Distribution and

E(y,) = w; Var(y,) = a?

& = Independent Normal Variable with Mean = 0 and Variance = 2

(]51, vy ¢p = Autoregressive Coefficients
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MmiwesveauusiasdluauIn 4.1 fv {1,062, ¢4, ..., by, a2} Feamsatsznalduin

@ ] 2 24 %% v IR [
AIBYNW o° Uas of VAHTUNUTHINULASNHU

a ° 2 = " <
ATNN 4.1 LAAALLUU1DDN AR(p) mwauiugﬂamummnmanu NTUNIIN 4.1 ICATINIID

AIULLLIDD AR(1) %39 First Order Autoregressive Model %3® First Order Markov Model Ulﬁjﬁ’\i

aunIg
Ve= U+ P11 — 1) + & [4.2]
o =\ a 4 (= 2 2
UV AR(1) WW90005 4 IR0 U, 02, ¢4, 0
m319h 4.1 uuusaes AR(P) Tugiuuvdien fdluidion sy
No. Forms of the AR(p) Modal Parameters Reference
p H:O'Z'le,---,fpp'Rz Fiering and
1 2_
1 Yye=u+ Z¢, (v: — 1) + o(1 — R?)2¢, (o7 =1) Jackson (1971) ;
—

J

Beard (1967)

Ye = p+ oz,

p

z,= Z¢jzt—j + ¢, or
j=1
1

Yevjevich(1972)

Z, = quj Z,_; + 0.&;
=1

]

2
z,= Z bjz,_; + 08 Wot b, 0f
j=1 (0‘?:1)
g =08, E (st) = 0;Var (st) =o?
P Box and Jenkins
Ye=p+ Zd); Ve —w) +¢g.or
3 j=1 , |10
a P U, d)l,...,qbp, o;
Yye=pu+ quj e — ) + 0.8,
j=1
Ve =ut+ z, Box and Jenkins
p
2
Z = z oy Zy_j tgor H ¢1'2""¢P’ e (1970)
3b = (gf =1)
p

y; = Stationary Normal Time Series with p, 62

¢, = Independent Normal Variable with p = 0 and o?
¢1,...,p = Autoregressive Coefficients

{u a2, D1 P 02} are Parameters of the Model.




(2) Periodic AR Model (Periodic Mean and Variance)

- Constant Autoregressive Parameter (¢y, ..., ¢p)

Yoo = U+ 07Zy [4.3]
Zyr = ?:1 (l)jzv,‘r—j + Evt [4.4]
¥»= = Dependent Normal Variables with ., 6

z,. = Dependent Normal Variables with Mean = 0 and Variance = 1

ey = Independent Normal Variable with Mean = 0 and Variance = o2,

a 4 o
Maiiwesvewuuand {4, o2, ¢y, .., ¢y, 05T =1, .. ... ,w}

- Periodic Autoregressive Parameter (¢;;) j= 1,....p andt= 1,...,0
Zyr = ?:1 ¢j,‘rzv,'r—j + 0créur [4.5]

a 4 o
MR VOWMUVTIA0N {iy, 02, P11 e, Ppr, 02T = 1, e, 0}

4.1.2 Properties of AR Models with Constant Parameters

[

o a 14 A A a 14 dy
uuudass AR tuumaumeaiagh Unanumesiaail

E(y)) =

E(gt) = 0 a 4 1 z:il 9 (% 1
Var(yt) = g2 WWﬁnJW]@ﬁlfﬂahluﬁ"mhlﬁﬂﬂﬁg‘lﬂmllﬂﬁnﬂ@klﬂﬁiJlfJﬁ”l@']@U"N
Var(e) = 0,2

ol=0%(1- 5-’21 bip;) [4.6]
;= j'™ Autoregressive Coefficients
p; = Lag j Autocorrelation Coefficients of y,
AR(1) :0f =0*(1—¢1p1)

[4.7]
AR(2) : 0 =0*(1— ¢1p1 — P2p2)

[4.8]

(1) Autocorrelation Function (p, )19A33%11a@A9 Dependent Structure YDIBYNIUIAT %0

~ k) [ dy
Liaﬂ"lwmmmumu

- ACF
- Lag k Serial Correlation
- Yule-Walker Equation (Model Correlogram)

Pk =X ipr—j; k>0 [4.9]

an

9
Tmsfiguiaums Yule-Walker [4.9] 1 1@d il

Va4l y, —p =X ¢ (ve-; —n) + & [4.10]
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AMAUNITN [4.10] 320 (Ve_j — W) 1187 Take E() HaI0IniumIsade Var(y,) io o2 ag'la
AUNT Yule-Walker A9aUN5 [4.9] @4N1T Yule-Walker %39 ACF ﬁﬂiﬂwﬁﬁm%’u (1) ¥1 Order VN
LUVIE0Y B (2) 1WSeumen Sample Correlogram AU Model Correlogram A1150 AR(1) Model

Correlogram Ue/A30g1UA1519% 4.2 317 4.1 naAsOYNTIAT ACF 1182 Partial ACF Y09 AR(1) 393

a J 1
WITTUIADIA N

M1597 4.2 Model Correlogram § 115U AR(1) : p, = P1Pp—1;k > 0

k Pr = $1Pk-1 WAL
1 P1=¢1 po=1
2 P2 = ¢12

k Px = ¢1k

Zy

Zy
2
A t

x

b, =<0
q)l -0 ozt Oscilating
Decay exponentially co

oz
K

OL 2 a 3 =) Te) =3
-o.2 -06
o P (K) & 05 y
gl $,(1)=0.6 g lz‘ e s o
co s = ¢1(1):_0'6

2 4 S =3 Tl

(a) { b)

gﬂﬁ 4.1 The time series Z; , autocorrelation functions pj, and partial autocorrelation function ¢ (k) for
AR(1) models with parameters (a) 4 = 0,02 = 1and ¢p; = 0.60and (b) 4 = 0,02 = 1 and ¢p; =
—0.60



AR(1) : o2 = 02(1 I N Biased [4.11]
o2 = Eaz(l -5 Unbiased [4.12]
AR(2) : For k=1 : P =% [4.13]
—P2
2
k=2 p, = 122 + ¢, [4.14]
(see appendix)
0?2 =o? 8+:2§ [(1—¢2)? — ¢,7] ...Biased [4.15]
2 _ N o2 (1+¢7) 2\2 2 .
o=y (2) )(1 o )[( —$3)? —¢,?]  ...Unbiased [4.16]
1-p,
¢1 P1 (1- ,D 2)
_ P2~ p1?
¢2 N 1-pq2

2afigatiaumsi 4.13 Haz 4.14 VYoUUS1a09 AR(2) DINTUMS Yule-Walker [4.9]
15U AR(2);

i k=1, p1 = P1p1-1 + P2p12
= ¢$Po + P2p-1 = P1 + d2p1
1

P1 =14,
1 k=2, pp = p1ps_y — P2P2—2 = 101 — P2
_ 9% _
=T P2

(2) PACF (Partial Autocorrelation Function or Partial Correlogram) ¢, (k)
ApATIFUNUAAT Dependent Structure  YBIOYNTUNIAUFURALINY ACF HdseTemilumsmaiauas

1ALV VINA09 PACF ﬂ@ﬂ?ﬁﬂﬂi%ﬁﬂ‘ﬁ Autoregressive ’cﬂ@“]ﬁ/l k U9V UII0DY AR(p) LiJﬁ] p=k N,

qung

pj = d1(K)pj—1 + P2 (K)pj—z + -+ o+ Gr(k)pji;j = 1,... . k; k=p [4.17]
pj =21 0i(Kpjisi =1, kk=p
P, (k) = j*" autoregressive coefficient of AR(k)
¢ (k) = k" autoregressive coefficient of AR(k) => PACF
§15U AR(D; 81 k=1; ¢1(1) = p,
¢k(k) = 0 !.l'IEJ k>1
MU ARQ); a1k=2; ¢, (2) = 2= p2=pi

1-pf
$1(1) =py '
¢r(2) =0, iek>2
TV AR(p); dr(k) 0, e k<p; ¢pp(k) = 0, diok>p

gﬂ N 4.2 @A ACF 11ag PACF 994 AR(2) cmuwwmmamssmmmu 4 11
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ACF and PACF for AR(2)

2
=
c|)1 +4<I)2_ 0
1o} 7 ¢*1>0 on Fx ¢']<U
cel\Decav exponentially Oscilating
ACF
PACF
ACF
PplK) Pk}
o118 o4t T
PACF oD—‘L lz 3 0 £ Oy 12 3 “'aK
B (c) b ) (d)
o= 2 .y k=0
A= i hihg R

d' <~ a 4 1 @
E‘IJ‘VI 4.2 ACF 11ag PACF 994 AR(2) S9UW1FIUSDTUANSNNNY 4 L1UU

(3) Parameters Stationary Conditions for AR(p) with Constant Parameter
P
Stationary Condition U84 AR(p) 3¢ @13159%1 IAINNAMNNI1 H151AUB9AUNT Characteristic
Tuaumisi 4.18 Taregnielurenaudalisall 1 mide (Unit Circle) naneinmsiiineives AP(p) og

Tu Stationary Condition

uP — puP~t — puP~2 .. .. ¢, =0 [4.18]
lu;| <1 e i =1, ...... N



TMTVUVVIIR09 ARQ) Asaums:  z, = 0.5z,_; + 0.2z,_, + &

Characteristic Equation Ao
u?—-05u—02=0
luw| =10.762] < 1
lu,| = ]-0.261] < 1
Stationary Condition Y94 AR(2) aunsaiden Tugduyugus 18 fail

g +9¢, <1 -1<p; <1
— + P2
1<¢,<1 p? < 5
Stationary Condition U84 AR(1) Ao
u— ¢1 = 0
u= ¢

_1<¢1<11’i§i’]_1<¢2<1

4.1.3 Properties of AR Model with Periodic Parameters

o =2 . . =
HUVI09Y PAR(p) 54U Periodic Parameter A9
Zyr = X0 PirZyo it E

v,T j=1Pjtév1—j v,T

A
¥\J3)

_ [ Yvr— Mz
Zvz _( or )

bj= jth Periodic Autoregressive Parameters dmsumui tillor = 1, ..., w

&y = Random Error %93 Mean=0 118 Periodic Variance = 0'52,r

[ g’/ A = = & Y v dy

ANUUTUNITN [4.18] ’mmmmﬂuiuaﬂgﬂuuuwuﬂﬂ U
— \'P

Zyr = Zj=1 ¢j,‘rzv,'r—j + O-E,va,‘f

A

513}

Zy - NOOUNTNUNANINTFIUNT Mean = 0 1z Variance = 1
A Ao .
¢y, A0 Random Error N Mean = 0 {18 Variance = 1

o-sz,‘r =1- 25';1 ¢j,1'pj,‘c

@1151 AR(1) Periodic Variance Ao
Usz,r =1=1:011

@115 AR(2) Periodic Variance Ao
Usz,r =1=11p11 = P2:P21

4-7

[4.19]

[4.20]

[4.21]

[4.22]

[4.23]



4.2 UUUA09 AR 61?125‘1]@1@531!’3@15121?] (AR Modeling of Annual Time Series)

Model Correlogram Y94 Periodic AR(p) Ao
— \P .
Prr = Zj:l ¢j,r.0|k—j|,r—lj ; k>0

1ie
l; = min(k,j)
Por = 1

o % d’
AM3U AR(D; 0 k=1; P17 = P1:P0-1 = P15 Po-1 = 1
ATV ARQ); 10 k=1; P17 = P1,2P07-1 + P2,eP1,0-15 Por—1 = 1

A
Wo k=2; P21 = P1:P11-1 + P21P01-2; Por—2 = 1

4.2.1 HUVD1999 AR

4-8

[4.24]

19 x, AvoUNTUIALY Non-normal #odttae1iidueunsumaiiuy Normal Tagld
t q Kl yt

L A [ dy
ﬁ\?ﬂ%ﬂﬂ’]ﬁllﬂaﬁﬂlﬂu’]gﬁu PNU

AR(p)

Ye = g(xp)
110

[4.25]

) Y [}
g (-) ae Wenrumsulasliilueynsnmaiuy Normal 15U Log W30 Square Root 130

Power Function

HUUTIA0d AR dMTUoYNTNNAT y, AD

' Ve =UT Z
A
LUD

Y, ADOYATUIANLY Normal 343 Mean 1111 L 1z Variance M1l G2

[4.26]

7, APOYNTNIAMUY Normal #31) Mean A1 0 1ag Variance 110 1 tazligiuuusiasanny

# z, 151 AR (0)

Zt == gt

12,1311 AR (1)

Zt = P1Zi 14 &

1 z, 15U ARQ)

Zt = G1Zi 1+ Pz, + &

Y I

01z, WU AR(p)

Zt = P1Ze 1t Gpzep + &

[4.27]

[4.28]

[4.29]

[4.30]
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a d o
422  msdszanamnsninesvenuus1aed Annual AR (Parameter Estimation for

Annual AR Models)

o = a Jd 1w v A 2 2 asy

UUV1ADI Annual AR(p) WWITWWABIININY p+3 AIND W, 0%, Py, ..., Py, O AMsdssu
' A s A YN am A an an . . .
As1umesnieu sl 2 930 1aeIT Moment 11@22T Maximum Likelihood

v a I3 Aas

(§)) msdszanammnaiimeslagds Moment

pg=y= _Zt 1Vt [4.31]

A2 =\ 2

0" = (N 1)2t 1e =) [4.32]

WR0S b1, s Pp N30 18N TUNT Yule-Walker HI9aUN3 [4.9] Taens

E4
ﬂi$MWﬂ!ﬂWﬁ]TﬂﬂHﬂiMDﬁWl’J@ﬂN Al
T = ¢1Tk_1 + ¢2Tk_2+ ......... +(,‘bprk_p; k>0 [433]
1o 1 eer 1Tk Ao Sample Autocorrelation Coefficients

A3al AR(1), p=1 3218

¢ =1 [4.34]
A58l ARQ), p=2 3214

r _rni(l-1y) . n (r2=1{)

1 =77 H P2 = = [4.35]

#2152 A DY Unbiased ¥4 Variance of Error ( 2) RN IEAGEN AR(p) 2 £11118910

aunNg

N N2 N

62 = vy (1 = Zja 7)) [4.36]
T AR()

N N2 ~

6 = o (1= &%) [4.37]
1150 AR(2) MAAUMNT [4.35] uazaums [4.36] 9218

~ NG? (1+¢ - N

07 = - 2)( 2){( —$3) — o1} [4.38]

. o
MImANNIFeDeveINNMesNUszanalld (Reliability of Estimated Parameters)

msmaiiFesevesnalinesilszina 18 femsmmsrsnnuiesiy (Confident
Interval) Y0IW1317iA0 511104

msm‘ﬁnmmﬁaﬁ"u (1—a)vwea U

Var(y) = — [1 + - Z (N - k)pk] [4.39]

A58l AR(1) Py = X 221dN
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Var(y) = [(1 d2)N — 26, (1 — ¢Y)] [4.40]
nnstlszanam Y uaz Var(y) wwmisnnuieiuvesd (1 — ) ved U 18t

(37 —tn-11-a/2) 5(5’)) <u< (37 + tn-11-a/2) 5(37)) [4.41]
o
tn-1,1-a/2) Ao A1EDA t N Significant Level MNY @ uag Degree of Freedom N N-1
s(3) Ao Standard Deviation Y04 Y unnu /Var(y)

U d‘ Q'J 2
MIMFAANNFONU (1 — @) VYed o

S’ INTUINUALUL Chi-Square
2 _ (N-1)s?
T~ ez

1o X2 AoM Chi-Square Y Degree of Freedom 11101 (N-1)

[4.42]

[

] A A 2 Y . dy
PNAIMULBDUUN (1 - a) UDN O %wﬂ@mﬂmmi}mmmuu Chi-Square ANU
2 2 2
X1—%,1v—1 <X < X%,N—l

(N —1)S?
X1—9N 1> g2

(N- 1)52 (N-1)S?
—F < 0'2 <5 [4.43]

XEN 1 Xl—%,N—l

2
Xa
FN-1

MIMITIIANWT I (1—-a) @ ¢,

Box 14 Jenkins (1970) [EUBITAIUIVNI Variance-Covariance Matrix U4 (].'A)l, cee, ¢p N

auns
1 7 . rp_l]_l
L A 7 1 . Tp2
7(@)=w-p (- dr)| . om 1 ) [4.44]
Tp—1 Tp—2 Tp-3 1

~

o K ((ib\) A9 Variance-Covariance Matrix U949 (f)l, O

1151 AR(1)

7($) = var(@,) = L2 [4.45]
M3 AR(2)
Var(¢,) = Var(¢,) = (1 ¢%) [4.46]

Cov(P,, B,) = % [4.47]
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P39 NUTIUT (1 — a) Vo4 ¢,

(‘51' - ul—a/ZS(d;j)) <¢; < (dA’} + u1—a/25(¢;j)) [4.48]

A
NN

Ui—q/2 A9 z-score 1130 Standardized Normal Distribution N5zAUadE wiy, a

Y A o 4 2
MIBAANNBINUN (1 — ) Vo4 0%

N&?

s N&? p
-p) ) (1 =201 Pjcuppeny) [4.49]

(1 - 25‘):1 ¢j(lower)rj) < O-ez < (NT

?2) 3% Maximum Likelihood

Box 118% Jenkins (1970) 1@ UDLUE11ITMIAIUIUNINAVINYDY Cross-Products YBIDYN TN
1987 Z, AAETUNT

ZiZj t Zit1Zj41 + ot Zysa-iZni-j [4.50]

9
Ja Yo
uag 1atienumen Sum of Cross-Products (D; j)lla At
_ _ N N+1—i—j
Dij = Dy = (N+2—ij) &1=0 Zi+1Zj+1 [4.51]

Aszauved @; ... ¢, 10835 Maximum Likelihood 351118 Tasmaudaunis
Dlj = ¢1Dj2 + ¢2Dj3 + -+ ¢ij‘p+1 ,] = 2, Y + 1 [452]

5y AR(D) 214

5. = D1z
¢1=7 [4.53]

22
#1150 ARQ) 3214

D172D33—D13D53 D13D33—D12D33

h, = and ¢, = 4.54

d)l D3D33—Dj3° ¢2 D33D33-Dy3° [ ]
A11/52u1UDY Variance Y99 White Noise (02) A0

a2 _ 1 P 7

0¢ = m(Dn - 2]‘:1 ¢jD1,j+1) [4.55]
d115U AR(1)

~ 1 ~

052 = _(N—l) (D11 - ¢1D12) [4.56]
AU ARQ)

~ 1 ~ ~

62 = m(Dn — ¢1D1; — ¢2D13) [4.57]

A A a da v R .
MsmANUUIreteveIMIiineiNiUszanalld (Reliability of Estimated Parameters)
FUANUFONUVIN (1 — ) Vo3 pagr lAnInauns [4.41]

. . . I N A
Variance-Covariance Matrix Y94 ¢y, .., ¢, 19



7(¢) = a2ny*
D22 D23 DZ,p+1
D — Ds, D33 D341
b =
Dyp+12 Dpi13 Dpi1,p+1
MU AR(1)
R N ~2
7 () =var(@$) = 2=
r 22
TMTU ARQ)
~ 52D ~ 62D
Va‘r — Og D33 ;Var — EL22
(¢1) (D22D33—D232) (¢2) (D22D33_D232)
~ A )
Cov ) — __—0g33
(¢1 ¢2) (D22D33—D23%)

FNANWARNUN (1 — o) V03 ; A

é; — uz /Var(q?)j) <¢; <P+ uz /Var(dA)j)

FIANUTOUUN (1 — @) Y03 02 D

1
(N—p) (Dll - 25;1 ¢j(lower)D1,j+1) < O-é? <

1
(N-p)

14
(Dll - Zj=1 ¢j(upper)D1,j+1)
4.2.3 3’%m5‘nﬂaauﬂammmzauﬁm%'mmm‘imm Annual AR

1) mimerauemuﬁgmmmamu&am (Test on Assumptions of Model)

a o . . I o a
guuagulumsnagouuuus1aeAe White Noise (&) 1JuA1139a5¢ (Independent)

4-12

[4.58]

[4.59]

[4.60]

[4.61]

[4.62]

[4.63]

[4.64]

=
uagy

M5UINLRAVVYNA (Normal) MINEFUMTHUUTIABE AR(p) 92MIAIYTLUIUUBY White Noise 1AA4

aunisg

& =2t — P1Zpq — 0 — ¢p2t—p

[4.65]

1 I @ a 1 aa 1%
MINATOUIN White Noise (&) 1iudnilsdase a2 1¥mada Porte Manteau (Q) a3

Q=NYiq12(6)
1o

L= Maximum Lag 34011521101 10-30% U03U11004NTUAI081 (N)

[4.66]

8 Q < x2,_, (MABA Chi-Square F4ToAAUE AL L-p) 11AAIT1 White Noise (e,)iludn

wlsdase Wie LuuTIaeunINZaY (Adequate) AR Q > )(Lz_puﬁmdnmuﬁmm”bjmmzmJ
o ' 2 o w o < I
(Inadequate) tazduaanuuudiass v laamiyday (p) veauuusiasaily p+1 Hudu
U 1 . . = a A " o Y a A
A@IUMINATOUI White Noise (¢;) Hmsuanuasuuunase luvild 3 3570

waoans
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- Chi-Square Test

- Smirnov-Komogorov Test (@ﬁlﬂéﬁj@ 3.9.2 Tuunn 3)

2) M3 wSeuifey Historical #ay Model Correlogram
a d
(3) MInaasa Parsimony U83IN131UINDT
. a s Yo . . . = o
N1INATDU Parsimony V9IN15 13190592 197% Akaike Information Criteria (AIC) FnUN 11

o { ' ° a 4 1
MINATOUABUUUTIAOINTIA AIC MgaIzlANNMNUIZAUAIY Parsimony YOINITILABININAT

AIC(p) = NIn(62) + 2p [4.67]

424  msdannzviveyalvilaenuud1aes Annual AR (Generation with Annual AR)

11UU1899 Annual AR(p)

2t = ¢1Z’\t—1 + -+ (l)pZAt_p + gt [468]
A @ 1A 2 A aa . 2

&t ﬂ@ﬁﬂllﬂigh@ﬁi$%ﬁhﬂﬁlmﬂmNLL“]J‘LI‘]JﬂG] U Mean=0 llaY Variance=0¢

o Y = % 1T A =< A Aa A . A

Myuali ft ﬂ@ﬁ’)uﬂif}'ll@ﬁizG]f\?ﬂJﬂﬁLLi]ﬂLLi]\‘lLL“U‘LI“]JﬂGI U Mean=0 La¢ Variance=1 ®30

Y
Standardized Normal Variate 39e13130@0suaums [4.68] 1aadil

Ze =12 g+t (iSpZAt—p + 68t [4.69]

) g

11nUD51809 Annual AR(p) Tuerumsf [4.69] nszurums lumsdunsgidoyalvilitunou

Y
daae llil

:’J d‘ 2 [ 4 . 9 [ A
VU 1- (3UNNMITUATIZH Standard Normal Variate (&, ) udmnuaiasluaums [4.69] tive

] Y

o ' A d’ ] 1 S Aa K ' 9 g’/ A a ag YA
MU 2, 11ee1inT1ua1 z NNATUABUNTINNY AD 24, 24, s Zpi1 TagdnAvz auua i
] @ U d' A 1 % Y
IMNUAURAY UIDININU O %511@1’31
Z; = 5551
@ d A o 1A [ dy
AUATIZHAT &, INDAUINUNIA 2, AU
2y = 121 + 0.8,
o o < A A A o v A A 9 o o 79
NINITAUATICH Z3yZgy ey 2y sluﬂWMBQﬂU’J‘ﬁﬂﬁVIﬂﬁTJLm’J Iﬂﬂ‘ﬂ’lklﬂﬂzﬂﬁﬁ\nﬂﬂ$ﬂ"uﬂyﬁ
Ty N tagmvua i
N = Ng + Nw [4.70]
A
YD
A o 9 Ay @ o
Ng ﬂ’e’]i]1u’3u"llf]3€l,mﬂG]’é]\iﬂﬁﬁ\i!ﬂﬂ%ﬁ

Nw fi® Warm-up Length 34 1agi/ndagivuaal Nw m1ny 50
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v i
v A v

9 @ 9y A o c/d%l A o . 91
VUN 2- AAUDNA Nw @I NDONINUDYA N NAIUATIZUUU INDAA Bias flﬂﬂﬂ?iiﬂfﬂ? Pseudo

Rl R

{ o o’y [N 4 1w
Random Number 92 ldoynsunaindunsiznaului 2, o timnvu 1, ..., Ng

::”J d‘ 1A Ao o2 v 3 PN 9 1 = v aq Y
UYUN 3-LL‘]JE1\1FH Zt nawaszrvumInavilua yﬂﬂ&ﬂ‘]ﬂﬁuﬂﬁﬂﬁuﬂa\‘]L‘lmmﬂ’JmJVl Y

ulas 9, 1 2, 1u

Je =V + 2.6, [4.71]

¥ [
v A

A ¢ I A . . [
Vi 4-11/a9 9, nauilu 2, Tael¥ Normalized Inverse Function A3@ung

e =97 [4.72]

feg1anMsdavseynsunMINElienuudiass AR

¥ 1 1 Sol
mimamauﬂimamumﬁwiﬂmmgmm Gota ﬂizmﬁa"ﬁmu
A = 18,076 mile’ or 47,439 km®, Q = 19,000 cfs (538 cms.)

O - v Y Ao A ~ 1 ° A 9
@‘lélﬂﬁMlﬁﬁ']u'l‘ﬂ'lﬁ']flﬂsll@\ululﬂ Gota ¥9T1UIU 171 TJ LﬁﬂJflnﬂ‘]J 1807 melumimam%zmﬂﬂ“l%

1 1 a 4 1w 1 1 [ 1
mwwzﬁ’ay‘ama 50 Y 91N%29 1901-1950 Gluﬂﬁ’)!,ﬂﬁgﬁ%31619)'}?]1@@ﬂﬁ’luig‘ﬁ’JNfJ@ﬂﬂﬁllﬁﬁ@f)

Aunae (Q,/Q = Modular Coef ficients) aweasluminh 4.3

3 E4 1 ) ?)’
M3199 4.3 mmmnmmmumﬂugﬂ Modular Coefficients UD4LNUUT Gota

Years 1 2 3 4 5 6 7 8 9 10
01-10 | 0.935 | 0.662 | 0.950 | 1.121 | 0.880 |0.802 |0.856 | 1.080 | 0.959 | 1.345
11-20 | 1.153 | 0.929 | 1.158 | 0.957 | 0.705 | 0.905 | 1.000 | 0.948 |0.907 | 0.991
21-30 | 0.994 |0.701 |0.692 | 1.086 | 1306 |0.895 | 1.149 | 1.297 | 1.168 | 1.218
31-40 | 1.209 | 0.974 | 0.834 | 0.638 | 0.991 1.198 | 1.091 | 0.892 | 1.020 | 0.869
41-50 | 0.772 | 0.606 | 0.739 |0.813 | 1.173 | 0916 | 0.880 | 0.601 | 0.720 | 0.955

[1] Preliminary Analysis and Model Identification
(1a) 1oz (1b) § = — 0.058 ~ 0 (MNM3 1N 3.4 Y0250 = 0.787, V001,50 = 0.534)

) { v < 1
(1c) Waon x, lugili 4.3 Faaaeliiiu Dependence Structure 531319 Q;
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LSF v v Xy

1.OF

0.5

1

H A z 1
317 4.3 ounINNEIMIEYv0 T Gota aAUILHIN1901-1950 Tugi)ves Modular

Coefficients

PYNTUNATNATINAINANYYY High Flow AR High Flow 118% Low Flow A1&18 Low
[ ] I A a3 o & Y = a 4
Flow L!ﬁﬂ\‘l’ﬂ@klﬂﬁlll’mT Xt mﬂmﬂu AR(1) ﬁif)lliJﬂ AR(2) AUUABDIUNITAUATISH Correlogram (101
Partial Correlogram Lﬁamgﬂgmmmgmuﬁmm
9 o o ~ ~
(1d) T¥aunis [4.71] AMUIUYNT Sample Correlogram ﬂﬂuﬁﬂﬂg‘ﬂ‘ﬂ 4.4 11T NN 4.4
YN Ye=9) ek =V erk)
1
_ ) _ ) 212
[Z?’:lk(Yt—Yt)z IV Yysk—Vesk) ]2
ok = 1,..,18(~03N)

n(y) = [4.73]

Anderson(1941): (1 — a) Confidence Interval of 1.(y)

—1tug/,VN-k-1
T'k(]. — 0{) = u](]sz
1.(95%) = %:_ﬁ
Tk(99%) — —1i2.5;6_\l/cm

Sample Correlogram 11319 4.4 ue@391 7y ~ 0.4 0GUONFI 95% CI VUEN Iy, Ty, .., T1g U
Awlsiuegioun 0 Wioadmalu 95% CI
Sample Correlogram HdnyazAde Model Correlogram U893 AR(2) 11!3‘1]‘171 4.2 (d) 110 1 =

0.5, ¢, = —0.3 AAINUULTIA0Y AR(2) DIVILLHUIZEY

Partial Autocorrelation Function ¢ (k)
pj=d1()pj_1 + p(K)pjp + -+ P (k)pj_i ;i =1, i

pPj = —pj
J | Pj
1 | ¢:1()pe + ¢(k)py + -+ P (K)pr—1 = py
2 | $1(k)ps + o (K)pg + -+ Py (k)pr— = ps
3 1 1(K)py + d(K)py + -+ P (K)pr—3 = p3
K | 1) pr—1+ p2(-)pre—z + -+ P () po = pi
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H 3 1 ] 901
@13197 4.4 Sample Correlogram 1y (y) ¥940UNTUNA1NNIMT V0 Gota Uszmaaiau

K 95 percent lower limit 1. (V) 95 percent upper limit
1 -0.298 -0.397 0.257
2 -0.301 -0.013 0.259
3 -0.304 -0.004 0.262
4 -0.308 -0.007 0.264
5 -0.311 -0.108 0.267
6 -0.315 0.013 0.269
7 -0.319 0.103 0.272
8 -3.230 0.076 0.275
9 -0.327 -0.055 0.278
10 -0.331 -0.054 0.281
11 -0.335 -0.106 0.284
12 -0.340 -0.257 0.287
13 -0.345 -0.356 0.291
14 -0.350 -0.038 0.294
15 -0.355 0.06 0.298
16 -0.361 -0.016 0.302
17 -0.366 0.075 0.306
18 -0.372 -0.004 0.310
[ 1 P1 Pz - Pk-1] [¢1(k)] [P1]
| p1 1 pr o pr—2| [P2(K)| [Pz |

P2 P2 1 pes| o] = | 3|

Pk-1 Prk-2 Pk-3 1 ¢r (k) lka

ik =1: p:(1) = py
Mk =2

=1 91(2)po + $2(2)p1 = p1

i=2; d1(2)p1 + $2,(2)py = p2
_ Pp1-p2)
$:1(2) = T35
_ P2—p%
$:(2) = 5535
b (k) = pi=ZKIL ¢ (- 1P
k =

1—2?;11 ¢j(k=1Dp;

pi(k) = @ik —1) — (k) py—j(k — 1)

(0P (2) =

_ p1=pi-pipatpi _ pi(1-p3)

p2—p1(Dp1 _ p2—p3

1-¢:(Dpy  1-p}

; (91(1) = py)
$1(2) = $1(1) — ()P (1) = p; — plz_—;; "P1

1-p?

1-p}

[4.74]

[4.75]

[4.76]

[4.77]

[4.78]

[4.79]
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1 k=3
k=1; ¢,(1) = p, = 0.397

. 2 _ P2—¢1(VP1 _ P2—PF _ —-0.13—(0.397)% _ .
k=2 ¢,(2) = 1-p1 (1P _A 1-p% ~ 1-(0397)2 0.203
(53 (3) — P3—P1(2)p2—¢2(2)p1

e 1-6, (21622
¢1(2) = ¢1(1) - ¢2(2)¢1(1)
= $,(1) (1 - ¢32(2)) = 0.397(1 + 0.203) = 0.4776
- _ —0.004-0.4776(—0.013)+0.203(0.397) __ 0.0828 _
$s(3) = 1-0.4476(0.397)+0.203(-0.013)  0.8078 0.102
a d

WadU Partial Correlogram

U

Mk=2j=1.,k—1

=1 ¢1(2) = ¢1(1) - ¢2(2)¢1(1)

_ p2—p1(1)py
$2(2) = 1-¢1(Dpy
$1(1) = pg
$1(2) = p1 — $.(2)py

_ p2—p1°
¢2(2) - 1—p%

$1(2) = p1 — ((iz__p[?)) P1

— P1‘9{‘P1P2 +/1{

1-p?
— p1(1-p3)
(1-p3)

Mk=3j=1,..,k—1

j =1; ¢1(3) = ¢1(2) - ¢3(3)¢2(2)
1=2; $2(3) = 92(2) — $3(3)91(2)
_ p3—P1(2)p2—P2(2)p1
$3(3) = 1-¢1(2)p1—-$2(2)p2
P1(1—P%)P2 P2‘Pz%>p
$a(3) = —

_(-pp) . (p2-pF)
P1 I—p% P2

2 F1
1-p%

M3MuIUN (1 — @) Confidence Interval Va3 ¢y (k)
¢r (k) tilo k > p IM3LINIILUY Asymptotically Normal with Mean = 0 and Variance = %
(1 — @) Confidence Interval Y94 ¢y n ) woox and Jenkins, 1970)
Ua Ua
T -2
-7+
95% Confidence Limit ¥09 ¢ (k) 1o N =50



. .. Ugozs _ 196
Lower limit = - T Tm 0.277
Upper limit = +% = +% = 0.277

(1e) Sample Partial Correlogram

Pr—Yh1 @i (k—1)P-;
1-3521 ¢;(k-1)p;

bi(k) =

(k) = @ik — 1) — Py (k) py_;(k — 1)

k=1,..,18(0.3N)
¢(k) = 0whenj >k

4-18

—~ ?,' 1
Sample Partial Correlogram @y (k) 1182 95% Confidence Limits ¥0994n317a1119115161v04

v 3 ] A A = < Y1 A A ~ v ¥4 ]
1311 Gota waasagTums1ai 4.5 nazgii 4.5 Fazmulaniivies ¢, (1) mniuneguen 95%

Confidence Limits aA947 AR(1) D13tz ay

. Y 1 1 90’
ﬂ"li"lﬂﬁ 4.5 Partial Correlogram ﬁlJﬁNﬁ)L‘lﬂﬂJL’Jﬁ1uWH§1ﬂﬂﬂlﬁ]\ilmu1 Gota

K 95 percent lower limit D (k) 95 percent upper limit
1 -0.227 0.397 0.277
2 -0.227 -0.203 0.277
3 -0.227 0.102 0.277
4 -0.227 -0.061 0.277
5 -0.227 -0.100 0.277
6 -0.227 0.134 0.277
7 -0.227 0.019 0.277
8 -0.227 0.039 0.277
9 -0.227 -0.107 0.277
10 -0.227 0.011 0.277
11 -0.227 -0.117 0.277
12 -0.227 -0.202 0.277
13 -0.227 -0.226 0.277
14 -0.227 0.184 0.277
15 -0.227 -0.083 0.277
16 -0.227 0.001 0.277
17 -0.227 0.124 0.277
18 -0.227 0.203 0.277
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0.6

0.4

e e e — e — s — 2
—_————

0.2+

Y

-0.4}

v Y 1 1 g
gﬂﬁ 4.5 Partial Correlogram 1la¢ 95% Confidence Limits maqauﬂiunmumﬁwﬂmmgmm Gota

an nnvleynsunawanswuudiasserailu AR(1) H30 ARQ)
Sample Correlogram HEAAIIUULUTIADIAND AR(2)

Partial Correlogram HEAAIILVUTIADIAD AR(1)

o gJJ gJJ dy A o 9 [ a Jd
A luvuiiaz@enuuuinasy ARQ) dmsumsiasiziae i

[2] msdszanammnimesuuudians AR(2)
(2a) 7 =10.9528
62 = 0.357
(2b) Wz, =y, —y;(t=1,-,50)
2, =y, —0.9528 = 0.935 — 0.9528 = —0.0178
%, =y, — 09528 = 0.662 — 0.9528 = —0.2908

Z59 = Y50 — 0.9528 = 0.955 — 0.9528 = 0.0022
2, 1 Mean =0 11ag Variance = 6°=0.357

(2c)  Sample Correlogram 73 (2) = 17, (y) ewsuaalude (1d) (13199 4.4)
1 a 4 ay

mM3UszanumImIsIlnesves AR(Q2)Ine7s

(2d") dwmsup=2; D =Dy Weij = 1,-,p+1=1,2,3

(NANNTN 4.62) Dy, = 2.079

(ﬁnﬂﬁnmi‘ﬁ 4.65) Di» = 1.037 = Dy,
¢, = 0.542
¢, = —0.114
*HUYLHA MuIUAE VBA code*
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(2¢') dmfup =2

& ~ 1 ~ ~

(2f)dwmiup =2
(MnauMh 424) @y + d, = 0.542 — 0.114 = 0.428 < 1

b, —p; = —0.114 — 0.542 = 0.656 < 1
—1<¢,=-0114<1

1 a 4 o <3|
ARSI VoI UUTIa0sl ULy Stationary

[3] MINATOUANNIRIIS TNV IUVVI 0D (Tests of Goodness of Fit of Selected Model)

(32) MUIUN &, Tﬂﬂﬁ‘umﬂ t =3,..,50
&3 =173~ ¢3122 - $221
= —0.0018 — 0.542(—0.2908) — (—0.114)(—0.0178) = 0.1538
(3b) Q = N ¥i=i?rf(e) =0.103
Q< Xg.95,(12—2) =18.31

1 A <3 A % [ a
HEAIN z—:tnJuaqmumamuﬂiqmmmﬁiz (Independent)
B3e) y(&) = 0.298 < ¥(0.10,50) = 0.534 (2013197 3.4)

HaaI & UMILINUIAVUUNA (Normal)

(3d) 19 AIC dmsUmaIaUvBaIVTIa8 AR
AIC(p,q) = N In(6?) + 2(p + q)
6% = 0.0301 TagAmuranal &(t = 3,....,50) Tu (3a)
AIC(1) = 501n(0.0301) + 2(1 + 0) = —173.15 (feea)

AIC(2) = 501n(0.0301) +2(2 4+ 0) = —172.36
AIC(3) = 501n(0.0301) + 2(3 + 0) = —169.89

AIC(2) > AIC(1) a1 AR(1) 1M TUNI AR(2)

o [ a J A g}/ { 1
1@on AR(1) MSUMINATIEY Taeisuiuhn 2d7) Tuy
o :’ g’J H 4 d o n
Mavun 2d) lna eszanamnaimesvaauuudians AR() lvsi (2™ Iteration)

(2d’) Maximum Likelihood Estimate
p=1; ¢ = 22 = 0.483; (Moment Estimate : ¢, = p, =1, = 0.397)
22
~ 1 ~ 1
Qe’) 62 = E(D11 — $1Dy5) = - (2.079 - 0.483x1.037) = 0.0322
eP)—1< ¢, =0483<1; ...... erae i uiy Stationary

MINATDUANMHINZANVDINVUD 1009 (Z”d Iteration )
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A A

t=p+1=2; & =2,—¢ 2,
= —0.2908 — 0.483(—0.0178) = —0.282
g€, = —0.0018 — 0.483(—0.2908) = 0.1387
(Bb) Q= NYiZ1272(e) = 5.243; (L = 12)
Q < x30s512-1(= 19.68) ; uaasn & Wlueynsunundase (Independent)
Be)  7(8) = 0.162 < yg1050 = 0.539; uaaI & UMILanuIVVUNA (Normal)
Gd)  AIC(0) = —166.63

AIC(1) = -173.15 ..... Minimum
AIC(2) = —172.36

A o
R9NLUVINDY AR(1)

BGe) pp=dkiilok >0

gﬂﬁ 4.7 waa3 Sample Correlogram 173, (2) 1182 Model Fitted Correlogram py, (Z)GU’O\‘II,!,‘]J‘]Jiim’OQ
AR(1) a2 AR(2) Model Correlogram U983 AR(2) Ndnvazlndifeaty Sample Correlogram WINNN
Model Correlogram U893 AR(1)

a e’dy A o A a s A
AU NMUAANITAUATICHU AITADNLUUINADY AR(2) LNDNITIAUNTIZH LUDIN A]C(Z) >

< 1 g‘; 1 [l < o A Eal
AIC(1) evandeomniv uaed1elsnaue lfuuudiaes AR Tumsinsiziae 14

n
b _(2),r(2)

AR(1) model
AR(2) model

06

oat q
ozl Historical Sample
3 /Q _, O K
0.0 b_ - = o 1 5 - |5 ~ -
w2 o---ol0 o
A4 T /
\\ !f
‘Q\\ !’J
3

4 - ~
317 4.6 M31f5e01N8 Sample Correlogram 73 (2) YBIOUNIN Z, 1AL Model Correlogram py (2)

¥ v 3
VYDULVUIADN AR(1) Lo AR(2) ﬁ?ﬁiﬂﬂuﬂiﬂuiﬂﬁTﬂﬂ YBILULNUUT Gota Usemaaau

[4] Optional Tests of Model

(Y ' [ 4 ]
@]'J@fl'l\?ﬂ'liﬁ\‘]&ﬂi'l%ﬁelal}@is!ﬁﬁlﬁﬂ
7 = 0.9528
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6. =/0.0322 = 0.179
¢, = 0.483

9, = 2, + 0.9528

2, = 0.4832,_; + 0.179¢,

’sjma@ﬂ &:91NM15 9 Standardized Normal Random Variables 1A2VIAMIUIUMN Z; uag y; A4

A
AT NN 4.6

M3197 4.6 fegMIFUATIZHT0YYA

t St 2 Ve

1 0.414 0.074 1.027
2 -1.288 -0.195 0.758
3 1.019 0.088 1.041
4 0.617 0.153 0.106
5 -0.290 0.022 0.975
6 1.969 0.363 1.316
7 -0.661 0.057 1.010
8 0.595 0.134 1.087
9 -0652 -0.052 0.901
10 0.906 0.137 1.090

[

) 1 Aaa 9 l-ﬂ' c’dﬂl ] 9 o = [ 1 Aaa % ] ]
AUIUNIANADANINUBDY AN SEERERAETATRAYEY ummulﬂlﬂ‘%&umsmﬂumﬁammmamqwu

Q, 6 uae

[5] ﬂ3mﬁu%ﬁammmﬂﬁmaémmamuﬁmm (Reliability of Model Parameters)

(5a2) NNFUNT [4.40]

Var(y) = #;1)2[(1 — 2N — 26, (1 - ¢Y)]

7 =0.9528
6% = 0.0357
¢, = 0.483
Var(y) = 502(012%83)2 [(1— 0.4832)50 — 2 x 0.4832(1 — 0.483%)]
= 0.001996
s(7) = 0.0477

(Sb) t0'025'49 = 2010
tia s(y) = 2.010 x 0.0447 = 0.0898
(s3-2)°0)

0.9528 — 0.08988 < u < 0.9528 + 0.0898
0.8629 < u < 1.0426

(5¢) NNFUNIT 4.43
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N-1)s2

(2—) <0< "
a a
E,N—l I—E,N—l

0.0249 < 02 < 0.0554

(N—1)s?
2

(5d) n58l AR(1)
(5d”) Maximum Likelihood
6% _ 0.0322

Var(¢,) = 5= =51, = 0015
s(¢;) =V0.015 = 0.1225

(5¢”) 95% Confidence Interval of ¢¢

{0.483 — 1.96(0.1225) < ¢, < 0.483 + 1.96(0.1225)}
{0.243 < ¢, < 0.723}

(5£) 95% CI of 62
1 ~
a? (Lower) = ~ (D11 — $1(Lower)D,,)
= %(2.079 —0.723 x 1.037) = 0.0271
o2 (Upper) = ——(2.079 — 0.243 x 1.037) = 0.0373

4.3 Periodic AR Model
7
Yoz = g‘r(xv,‘r)
g = Normal Transform Function

Yvor = Ur + 02y

Zy,+ = AR with Constant or Periodic Coefficient

4.3.1 AR with Constant Coefficient
o .. . . = Y A
111U1804 Periodic AR with Constant Coefficient 921342101313 Zy g Tt Z WDt =
o Y 3 Y o o A o

(v — Dw + T naznawlad z, . Wiy z, ua29zsiimsdnaes z, 11louUn13aIOYNITNIAIIY
il

HUU1a99 AR (p)

Zt = ¢1Zt_1 + ¢zzt_2 + -+ d)pZt_p + Et [480]

Fatlwaiimesae (g, (), te Or D1, o, Bp, 0T = 1, o, 0}

4.3.2 AR with Periodic Coefficient
AR(0):z,, = &, [4.81]



AR(1):zpr = P142Zp7-1 + O

AR(p):ZU,T = ¢1,rzv,r—1 + ..+ ¢p,rzv,‘r—p + Ge,‘rfv,‘r
Faiimndineiao {g:(), te 0o, brs, s Pp Oer; T=1,, w}
[0) ;= Periodic Autoregressive Coefficient; j = 1, ..., p

O'EZ,T: Periodic Variance of Residuals

433 m3tszanammnimes@ 1Sy Periodic AR Models

[

' 9
391NN 5U5LUN9 Periodic Mean 118g Periodic Standard Deviation b

¥
v [ (%4

JwR1damsv e = 2,3,4,.....,12
A - 1

l’l‘[ = yT = ﬁzg=1yv,1:;‘[ = 1!'”1(1)
1

Or =5 [(Nil) 11y=1(3’v,1 - }71)2]5;‘[ =1,

v 1 D) i i Y 4
M w = 12 ansilszanaa Iaele Fourier Series 1uau 2

v v

uh 2 m3dszanamae)¥ Fourier Series

A5 + 219 [AR (). Cos(2mhy(7)T/w) + Bh; (7). sin(2nhy (7)t/w)]

;T:l’...,a)

- _vo Y
Y= lir=1 ©
Ah; (y),Bhi (y) = hjth Harmonic Fourier Coefficient for Mean

h; ) = jm Significant Harmonic for Mean

w—1
h*(y) = No. of Significant Harmonic from Total Harmonics of % or T

6, =S5+ Z}?*(S)[Ah;(s). Cos(erhj(s)T/w) + Bh]’-“(s).sin(Znhj (s)r/w)]

j=1
t=1,,w
- — vw St
S_ _ —
=1

Ah;(s),Bhi(s) = hjth Harmonic Fourier Coefficients for Standard Deviation

hj (s) = jm Significant Harmonic for Standard Deviation

h*(s) = No. of Significant Harmonic

M3z @y ., -, @, a2 02,

NN Z,, ¢ :M;U: 1,"',N;T: 1,...,(1)

St

AUIUN Tkt 30 P (Sample Periodic Correlation Coefficient) Y94 z,, ;

AR(1)

4-24

[4.82]
[4.83]

[4.84]

[4.85]

[4.86]

[4.87]

[4.88]
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b1 =PuT=1"",0 [4.89]
ARQ2)
I ﬁl ‘r_ﬁlr—lﬁzr
=———>=7=1,w
¢1’T 1-P17-1 !
(’p‘Z .= Pz,r—P1A,rz—1pl,r—1 T = 1, .0 [4.90]
’ 1-pf 71

AUIUN Py 198D Fourier Series (k = 1,-+,p)

A ~ h; " " . (2mhj(r)

Prr = P + Zji(lr)[A hjk(r).Cos(Znhjk(r)T/a)) + Bhji (1) - Sin (%)]
k=1, p;t=1,,w [4.91]

— T'k'.[

Pr =21y

Ahj (1), Bhjy (r) = hjkth Harmonic Fourier Coefficients for 1y, ,
~th
hjx(r) = ]~ Significant Harmonic

hy (r) = No. of Significant Harmonics

AR(p)
e, =1- 25=1 431': PimTt=1"0 [4.92]
AR(1)
02 =1-¢1.51=1-,w [4.93]

4.3.4 ANNNTRDOVBINNIINABIUVY Periodic (Reliability of Estimated Periodic
Parameters)
] [} 4 1 a 14
msilszuu (Approximation) ¥19ANVUUYDDD (Confident Intervals) UDIATWITIUHDT

o

2
Var(f,) = FT; T=1-w [4.94]

(1 — a)% Confidence Intervals YD p;

fr — t(N_lg)s(ﬁT) < U < fip + t(N_lg)s(ﬁT);T =1,..,0 [4.95]
2 ’2

(1 — @)% Confidence Intervals Y04 02

N— =2 N— =2

WoDF 52 < WV 1w [4.96]

X%,N—l 1-ZN-1

(1 — @)% Confidence Intervals Y04 py ; FXNTONT IRBMITUAAUNS [4.24]

_ P .
Pk = 2]:1 ®jPik—jl-1j5 ke >0

lj = Min (k, )

Taomsunua py . Tuaumsinauuae Py duald B = a/2 S py upperyia®

B=1-0/2 H5Y Py rowery WO j = 1, ., plaz T =1, ..., w
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2z
() -(1-pr)Exn( )

B — N R 2Z
(1+Px) +(1-Prc)Exp (\/N:i)

[4.97]

Lﬁ@ zg = Standard Normal Variate or Zg
B :% @1%51 Upper Confidence Limit Y99 py,

B=1-— % @195 Lower Confidence Limit Y84 py ;

(1 — @)% FWANUTDUUVDY Ofr WHINAUMNS

2 = P D . = e
O¢,r(upper) = 1~ 2}'=1 bjrupperyPj ;T =1, @

2 _ P A
O¢r(lower) = 1- Zj:l ¢j,r(lower)pj,r ;T=1-,w

I~ . . d' o 9
1 ¢j,‘[(upper) UaE @j r(1ower) A Upper Lae Lower Confident Limits Y94 qulmmmm”lﬂ

~ 1 v Y A 9
muﬂﬂmﬂﬂummamgm
4.3.5 ANUHMNZANVDIUVVD1a09 Periodic AR (Goodness of Fit for Periodic AR Models)

o . . a 1 . I % a

111191804 Periodic AR UauufAgIu Residuals (&, or &, ) Wludmnlsdaszuazimauaniag

2 . . =X 9 A . 13 @ a =
uuvina (Independent and Normally Distributed) INADINNITNATDD Residual Nnudnlsoaszuazil

9

M3uanuaslnd uenantadsinmsnageuiiouien Model Correlogram N Sample Correlogram

s 1 . "

gv,r— 3_£T [Zv,r - (¢1,rzv,r—1+ --------- +§0p,rzv,r—p)] [4.98]

1 ol A fol d‘ v g}./
AWITNVOI Sy 7 AD & pppq WBIMNT—p =1 AUUT=p+1

(A) M3 naaaunNMiudaszved Residuals (Test of Independent Residuals)

I a =\ Y
ﬂ’]iﬂﬂﬁ@ﬂﬂ?’lntﬂu@ﬁizu 2 LLH'J‘VI'NU]J@LLﬂ

= ax

a Aa J . . . . = A
UUINNN 1 NTUNUATIEHIN Periodic Residual Series (E,,J)M 2190
(1) MINATUNEE AP ACF FIUTUNDUALL
- MmN Periodic Lag 1 ACF 30 11 .(§);1=1,, 0

- %1 Critical r 91NAUNS

t(N-2)a
2

Ta = [4.99]
2 /(N—2)+t2(N_2)_g
2

- $1 | (8)] < re naashweniuaNNATIUNAD Ho 1 & Wudunlsdase
1T > % vT

(2) m3naaevlaal¥madn Modified Porte Manteau
A1ADA Modified Porte Manteau Q) UAAIAUNT

2\12
Q1 = N Xjoy X2 [1e (€)] [4.100]
MO, < XGopqy WAMIN &,y Audunlsdese
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ax

d' AAda J . . = A
HHINAN 2 NTUNAATIEHIIN Residual Series (&) N 2 I5AD
é = g‘./ U dy
(1) Anderson Test FINVUADUAIU
- mwamé st =1, (Nw —p)
- i (é) s k=1,....L; L=10-20% V04N

- #1171 Anderson Limit 910@UNIT

n(95%) - ~ —omTie [4.101]
1. (99%) = _liz'slsz"v_k_l [4.102]

2) Mmsnaaeavlagl¥Mada Port Manteau
A19DA Porte Manteau (Q,) HAAIAUNT

Q=WN-ad)Xk_7(é) [4.103]

NQ < xf_p_gptaniN &, udunlsdese

Y - RIS YA o o ° <
DINANITNATOUNUIN f "l,mﬂuaﬁiz 51mwuamu (Order) UBDAULVUIABDIIN p l,“lJ‘Ll (p+l)

(B) M3NAaauUMIanuasuuuln@ (Test of Normality)
1 . =\ a o 9 ast A
AINATDUI Residual IMsuanuasuuulnd ausaild 2 3570
(1) MminaaevIaedsns vl Taen13MuINYT Empirical Frequency U84 Residual 11821111/

[ a e Y I Y 1 )
waonad lunsmmMsuanuuuuln@ (Normal Probability Paper) 91051701 1tdua5a11e@991 Residual
UMSUANLRALLLLNA

' v a £ 9 . & Y1 aa .
(2) MinaaouMaN ANt (Skewness Coefficient, ¥ (€)) Tagldarada Smimov-

Kolmogorov

©) miﬂﬂﬁé]‘UﬂT.IHJMNW’(;TNIﬂumil‘]EEJm‘ﬁEm Correlogram U84 Historical, Model ttas
Generated Data
(1) M351f3eUNeV Historical 1182 Model Correlograms

rk,r(f) Us. pk,r
2) ms 1/FeuNe Historical 118 Generated Correlograms

rk,r (é) Us. ﬁk,r

(Y] J °
43.6 maduanzriveyalagliuuudiaed Periodic AR

(Generation Using Periodic AR Models)

I x,, .o eynsunasuAua la 18l suanua N (Original Skewed Series)
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%ﬂﬂﬂuﬂ]iﬁﬁ!ﬂi1$ﬁ%ﬂﬂﬂ
2oz =07 Ou) [4.104]
Vo = fr + Oryy [4.105]
(4] n5aIF1UUVS1899 AR with Constant Autoregressive Coefficient
2e = Qg + ot PpZep + 6ele [4.106]
t=(v—1Dw+1

&; = Normal Variate with Mean = 0 and Variance = 1

?2) nsailFUUVS1899 AR with Periodic Autoregressive Coefficient

2v,r = ¢2v,r—1 + -t ¢p,1'2v,r—p + 6&51;,1 [4.107]

¢+ = Normal Variate with Mean = 0 and Variance =1

43.7 $0819NIVAVIDYNINIAWVY Periodic AIBUUDT109 AR (Example of AR

Modeling of Periodic Series)

mMsafruvuiassa launaAnd 115U Monthly Net Basin Supplies Y04 Lakes Michigan —

é ) S 2 Agll
Huron $9U31802108AAIY

- Net Basin Supply (NBS) = Precipitation — Evaporation

a9 A < =
- Nveyasynsunauw@ewilung 691 (@manuIn A7.5)
- Drainage Area = 97,400 m13519 lud

Aa ¥ J
UNHWIUT = 75,300 GniNlliJa

=D

(1) Preliminary Analysis and Model Identification

(1a) 1oz (b) x, .~ NBS Fafia1 - f +

g = 0.6 MM 3.4 Y 021arge v = 0430, Y0 11argen = 0.298)

A 1T A A = 1 I Aa a
1194910 X, . VUMEAIAAaY 39 luansandaailueynsunanimsunuwunilng
9 ) . . A . Y o & ad = o L. .
Tag 1WAt Logarithmic 1130 Power Function A #4114 11n5ai1l 99311015 Original Series tag

axy [ 1 Y a 4 v I . = [
’J‘ﬁﬂTﬁ%@ﬂﬁﬂ?ﬂ’Nll!,1JIﬂEJﬂﬁ’JLﬂﬂg‘ﬁ“rﬂﬂﬁL!i]ﬂl!i]\?ﬂ’ﬂiﬂ!ﬁ]mﬂu%@ﬁ Residuals N¥iay
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&Y A [ = = < P ' .
(1c) WaenoUNTUNMT RO (¥, ) Awanslugii 4.7 eaziiin1da1a1 NBS 499 Spring
1 H Y
1182 NBS UNA1%29 Summer UA1GIN11A1NBS Tuggdu uaasds Periodicity Tuoynsunainayu
=) ] d‘ A 19 1 1 d‘ S 1 1 d‘
Nn1 390 NBS Aoy mMauiloauings §iuasiamgannaunae
(1d) MUIMN Ty, Sp UDE T Wek=123uart=1,..,12
. ;
(le) Wana j, uaz s; 1zl 4.8
4 1 1 < 1 o 1 ¥
11109910 w = 12 wod 019 luideslszuan1lneld Fourier Series 1 16 ualudled1atidoants
ax ' Y . .
naaeIsmMidszuaunt laeles Fourier Series
Y -
n Ye = Ug
S; = 0,
o ) o (24 { x <3 J
ap e n, awmivk =1,2,3 waz 7t =1,..,12 Lxﬁ’awaamiugﬂﬁ 4.9 Faziulan

1 d' 1 A v o w 1 A
1. Winlasunilasedniiisddyluuaazinou
z:i 1 A v o W 1 A
15, WAz 13, lasunlasedninivdinylunnaziou
A a 1 a A A ' A =2 A o
* IUDIINNATUIN T HANUUUAFDODNINNI 77  LUD k > 12309nn1591804

Taelduus1a0d AR Model with Constant Autoregressive Coefficients

Jyv.i

o]
o
(7]
o
O -
™
o
fam
!
=]
D -
N T T T " ] T T V "
o 30 60 90 120 150 180 210 240

TIME IN  MONTOIS

51fi 4.7 0uN3U1IA1 NBS 5191A01Y09 Lake Michigan-Huron %34 1990-1919

U
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300

200

100

ol 2 3 4 5 6 7 8 9 0 11 12

gﬂﬁ 4.8 (1) Fitted periodic mean f1; (2) periodic meany_ (3) fitted periodic standard deviation G

(4) standard deviation S; for the NBS of Lake Michigan-Huron
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gﬂﬁ 4.9 Variation of the monthly first (1), second (2), and third (3) autocorrelation coefficients of the

standardized Z;, ; series for the NBS of Lake Michigan-Huron
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a d
2) msiszanammniiines (Estimation of Parameters)
1 a 4 A A
(22)M3U52NUANITNNDT 1A8 Fourier Series e, O

() y = 109.787

s = 65.608
h = % = 12—2 = 6 = Total No.of Harmonics

o = . . A A v
MuIun 4;(.), Bj(.) uag MSD;(.) (vW1999 Explained Variance) Y83 fi; UaE G AUAA
Tum31an 4.7 uae 4.8
.. (J . . . Y . . [ ~ =
(i1) ¥1191UIU Significant Harmonics 1a81% Cumulative Periodogram mgﬂ‘n 4,10 FIFAIWITD
azllan
h*of i =2
h*of 6; =3
a 1 @ a g 4
* WAISBNTINAVHANTAATIZHAT Significant Harmonics ¥94Nad 119U 11 Great
= o Y4 L. LA LA
Lakes 39mvualv h* = 4uag Significant Harmonics i® Harmonic N1, 2, 3 iag 5
Gii) A1 A7(), B; () wandngluaineh 4.7 uag 4.8
. o ' A A [ d' d‘dy % 1 o A
(iv) MUK [, 1ag b, muamﬁlugﬂ‘ﬂ 4.8 TuntzUAAININIZAIDINMTMUIN [,

ae 6y

@15199 4.7 Fourier coefficients and Explained Variances for the Monthly Mean y; of NBS of Lake

Michigan-Huron.

Harmonic Coefficient Coefficient Explained variance
J A (y) B;(y)
1 -93.848 84.036 90.916
2 8.191 -34.842 7.339
3 9.792 -0.353 0.550
4 -0.911 6.393 0.239
5 -8.567 -9.185 0.904
6 -2.140 0.000 0.206

A15197 4.8 Fourier coefficients and Explained Variances for the Monthly Standard Deviation S;of

NBS of Lake Michigan-Huron

Harmonic Coefficient Coefficient Explained variance
J A; () B;(y)
1 -6.062 3.574 16.535
2 -2.364 -14.685 73.870
3 3.638 1.990 5.742
4 1.297 1.580 1.396
5 0.656 2.590 2.383
6 -0.333 0.000 0.037
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1 1
f, = 109.787 + [—93.848 cos (27‘[ X1x E) + 84.036sin (27t X 1x E)]

1 _ 1
+ [8.191cos (271 X 2 X E) — 34.842sin (27‘[ X 2 X E)]

i i
+ [9.792cos (27t X 3 X E) — 0.353sin (211 X 3 X E)] [~8.567cos (2T
% 5% 1/12)] — 9.185sin(2m X 5 x 1/12)] = 46.93

Similarly for Tt = 2 Eq.(4.91) gives:

2 2
4, = 109.787 + [—93.848 cos (27t x 1 x ﬁ) + 84.036 sin (Zn x 1 x E)]

+ [8.191cos(2m X 2 X 2/12) — 34.842sin(2mw X 2 X 2/12)]
+[9.792cos(2m X 3 X 2/12) — 0.353sin(2m X 3 X 2/12)]
+ [—8.567cos(2m X 5 x 2/12)] — 9.185sin(2m X 5 x 2/12)] = 95.25

%
g h'=2 n3=3 hy4=5
100 ¢ ol
< e
sof - h=3
~ 2~
2 |
g 70} % LS
. sof Use h =4
° 30t
20r
hi=1
|
o : | . . . -
i 2 3 4 5 6

NUMBER OF HARMONICS

3 1 4.10 Cumulative periodogram for the mean yr and standard deviation S; for the monthly NBS of

Lake Michigan-Huron

(2b) MIMUIUMIABYATUIA Z,,

-1 —-1.0—46.93
Z,, =AM — = —0.94
’ 01 50.96
—i 162—-95.25
7y, =222 = = 1.374
’ 0> 48.58
21‘3 = _1619
Z]_A_ == _0.364

Z69,12 = 1.686
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$10091A1ULT1A09 AR with Constant Autoregressive Coefficients Auneglluto (1)

(3¢)
() wlaaz,, Wuzt=1.,(v—1)*12+1,.., Nw)
Nw =69 x 12 = 828

Zl - _0.94‘
2y = 1.374
2828 = 1686
(ii) Murmnm 1 (2) e k = 1, ...,40 dwaasluzii 4.11() Feaga 14
r.(2) = 0.229
r,(z) = 0.135

- - - For sereis zt
o For AR(1) model
— For AR(2) model
w4\
w Ly
oar '
N __ 95%L
0 '~ g AVA A M f-\ A
Yo \V v v >
ot T TTTTT T
' L L 1 1 1 1 1 M K
] 5 10 15 20 25 30 3s o

4-33

51 4.11 (a) Correlogram of the standardized series z, and expected correlograms for the first and

second order Markov models, (b) correlograms of the series &; after fitting the first (1) and second (2)

order Markov models (Lake Michigan-Huron)

(iii) Wa®A Model Correlogram U84 AR(1) %43 ¢, = 0.229 1a¥AR(2) #31 ¢ = 0.209 uaz

~ 1% @ { < < ' o
$, = 0.087ufFouifieuny Sample Correlogram 73, (z) Asuaaalugii 4.11() Fuviuldmuusiass

v v Y
ARQ) Tanlszmnmues 1. (z) @011 AR asuiuluauiiseasd 1891 ARQ) @01 AR(D) ualums

NTIHAIIAINATIHLUVT A9 AR(3) Az ARMA(L,1) f5eumeuny AR(1) iag AR(2) @79

ivyN'=Nw = 828(auﬂinnmimﬁauﬁ%yaEm)

clyad A a 7
¥I9 Moment LW?]’]J')'Z?JTEHW1513JL§I@3"U€]\1 AR(2)

~ _ ri(1-r) _ 0.229(1-0.135)
b1 = (1-r2) = (1-02292) 0.209




2 2
~ _ rp-rf _ 0135-0.229%
¢, = T T oo 0.087

1-1]

NAAUNITN 4.38

652 _ N2 (1+<p2) [(1 ¢2) ]

(N-2)(1-82)
= 828A+0087) 11 _ () 087)% — 0.2092]

T (828-2)(1-0.087)

= 0.943

a 14
(v) 9153989 Stationary Condition VOINITINLADT IABANNT 4.18

o1 +¢, <1

¢, —¢p; <1

—1<¢,<1

$1+ P, = 0.209 + 0.087 = 0.296 < 1
$, — d; = 0.087 — 0.209 = —0.122 < 1
—1<¢,=0087<1
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(3) MSNATOUANMHNIZANUDILVVINA0I AR(2)(Test of Goodness of Fit of Selected Model)

A o A Yo dy
(3a)%1ﬂﬁmﬂ1§°ﬂ 4.19 WHWITOAANMUIUNIDUNITNLIAT & VB AR(2) ”lﬂmu

€3 =23 — P12, — P74
= —1.619 — 0.209 x 1.374 — 0.087 x (—0.94)
—1.824
€ =24 — §123 — P22;
= —0.364 — 0.209(—1.619) — 0.087(1.374)
= —0.623

é\828 = _1623

(3b) mwmaaummﬁ]uamzmm Residuals
Taal4 Anderson Test of Correlogram
MUIUNI 1, (8) Tasaunis 2.5(b)

Then calculate 95% Probability Limits of 13, (€) by Eq.2.21a

1. (95%) = ﬂ#\/ﬁ

Correlogram U84 &, Y83 AR(1) 182 AR(2) Az 95% Probability Limits tiera0g 1131

4.11(b)

7 (€) Y93 AR(2) 8801811 Probability Limits

A 1 ] . a 1 1 I'd { o
1 (8) Y83 AR(1) 1 4 ANANBEUON Probability (NUNIAIGIFAMUINUNNMHUARD

(1—0.95)L = 0.05 x 40 = 2 iilo L = Max lag = 40
veaglldeunsunan £,v09 ARQ) Hludase

(3c) m3snaae Normality 09 £
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Y~

N 9(e) > 0 uaasn & i'laimsuanuasuvyilngd

4 ~ ' ] < a A 1 1
199910 (&) > 0 ua li'laimsudaailumsuanuastnd itieann x = NBS 11eaiin
anay
0. =v0.943 = 0.971

& = % (Standardized)

a 4 1 o a 4
NANITAUATIZHINTITUINLIINDUIT PDF U893 (ft ﬁmmﬂmmgm‘u Lognormal 3 WITTUNDT
a0 a % dy
Tﬂﬂuﬂ']W']ﬂiJmﬂﬁﬂ\iu
(@ = 1.356; f = 0.246; &, = —4)

__ 1 _ lin(e=80)-a]”
@) = ey EXP{ 257 }

_ 1 1 [In(§+4)-1.356]2
f&) = J21(0.246)(E+4.0) { 2 0.246 } [4.108]

a@ = Mean; B = Standard Deviation
Empirical Frequency 16 Lognormal-3p uam@fﬂugﬂﬁ 4,12

f
os | 1®
Log-normal
0.4 f
3 parameters
03 |
02}
0.1f
0 1 1 1 é
53 2 0 1 2 3

3 19 4.12 The fit of three-parameters lognormal probability density function (smooth solid line) to the

frequency density curve (broken line) of &; variable of monthly mean NBS of Lake Michigan-Huron

(3d) msfseuney Sample correlogram 73, (z) t1a% Residuals Correlogram 73, (€) U84 AR(1)
uaz ARQ) Turiado (3b) uanai 7, (€) V9 ARQR) N aun 1, (z) 1A 1, (€)ues AR() taz
MAN 1,(€) V99 AR(3) U192 17 (2) W10N1 13, (€) Vo9 AR(2) taziaziumsnadoy Iag

Anderson Probability Limits

AMINATBY Parsimony V0915104007 1aal% Akaike Information Criteria (AIC) WU
AIC(1) = —41.34
AIC(2) = —44.59
AIC(3) = —41.72



(3e) Correlogram U931 AR(2) uﬁm@fﬁugﬂﬁ 4.11(a)

(4) Optional Tests of the Model

] 9
AIC(2) fisehga Wagddnasinaissiass laglduuuiiaes ARQ)
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o o J o
mmsdaunasizioynsuaIIeRouYee NBS U949 Lake Michigan-Huron Iag1d1iuusiaes

AR(2) 9UFUNIT 4.105 L1ag 4.106

Ppe =0+ 60 2y [4.109]
2, = 0.2092,_; + 0.0872,_, +/0.943¢, [4.110]
2
&, = Lognormal 3 Distributed Ingfiamsimosaail
(& = 1.356,5 = 0.246,¢, = —4.0)
n(¢.-&,)-a
u= (‘ft Afo) a
B
in(&—(-4))-1.356 . o
u= 5776 = Standard Normal with mean=0 and standard deviation=1
& = —4 + Exp{1.356 + 0.246u} [4.111]
i, uae 6, UAAIAIT19T 4.9
M99 4.9 MmuIua i, 1ag 6,
T 1 2 3 4 5 6
i, 46.93 95.25 176.80 277.60 254.98 210.49
G, 50.96 48.58 72.15 86.70 88.03 65.01
T 1 2 3 4 5 6
i, 120.49 55.79 26.39 -5.87 33.13 25.35
G, 52.45 59.06 63.80 72.31 66.25 61.48

MIFUATIEH (Generate) f11 Standard Normal Random No. 148¢ Lo g-normal 3 Transformed

Random No. @908 114013199 4.10

M13197 4.10 MIFUATIZH Standard Normal Random No. 112 Log-normal 3 Transformed Random No.

Order u ¢| Order u 13 Order u 13
1 0.414 | 0.297 7| -0.659 | -0.700 13 1.195 1.207
2| -1.288| -1.173 8 0.595 0.492 14| -1.160 -1.083
3 1.019 0.986 9| -0.651| -0.694 15| -1.835 -1.529
4 0.616 | 0.515 10 0.906 0.849 16 | -0.468 -0.541
5| -0.289| -0.386 11 0.678 0.585 17 0.68 -0.054
6 1.970 2.300 12| -1.175| -1.093 18 | -0.595 -0.648

a A A [ SN A [
AuNAIR 2, = 0.0 uag 2_, = 0.0 wanNTaFUATIZY 2, 1dnail

£4
=

2, = 0.209(0.0) + 0.087(0.0) + 0.971(0.297) = 0.288
2, = 0.209(0.288) + 0.087(0.) + 0.971(—1.173) = —1.079




LH’EN?HﬂﬂWL!iﬂ“"]GUEN zmmmsw ‘WU‘LliﬂiJ Bias L‘L!E]\‘]mﬂﬂﬁﬁllll@]ﬂW Zy Wy 2

Fiering and Jackson (1971) uuzinngda 50 musﬂmmmiwmumm

23 = 0.209(—1.079) + 0.087(0.288) + 0.971(0.986) = 0.757
74 = 0.209(0.757) + 0.087(—1.079) + 0.971(0.515) = 0.564

25 = 0.209(0. 564) + 0. 087(0 757) + 0.971(—0.386) = —0.191

v H Y
MTNN 4.11 UAAIDYNTUNIAT 2,000 3 AWTANT HI0IH 2, = 2,5

A

1muu
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ﬂ"liN"ﬂ 4.11 9YnNIuLIA Z 19 3 ATNNY
1 0.564 6 -0.607 11 -0.761
2 -0.191 7 0.733 12 -1.492
3 0.242 8 0.668 13 -0.903
4 -0.228 9 -0.858 14 -0.371
5 0.413 10 1.748 15 -0785
NEIINFUATIZHA 2 U&7 9LAWITOAIUIN Periodic Monthly Time Series 1adail

911 = 46.93 + 50.96(0.564) = 75.67

912 = 95.25 + 48.58(—0.191) = 85.97
9112 = 25.35 + 61.48(—1.492) = —66.38
9,1 = 46.93 + 50.96(—0.903) = 0.913
9,5 = 176.80 4+ 72.15(—0.785) = 120.16

51082198AV04 Optional Test Vz1AAIOY U V0 4.3.5

(5) Reliability of Model Parameters

() s(a) =7 =2 =613

M s(d,) dmsu T = 2,12 awnsomua 1d ludnvaz@edny

(5b) AMUIUNT 95% Confident Intervals YD f, INAUNIT 4.100

tes,0.025 = 2.0
46.93 — 2(6.13) < 1, < 46.93 + 2(6.13)
34.67 < y; < 59.19

AU 95% Confident Intervals VD3 Ui T = 2,
(5¢) AMUIUNI 95% Confident Intervals YD 07 1NAUNIT 4.101

X62>8,0.975 =471
X62>8,0.025 = 92.66

V/68(50.96) < g, < \/68(50.96)
V92.66 91 Va7i1

43.65 < 0y < 61.23

12 18 Tudnyazmendu



4-38

AWM 95% Confident Intervals V04 03T = 1, ..., I8 IUaNHULIRSINY

(5d) 1119991031804 108 AR(2) 11U Constant Autoregressive Coefficients A WNTDAIUIUM

Y
Variance Y04 ¢, 1835 Moment 18 Iag1¥auns 4.46 il

~ ~ _ 12
Var($,) =Var(p,) = 1Niz
_ 1-0.0872

=0.001201
N _828-2
s(¢1) = s($,) = 0.035

uazansadu Cov(dy, ¢,) Taanaunms 4.47

~ o~ -¢.(1+0
Cov($1,6z) = 40
_ —0.209(1+0.087)
- 828-2

= —0.000275
~ ~ _ COU(@L@Z)
p(¢1, ¢2) T var@) var(@,)

—0.000275
=————=-0.229
0.001201

(5¢) AMUIUN1 95% Confident Intervals VDI ¢y, P, MNAUNT 4.48
Ugo2s = 1.96
¢; - u%s(qu) < <P+ u%s(qu)
0.209 — 1.96(0.035) < ¢; < 0.209 + 1.96(0.035)
0.1404 < ¢ < 0.2776

0.087 — 1.96(0.035) < ¢, < 0.087 + 1.96(0.035)
0.0184 < ¢, < 0.1556

Option: ¥ Joint Confidence Region Y04 ¢y, ¢ IAGTUNAN @y, by UNITLINUIIULY

a d v e
Bivariate Normal Distribution 1a81UN1511019193A9%

u(éy) = 0.209
s(¢,) =0.035
u(é,) = 0.087
s(¢,) = 0.035

p(¢1, $2) = —0.229

(59) AUINUNI 95% Confident Intervals VDS 0'52 NTUNIT 4.49

~2 N&§(1+$2) _ 2 2 _ 2
O = (N—Z)(l—a)z) {(1 ¢2) ¢1}
828(1+0.0184)

Upper 67 = — 2ot {(1 - 0.0184)% — 0.14047)
= 0.982 (fwownn Lower ¢;)
Lower 62 = 22803001550) (1 _ ( 1556)2 — 0.2776%}

(828-2)(1-01556)
= 0.872 (fwownn Upper ¢;)
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4.4 19NA13019949

Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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4.5 MANUIN

| APPENDIX A4.1| AUTOCORRELATION FUNCTION OF AR(p)
MOBDELS

Section 4.1.2 indicated that the autocorrelation function

Py of AR models satisfies the difference equation
Pr = q)lpk-l + ¢2pk—2 oo F q)ppk-p’ k>0 (A4.1)
where d)l, ¢-p are the autoregression coefficients of the

AR(p) model of Eq. (4.1). For given or estimated set of ¢
coefficients. Eq. (A4.1) can be solved simultaneously to ob-
tain  py, ..., pp_l. Then for k > p, Eq. (A4.1) may be

used recursively to find Py - Equations (4.14), (4.15) and
(4.16) give the autocorrelation coefficients Py for the AR(1)
and AR(2) models. A general computational procedure for
determining Py follows.

In general, for an autoregressive model of order p, the
matrix solution for the p-1 autocorrelation coefficients pq,
s Pl of Eq. (A4.1) has the form (Salas and Smith,
1978) P

p = a1 [-0] (A4.2)

T
where p = [pl’ Pos v pp-l] , [-®] = [—q)l, -q>2, e

-cpp_l]T and T denotes the transpose of the matrix. The

elements of the matrix A may be obtained from

(liugon;ll—aij = q)2] -1 N 1 =71 = 1 y v ov ey (p'l) (A4 - 3)
lower _____ = . . . .
triangular 3.1] ¢1-] * ¢1"1'] ;1> 1,7 <1 (Ad. 4)
and a.. = .. ;o i>1, 3> 1 A4d.5
upper / 1} ¢1+] - ) ( )
triangular
in which q>i =0 for i> p. Once the P> - pp_1 auto-

correlation coefficients are obtained from Eq. (A4.2), the co-
efficients py for k > p are obtained recursively from Eq.
(A4.1).

APPENDIX A4.2 PARTIAL AUTOCORRELATION FUNCTION
OF AR(p) MODELS

The partial autocorrelation cocfficient an(k) in an AR

process of order k is a measure of the linear association
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between P and Pi-k Tor j < k. It is the k-th

autoregressive coefficient and ¢, (k) for rk=1,2,... is the
partial autocorrelation function. '

The difference equation for an AR(k) model is (see Sec.
4.1.2)

Py = ¢1(k)pj_l + ¢2(k)pj-1 + ...+ q)k(k)pj__k ;
i=1, ...,k (A4.6)

where ¢].(k) is the j-th autoregressive coefficient of the

AR(k) model. The partial autocorrelation is given by the last
coefficient ¢k(k), k=1, 2,

Equation (A4.6) constitutes the set of linear equations

J
2 [0,y + 05(Kdpy + ...+ 0, Py 5 = Py
3 0Ky + 0,(Kpy + o+ 0 (Kpy 5 = Py
K [0,00R 1+ 0,0, + ...+ 0, (K)py = py
which may be written as
(1 ey oy e P [0 N
' ' k-2 2 21 (aa.7)
P P 1 S I 03(K)| = | ogq
‘.. 1 k
| Pk-1 Pk-2 Pk-3 IR Y
or
Pr ®x = By
- p-1 _
o, =P p k=12, .. (A4.8)

Thus the partial autocorrelation function ¢k(k) is
determined by successively applying Eq. (A4.8).
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The partial autocorrelation function q;k(k) may be also
obtained recursively by means of Durbin's (1960) relations

2
P1(1 - py) 2~ Py
.(1) = py |, 04(2) = $,(2) = ;
! S a-pH T a-ed
k-1
pk - z (I)'(k'l) pk j
¢, (k) = =1 & (A4.9)
k 1 :
1- ¢.(k-1) p

To determine the partial autocorrelation function @k(k)
from a sample series Zys -ees 2y first compute the sample
autocorrelations L from Eq. (2.5b), then replace the p's
by the r's in either Eq. (A4.8) or Eq. (A4.9).

On the hypothesis that the process is AR(p), the
estimated ¢k(k) for k > p is asympotically normal with

mean zero and variance 1/N. Hence, the 1 - a probability
limits for zero partial autocorrelation may be determined by
(Box and Jenkins, 1970, p. 65 and 178).

{- ul_a/z/Jﬁ ; o+ ul_a/z/«/ﬁ} (A4.10)

where Uy /2 is the 1-a/2 quantile of the standard normal

distribution, N is the sample size and « is the probability
level. The limits of expression (A4.10) may be used to give
some guide as to whether theoretical partial autocorrelations
are practically zero beyond a particular lag.

APPENDIX A4.3 ANNUAL FLOWS OF THE GOTA RIVER,
SWEDEN

The following table gives the annual flows of the Géta
River near Sjétop-Vidnersburg for the period 1901-1950. The
data is in the form of modular wvalues (actual annual flows di-
vided by the mean) as given by Yevjevich (1963).

Yeuars

01-10 0.935 0.662 0.9
11-20 1.153 0.929 1.1
21-30 0.9%4 0.701 0.6
31-40 1.208 0.9794 0.8
41-50 0.772 0.606 0.7

0 1.121 0.880 0.802 0.856 1.080 0.9259 1.345
8 0.957 0.705 0.905 1.600 C.918 0.907 0.991
2 1.086 1.306 0.895 1.149 1.297 1.168 1.218
4 0.638 0.991 1.198 1.091 0.89%2 1.020 0.86Y
9 0.813 1.173 0.916 0.880 0.601 0.720 0.955
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unns
mii‘i1amagnwnmﬁammm‘ham AUTOREGRESSIVE AND MOVING AVERAGE

AUTORERESSIVE AND MOVING AVERAGE MODELLING

5.1 A1 (Introduction)
v 9
ULS1A09 Autoregressive and Moving Average H4i38nTU9 31 ARMA(p, q) Ao LUUS1a0de 1a
A A o [ o ~ A 4 Aa A 4
LATANNIAILIADINUULTIABY AR(p) JULNT 4 lasmivesndszneunied launaanonesnlsenou
& A s . 9 ° o q ¥ Ay a A X A 0w
nilefo 89R152NPU Moving Average 191 luuuuT1a09 9111 ARMA(p, q) TeannIuAomuIZ @115y

v
=1

a C4 1 o ¥ . [
ANIesUIelsINgMIsins Inaveuiilianymeny Low Flow 48z High Flow maumaunul
4 A 9y Aa o a A 1 [ Y] dy
94A1/32n01 AR(p) 118 MA(q) eu13aNaz 199511815109 M 3NN INGINUANANNUALL
o q ¥a A Y ! Yy & a A A Y 9 ya
AR(p) — M1¥1AA Low Flow/Baseflow #3911 1u%1999ua3 ¥unasinansnaveairlaau
Aa Y & Aa
MA(q) - M 1¥1Aa High Flow/Direct Runoff #3011 unanlu
=2 o
ARMA(p, q) — 1lumswearunaIuved 2 dsingmsal

4 1 a g
Tuide 1.6 Tuuni 1 "ﬁwqﬂﬁiﬁlﬁummmmﬁl% ARMA(1,1) 93118150ams Ivaveaiinlu

w18 gais
Zt = CSt—l + dXt
St = (1 - C)St—l + aXt
Zi=(1—)Z_q +dX, — [d(1 = ¢) — ac]X;_q e oo .. ARMA(L,1)

9 o @ A

° a A A o A s Y ' ° A 9
ISINIENIGIAN ARMA(p, q) HUDANTIAYAD UITUIUNITIUEDIUBYNULUUIAD AR(p) L?J’E)Gl.slf

'
A A

o . o w 1 ' 4 .
puuTaesnianuun Jaulanniudensananmn e Parsimony

5.2 gﬂll‘lmﬂ1ﬁﬂﬁﬂﬂ1ﬁﬂ%ﬂlﬁﬁlmﬂﬁ1am ARMA(p, q) (Mathematical Formula of ARMA)

AR(p): Z; = 25';1 biZe-j t+ &

MA(Q): Ze = =X} 6j&c—j; 6o = —1

ARMA(p,q) = AR(p) + MA(q)

Zy = Z?:l biZi_j— Z?:o 0 &—j [5.1]
Taglwislimesie {u,02%,02,¢;( =1,..,p),6,G =0,..,9)}

53 Qmauﬁﬁmm MA(q) (Properties of MA(q))
5.3.1 HUUA1899 MA(q)

Zy = _2?20 Oiet—j; 6o =—1 [5.2]
E(e) =0=E(Z)
Var(e,) = E(er)* = o}
E(Zy.Zi—y) = Cov(Zy-Ze—x) = Vi
= Lag k Autocovariance ve1 Z;



Vi = E(— Z?:o 0 ; )(— Z?ZO Bjst_k_j) [5.3]
Yie = E(et — 0161 — o — 9q€t—q)(€t—k — 018 k-1~ — OgEt——q)
Yk = 07 Z?;(I; 0;0j1i:k <q
=0 ik >q [5.4]
Mk=0 ; yo=Var(Z) =0?Y%]_,6} [5.5]
ACF ; pk=%=% ek < q [5.6]
P =0 ok > q [5.7]

5.3.2 uyUd1a99 MA(1) azdianvoztilu One Step Long Memory
Zy = & — 0164 [5.8]
VINEUMS [5.4] N
1-1
a="1Lk="1;v, =02 ) 00,1 =02000,
j=0

— _0.8291 [5.9]
1

q=1k=0;y, =05229j9j+k

j=0
== 0-22(90 90 + 91. 91)
= (1 + 6%)c? [5.10]
_h___ 6
PL= = T >4
q=Lk>1,p,=0 [5.12]
5.3.3 Residual 483 MA(1)

& =Zi+0,6 4

E-1=2Z¢_; T 016

& =Zp+0,(Z—q + 015 5)
== Zt + let—l + legt_z

=Z;+ 0,741+ 0 Z_; + - [5.13]
AUN139¢ Converge iiie 6,] <1
Zp=—0,Zi 1 —0?Zi 5+ +¢& [5.14]
ay1a31 MA(1) Ao AR(00) nazdidnuaiziTy Long Memory

5.3.4 Invertible Conditions
10:] <1

A .o 1 Ade A X ] . .
199 91NUDIFAUNIT Characteristics %@g“lmaﬂawmﬂmuwmﬂ (Unit Circle)
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N5VY09 MA(q)
r?—0;r971 —0,r7% — . =0, =0 [5.16]
$151nveIauns [5.16] oglu Unit Circle waraadn 6,13 11aw Invertible Condition

n38 MA(2) ¥4l 6, = 0.6 11z 6, =0.2

r’—06r—02=0
r, = 0.839
7, = —0.2385

5.3.5 Partial Autocorrelation Function (PACF) Y94 MA(q)
PACF wo ¢y (k) ¥09 MA(q) A9 ACF 403 AR(p)

ACF %30 py Y89 MA(q) Ao PACF U84 AR(p)

5.3.6 aauantiA lves ARMA(p, q)
Ze=@1Ze 1+ o+ Qplipt e — 0184 — - — 01484
Lag k Cross-Covariance U94 z liaig €

)/zs(k) = COU(Zt_k,Et)
Yze(K) = E(Z¢—k, &)
= E[(Z)-1 0jZt-k-j — X} 6) €t-k-j)&t]

=20 Vel + ) = X700 Vee(k + )3k < 0 [5.17]
Yze(k) = 0,k >0 [5.18]
(1) Lag k Autocovariance Y93 ARMA(p, q)

E(z¢.ze—k) = Yk
Vi = 2he1 ®i¥uej — i Oi¥eek — )k <q+1lork <q

=X 10Vk-js k=q+1 [5.19]
k=0
Yo = E(z¢.2¢) = Var(Z,)

=0f + 25;1 ;v — Z?zl ®Vze(—J) [5.20]
(2) Autocorrelation Function(ACF)
==Xy k2 q+1 [5.21]

[

ACF 989 ARMA(p,q) d2t5Auaua ¢j uaz 0 A9

i
pi(G=1,..,q) wnlsivaw ¢p;(j =1,...,p)uaz 6;(j =1, ..., q)
piG=q+1,..,q+p+1)wnbivam¢;(j=1,..,p)
B9z iinaI 19 ACF 499 ARMA(p,q) Hansaziiuanaresnuasgld 5.1 819 q-p > 0 15u

ARMA(1,2) ACF wildnvazihy Irregular Shape AUAY Exponential Decay EL) Damped Wave LAM
q-p < 0 1¥U ARMA(1,0) ACF i]mdlgﬂ’alN!fldJu Exponential Decay W30 Damped Wave ﬁﬂgﬂﬁ 5.1

PACF 903 MA(p) tterageglugili 5.2 uag 5.3
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Ifq-p = oi.e. ARMAC(L,1) or ARMA(L,2)
R
1.0 |

Exponential Decay

{

A_AA
VAL = T

Irregular

Damped Wave

If g-p<0i.e ARMA(L.0) or ARMA(2.1)

Exponential Decay

VA
Damped Wave

gﬂﬁ 5.1 dnvzves ACF ves ARMA(P,q) nsdifi p waz q fiawen iy
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1.000

0.7501
dw

500

PHI K(K) ==

0.2504

SYMBOL  THETA O
© 6 1
& -.6

0.000

-0.2501

/\ x"‘xh___r___..r.ﬁ_

-

-0.500

0.000 1.000 2.000 3.000 4.000

LAG

3 1/ 5.2 Theoretical Partial Autocorrelation for MA(1) Model

5.000 6.000 7.000 8.000 9.000

1.000
0.750
0.500
b
k

0,250

PHI KIK]

SYMBOL
@
A
..+.

0,000

-0,250

01
THETAL
5

-.5
-5

02
THETA2

.2
.2
-.3

-0,500
0,000

4000 5.000 6000

LAG

Looo  Zooo 3000

7,000

2,000

gﬂﬁ 5.3 Theoretical Partial Autocorrelation for MA(2) Model
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Stationary and Invertibility

uP — ¢1up_1 — ¢)2up_2 —_— ... — ¢)p =0 [522]

r?—0;r971 —0,r7% — .~ 0, =0 [5.23]

U

() puaNTANUg MDY ARMA(, 1)

Ze =121+ & — 0164

Zy = P1(P1Zp_p + &g — 016_3) + & — 0184
= ¢iZi 5 + &+ (1 — 011 — 16160,

Zy = ¢3(P1Zi—3 + €r—p — O16¢-3) + & + (1 — 01)&_1 — P1016,,
= p3Zi s+ e+ (1 — 01)ero1 — 1 (g — 61)er_; — P26,6, 3
=&+ (P — 01)er—1 + P1(p1 — O1) e + PF (@ — 01)Ep_3 + -

iy Beamnsoagy 1491 ARMA(L, 1) file MA (00) a3duns

Ze = & Y1861 T P8+ [5.24]

4 4 a g
auMT [5.25] 9% Converged 10 [0,| <1 ¥3otlonszuIumsa launadniilu Stationary

Y = a 4
91 ARMA(1,1) UN151000T

¢, = 0.79
6, = 0.35
Y = ¢ My — 61) [5.25]
i 1 2 3 4 5 6
" 0.44 0.35 0.27 0.22 0.17 0.14

TurhueuReIn ARMA(L, 1) @sneulugives AR(CO) Asaums

& = Zt — $12Z¢—q + 0161
=2y — $12¢1 + 01(2¢—1 — 122 + 6163)
=2 — (1 — 021 — 0112, + 07 e,
ze = (1 — 01)21 + 0112, — 076, + &
= (¢p1 = 01)ze1 + 01(P1 — 017 + 07 (1 — O)er3+........ +ét

=TMqZpq T M3Zp 5 +T3Z 3+ .+ & [5.26]
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= 0,""(¢; — 6,)
’[»%}'] ¢1 = 079, 91 = 035

i 1 2 3 4 5
T 0.44 0.15 0.05 0.02 0.01

auMs [5.22] 92 Converged 103z uumMIa Tauaa@nilunuy nvertibility 16, | < 1

Admissible Region @145 ¢yt 07 Av

1<, <luaz—1<6, <1 [5.27]

AMTUNTEUIUMIA lauaaAnn1gnnIne.

0<9:1<1,0<6,<1 unz ¢;>06, [5.28]

(4) Variance Y93 ARMA(1,1), Y,

NTUNIT [5.20]

Yo = 052 + @171 — 01Vze(—1)
Yze(—1) = E(2¢.&021) = E(P12p—1 + & — O160_1) (&r-1)
= $1E(Zp—y.60-1) + E(&p.60-1) — O1E (g1 &¢21)

= ¢1YZ£(O) - 910-3
Y2e(0) = E(zp.60) = E(P12e—1 + & — 018:-1)(&r)
= E(¢p12i-18¢) + E(&r. &) — E(016¢-1. &)
= o2 [5.29]
Yo = 02 4 6,y1 — 01(¢1 — 01)02 [5.30]
NANMST [5.19] D1 k=1

Y1 = @10 — OoVze(1) — 01¥,:(0)

= ¢1Y0 — 91052 [5.31]
Mk>2
Y2 = @171 — O0¥2e(2) — 60172:(1)

= P171
Yk = $1Vk-1 [5.32]

ANAUNT [5.30]
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Yo — $1v1 = [1 — 01(¢1 — 01)]07 [5.33]
1NAUNIT [5.31]
1Yo — ¥1 = 0107 [5.34]

udaums [5.33] uaz [5.34] 9z lasn y, uaz Y, Al

_ (1+61-29.61)

Yo = (1-9?) O¢ [5.35]
1-¢10,) (16
y, = RS g2 [5.36)
_7n_ (1-6161)(¢1-61)
T 7y (1+6%-2¢,6,) [5.37]
MMsaNms [5.32] aae yo ezl
P = P1Pk-1: k = 2 [5.38]

N3 ARMA(L,1) 9 e015MIAT ¢, NANMT [5.38] 1o k=2 unum ¢, aaluaums [5.37] 92
Y
amn3oma 0, 141873 Trial and Error uazaiugaiounus ¢, uaz 0, aaluaums [5.35] w30 [5.36]

A
IWOMIAN Oe

n3Mllerag ACF tiag PACF 483 ARMA(1,1) n3@iN ¢1 tag 0 UA1a199) nu udaeglugilin 5.4

1AL 5.5 AUAIAL
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1.000 SYMBOL PHI THETA
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0.7504 b4 .3 2
& .1 .0
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2

[

0.000 1 1

-0.2504

-0.500 T T T T T T T T

0.000 1.000 2000 3000 4000 35000 6000 7000 8000 9.000
LAG
(a) ACF 404 ARMA(L.1) n3difi ¢yuae 0;Tausluuan
1.000 SYMBOL — PHI— THETA4;

0.667-

o
coooooo
L= [T T

T MeAX+DE

0.333;

p

k

0.000
<
2
o=
-0.333
-0.667

y
-1.000 ‘ , : ; : :
0.000 1.000 2000 3000 4000 5.000 6.000 7000  E000 9000

LAG

(b) ACF 494 ARMA(1.1) N3 ¢quay 0;Haniluay

gﬂﬁ 5.4 Theoretical Autocorrelation for ARMA(L.1) Model n3ifi ¢yuas 0 fisene i
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1.000
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20
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LAG
(a) PACF 493 ARMA(1.1) n3aifi ¢;uaz 0, Haniuuan
1.000
SYMBOL  PHI THETA
o = ug -.7
0.6671 } A -3 -3
-. + -3 -3
* -.3 3
& ~ i) 4
+ -1 .9
0.3331 Z -.3"° .6
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Fel
¥ 00004
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gﬂﬁ 5.5 Theoretical Partial Autocorrelation for ARMA(L, 1) Model st ¢;uaz 0; fimea

[

NU
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5.4 MIaNWVVIIa89 ARMA §13UaynINIA5 8
(ARMA Modeling of Annual Time Series)

5.4.1 4UVUD1999 Annual ARMA

aqg Y A a ~ é = a 19 n Yy
awudld x, An oynsugnnIne1sell Feennlimsuanusauulng ua x, lu'ldinsuanuag

I a I { Z
puudesimsudadldilueynsunamuuing y, Teoldlendumsulasiiunzan  duaelifons

I o
ulagy 1u z, asaums

Ve = u+ z; [5.39]

[

9
o o Y o
MN3T10090YNITNIAT z, AVUUDTIA0I ARMA(p,q) A3l

Zt = (]f)th_l + d)zzt_z + .-+ (].')pZt_p + Et - glgt—l - 92£t_2 — qut—q [540]

wa ° A Yy 4y ~
@mﬁummmzmumam AR, MA 1a¢ ARMA ﬂﬁJ“I/IﬂaTHﬂLLa’Jllﬂﬁ?ﬂll’ﬂuﬂﬁNﬂ 5.1

a51afi 5.1 Identification Properties for AR, MA and ARMA Processes.

Process Autocorrelation Partial Autocorrelations
AR(p) Infinite in extent, consists of damped Finite in extent, peaks at lags 1
exponentials and/or damped waves. through p then cuts off.

Attenuates as

p
Pr = Z Dpr—j
=1

MA(Qq) Finite in extent, peaks at lags 1 through g Infinite in extent, consists of
then cuts off. damped exponentials and/or
damped waves.

ARMA(p, q) | Infinite in extent, first g-p lags: irregular Infinite in extent, first p-q lags
then damped exponentials and/or damped | irregular, then damped

waves. Attenuates as exponentials and/or damped
p waves.
Pr = Z Dipr—j
j=1
(k=q+1)

5.4.2 Funeumsaans
~- mymgluuuunuIIang (Identification)
— msdsznuamimes (Estimation)
- NIATIVFTIUANNMNIE TN (Diagnostic Checking)
1) msmzduuuuuudIaes (Identification)
MamgluuusuuTIae 1NN IWeYNINIIAT ACF tag PACF (gaaauiinved

ACF 1182 PACF v04uU1319090199 115190 5.1)




ACF (rkvs.k; k=1, ...,%)
o .. L. A i
95% Probability Limit A9 + N

a d
(2) M3UszanaMNITNNBS (Estimation)

MUz naummMINNeT Ve MA(Q)
Yo
q .2
S
— Yo
146, %+ 40y
Yk = O'gz Z?;(l)( 9j9j+k; k< q(k =01,.., CI)
hk=j;,j=0 .. kk<q
Yi =02 %] 6:6,4;
= 02(006; + 01041 + -+ .+ 04_;6,)
-
0, = — (G—’ — 010,41 — 00j42 .= O

nnaunIi 55 0F =

2

NNAUNTN 5.4

Co~Yo (Variance)

Ci~Yj (Autocovariance)

[

M o6;,(j =1,..,q) 1naums [5.41] uag [5.42] TasM AUV Tterative A9
(1) v Cy.,.... G INDYNINAINIDEN
aq Y =~ .
@ awali ; =0( =1,..,q)
(3) MUIUNT G2 NNAUMNT [5.41]
Co
= AZ —
14+6f +- ..+ 62
(4) AMUIUN 0; nauNIg [5.42]

6%

_ G o
9] = — (O'_g - 916j+1 - 626j+2 — T eq_j9q>

(5) ATREAOUN §; (AMuIm) = §j (AUNR)

v Y H —~ f
(6) swamaan i ldndu lFudnutun ) aund 9;( = 1, ..., q) Tnu

nsal MA(1)
A2 — Co
€ 1462

2 @1AT 2 Unknown dz@Nsomuisia 8, a2 18

5-12

[5.41]

[5.42]



5-13

N3l MAQ2)
A2 Co
Oe = 1+02+62
~ C o 1 a 4
92 = —A—ZZ ZHIITOATUIUKIATNIT UL DT
O-S
2 A AMY
R __(C_Z_éé) 62,0,,0,14
1 = ~2 1Y2
&
=
N3t ARMA(p, q)

MIMIMNNAN0T ¢;(j =1,..,p) 1NnANNT 5.19

n59 k> q+1

14
Yk =z¢jyk—j; k=q+1
j=1

Uszinamaig Sample Lag k Autocovariance

=201 b k=q+1 [5.43]

M5V ARMAC(L, 1)
p=1,q=1,k=2
1

d11150 ARMA(2, 2)

p=2,q=2,k=>3

k=3; c3=dic, +dr0q
1 a g ~ ~ 9
TAWITONIANTIUNDT D, Lag ¢>2"lﬂ

k=4c,= 03+ Pac,

4 _~ 2 dy
dlemsue ¢; vzausailas ARMA(p,q) 1Hu MA(q) 1ddail
Z{ =2z, — Zle ajzt_j [5.44]
Aunm ¢/ (j = 0, ..., q) MNoYNTUNIA Z;

o Y 2 P Y an . A v
NANDINUUNITTINITDNN lelﬂiﬂﬂﬁllﬂ”li [5.41] uaz[5.42] Tne7s Iterative ATUNNANINULAD

Y
o/

VUADUNIAUIULUY Iterative

aundn 6; udrmurnnm

A~ C,
O'E2 :q—ogz ag
N
~ Ci ~ A ~ A~ ~ ~
= (S B.f... —0.B. ) — e —O. .
= = (55— 0161 = 0040 =+ .= 00,

8, nw) = 6; (@uwd) naasnamnd s 1d1414 Sagamamiuan
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Efficient Estimate

A VoA . A . . A Y = a
15M3UseuuAIN Efficient A0 Max. Likelihood #30 LSE 01 €, IMsuanuauuuilnd

_ P 3 a 3
& =7t — Zj:l bjze_j+ Zj=1 0 &1

fvualdt SSE =S (d), Q) =yN . & [5.45]
s(¢, o
62 = % = Variance Y04 €, [5.46]

o 1 a 4 o . . .
21115019180 Optimization H1AINII A3 1@ 1ABNITAIMUA Objective Function LAz

Y
Constraints 9914

Excel

Min.S(qb, Q)
ST —1< f <1 Gl,“]sfl Solver Tu Excel
-1< Q <1

Excel 11A350411M3111A1A9UUD4 Optimization Model Taem3sison 14 Solver
ﬁ"]W%‘U ARMA(l, 1) D Zy = d)lzt_l + & — 9181:—1

& =2t — P1Z¢1 + 0181
timuald z,=0 uaz £,=0 w30 (2, = Z, &, = &) 2@

81 == Zl
& =2y — P12, + 016

EN =2Zy — P12Zy—1 + 01684

WA SSE = S(¢, Q) = YN &2 iohlUmmnaiimes 1d Taeld Solver Tu

4 a d
3) ANNYNFRDRVRIMYsZ NI NTINDS (Reliability of Estimated Parameters)

a 4 1
Variance-Covariance Matrix UBJIWITIUIADTLUTA EJEQJ,GIJH qung

[Var(l?l) COU(ﬁlﬁz) Cov(ﬁl Bp+q)]
v(,[?)= COV(ﬁzﬁJ Var(,Bz) COV(BZ .[’)p+q) [5.47]

Cov(Byraby) Cov(BpsaBa) o Var(Bpso)

Box and Jenkins (1976) IE@UBLUEITAITN Variance-Covariance Matrix A9alN13
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r 9%s(B) 2s(B) %s(B) 1
op? 0B10p, 0B10Pp+q
5 ~2| 9%5(B) 9%s(B) 9%s(B)
~ a2 22\8) _975F)
v(B) ~ 26¢| 37,05, T 0B:0Bp+q [5.48]
9%s(B) 22s(B) 92s(B)
| 0Bp+q0B1  0Bp+qdB2 OB+q |
¥ ULVVTIABI ARMAC(], 1) Variance-Covariance Matrix 9¢0g1u3lupsauns
R o 925($10,) 925($,0,) 17 *
( A) _ Var(¢1) COU(¢191) ~ 6 2 6(?)12 6@1691 [5 49]
Cov($:10,) Var(dy)| —° | 225(818)  975($161) '
0106, 20,°
gﬂu‘uu Variance-Covariance Matrix @1%51 ARMA(1,1) ¥949 Box and Jenkins(1976)
S ooy _ 10300 [(1 -1 (1 - 161) (1-¢7)(1-67)
v(dy,0,) = ~ 2 2o s ~ A [5.50]
(:-00)° | (1—@2)(1-62) (1-¢16,)
taza Standard Errors Ao
(7 1 (1-$:0,)°(1-32)
o = [= —— [5.51]
(¢1) \/N (¢1—91)2
~(A 1 (1-3161)° (1-8}
way  alby) = |- — [5.52]
( 1) JN (¢1_91)2
[31 - ugﬁ(ﬁi)’ Bi + ua/ﬁ(ﬁi)] [5.53]
Standard Error U943 62
" 2
S(p) = S(p) {1 + 22} [5.54]
@ mM3dszanammsNmesiuY Non-Linear
fuald S(¢;, 0;) = YV, e? = Sum of Square of Residual
WHINTTN03 1A8TT Least Square
;Ti (¢p;,0)=0 ... (Linear) [5.55]
% (¢p,0,) =0 ... (Non-Linear) [5.56]

19 Linear Approximation of Taylor Series Expansion of €, ﬂi”lflazlﬁﬂﬂ‘lu Box and Jenkins (1976)



5.4.3 MINATDUANMHNZANVDIVVDI1AD9 Annual ARMA(p, q)

Zy = P1Zp 1+ & — 0164

Zt1 = P12 5+ Ery1 — 01615

aumsi [5.58]-[5.57]

Zt—Zpog = P1Zp g — P1Ze_p + & — (L +01)eeq + 618,
Z =1+ @)z — P12+ & — (1 + 601 + 618,

A A = 13 A
TUNIIN 5.59 AD ARMA(2, 2) G]f\ithL‘lJu’fJﬁﬁzmﬂﬁiJﬂTi [5.57]

Corrected Residual Variance

~ Lo(7 A
(62)c = =5(,0)
N = No. of Observations

n = No. of Parameters

1) MminaaeuaNnuiludaszues Residuals € 1A85 Porte Manteau Lack of Fit Test

Q= N2£=1 p,%(é)

' <
0 Q < x2,(L_p_q) WA € 11UOUNTIAWVY Independent

5-16

[5.57]
[5.58]

[5.59]

[5.60]

2) ms naaavunNNudasz Va9 Residuals €, 1ag3% Cumulative Periodogram 4% Smirnov-

Kolmogorov Statistics

2

2 N
2
MSD (hj) =Nz <Z & cos(Znhjt)> + (Z & Sln(Znhjt)>
t=1 t=1
i
Z MSD (h]) B . ﬁ
[ 2 - )
o 2
=t °
10 g +K, |N'= (?) &1 N ifhwavg
e o LW g |
- ' - I =
o i ] -k, |N'= (T) o N fluaan
- L E Ko, = Smirnov-Kolmogorov Statistics 9109113197 3.1
o 05 i
oL 0.01 0.05 0.10 0.20 0.25
Ka 1.63 1.36 1.22 1.07 1.02
(3) MINATLY Parsimony YIMINNIADS
AIC(p,q) = NIn(MLE of 6,%) + 2(p +q) [5.61]
5.5 M3FUATIZHVOYA (Generation)
[5.62]

5 _yP & -y f.oe .
Zt = j=1¢jzt—j+5t Zj=19]€t—]

o s °
ﬁ]8@9{8\‘1?{\1!ﬂ‘ﬂ%?‘iﬁ)lgﬂihl’)ﬁﬁﬂﬂ’)ﬂ Nw + Ng Lﬁ’é] Nw =50~ 100



5.6 MINGINTNAIWUVVT1909 Annual ARMA
5.6.1 napmInennsaimaalauaadn
wuaAalumMINnTaidHuLT 109 Annual ARMA tansegluzid 5.6
\ile t = Time Origin of the Forecast
L=Lead Time>1
zt+L = Value to be forecasted observation at time t+L

Zt(L) = E(Zt+L|Zt’ Zp_Qperennnnnns ) = Condltlonal EXpectatiDn
zi(L) = [z, + L] = Forecasted Function = Min MSE Forecast

5-17

Observed Values
at time t+L

Time of Origin
TTime origin Forecasted Value
(Min. MSE Forecast)

4 a 4
3UN 5.6 A lumsnensal

HUVT1009 ARMA(L,1) annsaenlugiues Infinite Weight of Sum of €,
_ 00 A _ 4J-1
Zt = Zj:o 1;bjgt—j e lpj =@ (¢1 - 91)
Z = l:_llp.g .+Z°.° l,l)'S ,
t+L j=0 ¥jct+L—j j=L ¥jct+L-j
&
V13
L—-1 A o/lrl [} 1 d‘
j=0 ¢j€t+L—j A9 Future Values Y03 &, ; 83 IUNIIUMNNDT
#4i38071 Forecasted Error H3® €t (L)
0 A A
j=L ¢j5t+L—j A0 Past and Present Values Y03 &4 ; NI1IUAINNIAT

v
=K A 1

H%3L38NI1 Forecasted Function ﬂ%’t) Zt (L)

e(L) = z¢yp — 2 (L)
= Forecast Error
5.6.2 AMANTAVDI E(e,,;)

E(eerj)=0;j=1,......,L
E(e,(L))=0

[5.63]

[5.64]

[5.65]
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_ VP q
Zepp = D=1 W) Zewr—j + €t — 2]‘=1 0 €rrr—j

Taking Conditional Expectation

[ze41] = 271 G5l Zerr—g] + [eeer] = X0-1 6 E0s1)] [5.66]
ML-j<0
[Ze+1-;] = Ze41-j [5.67]
T A [5.68]
ML+ >0
[Ze414;] = 2:(L +)) [5.69]
[er+1-j] = 0 = E(e. (1)) [5.70]

5.6.3 One step Ahead Forecasting (L =1)

[zt41] = 2:(1) = 25'3:1 ¥ Ztp1-j + lec1] — Z?:l O; €r41-j [5.71]
Zer1 = Njes V; Zeg1-j t Epgr — Z?:l 6 Etv1-j [5.72]
aums [5.72]-[5.71]

Zeyr — 2t (1) = &1 = (1) [5.73]

5.6.4 Forecasted Function
ARMA(,1)

z; (1) = 1z, — 61&
z:(2) = ¢12,(1)
z:(3) = ¢12,(2)

ARMA(2, 2)

2e(1) = ¢12¢ + oz 1 — 018 — 02604
2¢(2) = ¢12,(1) + P2z, — 0,6

7:(3) = $12:(2) + P22, (1)

z;(4) = $12:(3) + P,2,(2)

AR()

z;(1) = 12, + [€444]

7¢(2) = ¢12,(1)

7;(3) = $12:(2)
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AR(2)

ze(1) = ¢p12¢ + P21 [€044]
z(2) = ¢12,(1) + ¢z,
z:(3) = ¢12:(2) + Ppoz,(1)

5.6.5 Forecast Error
e:(L) = XiZo¥jrsi-; [5.74]
115U ARMA(L, 1)
Y = (1~ 00, [5.75]
Variance of Forecast Error
var(e,(L)) = E(e.(1))”

= E|(Zizd ¥yeeny) |

= E[Z§;3 ]28t2+L—j]

= SLAW2E (eras;)’

— yL-1.2

= Y=o 10'82 [5.76]

(1— (x) Confident Limits of Z;

Zerp = 2e(L) £ ug&s / o ¥?
= 2(L) + ueb, /1 +Xii? [5.77]

5.7 M3dravsaynIuNMINglienuudaes ARMA(p,q)

9
Y

TUABUNITINAD
(1) MuduAAna z,s2
[J ! . . 9
(2) MuUIUAT Lag k Autocovariance 1182 Lag k Autocorrelation tazwaans

1 @y— _ _ N
Ck = ;Z’Q’:f(xt — %) (g —%);0 <k < 2

_ Sk _ =~
Tk = — = Pk
Co

3) AUIUNIAT Partial Autoregressive Function 9108UN13

1 P1 P2 - Pg-1 [¢1(k)] [011
P1 1 p1 - Pr—2||P2(k) |P2|
P2 P1 1 . pr-3|lgz(k) = Ps3
Pk-1 Pk.—z Pk.—3 1 Lbk.(k)J L)kJ



(4) M1A19UYDI ARMA(p, q) 910 ACF 1agPACF

Y
(5) winnlszunaniiosd(nitial Estimate) {@q, ... ..

Jj=1
ad
nsunz # 0
P q
Zy = Z ¢]Zt—j - Z 0] Et—j + 000
j=1 Jj=0

e 6,, = z(1-%F_1¢9))

, ? g .
(6) MAsznanlodduues 6y,.....,0, 910 z, i

_ P
Z{ = Zp — Zj:l ¢th—j

, §p} INAUNT Yule Walker

5-20

[5.78]

[5.79]

- MUIUNIAT ¢y (Lag k Autocovariance Y04 z;) Tae5U049 Box and Jenkins (1976, p202)

1¢l C] + 2 1(¢O¢l + ¢1¢l+1+

et Pp_1 b, )d;

d] = Cj+i + Cj—i; ] = O, 1, ...... ,q
b =—1

~2 €6
6f =—>——

& 140/ 4. 402

CD.

- Y ~ A ~ A

0 = - (8—2 = 0,011 — 0,845—......—0,_,0,)

(7) Maximum Likelihood Estimate (MLE)

§=0,j=1,...... ,Max(p, q)
0Mp>q
Ep+j = Zp+j — Ooo — 2bes PiZpsjoi + iy Oipiji
dej=1,2,....,N—p
( ) il gt =S
Wi ¢, 9 Wi i s (Q Q) ﬁﬁwﬁwqﬂ (Minimum)
0?2 = %

o (,BA ) =Diagonal Terms U84 Variance-Covariance Matrix

Bi — ugﬁ(ﬁi) <Bi<PBi+ ugﬁ(ﬁi)

[5.80]
[5.81]
[5.82]

[5.83]

[5.84]

[5.85]

[5.86]

[5.87]
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(8) Porte Manteau Lack of Fit Test
Q=NZiu @] H<L<] [5.88]
Q< XorL-p—q 3 AR &t iilu Independent

(9) Akaike Test
AIC(p,q) = N In(c®) + 2(p + q) [5.89]
02 = MLE 484 Error Variance

(10) Generation

ZAt = Z?=1 d)th_j - Z?:O Hjet_j + 900 [5.90]

(11) Forecasting

L < q
zt(1) = p1ze+.. .+ Ppze_py1 — O16—... =04, [5.91]
7 (2) = P12, (1) + Paze+.. .+ Ppze_pyn — Orr—... —O04&_q42 [5.92]
zi(L) = p1ze(L—D + -+ 12D+ drze + -+ Ppze_pyys

—0Le— .. =04t _q11 [5.93]
ML > q
7z, (L) = ¢p1z;(L — D)+...... +¢pz.(L — p) [5.94]

IN \|I Weight 91naun1s [5.75]

W = (¢ — 09"
L-1
Var[e,(L)] = ) ?a?
t JZO j

zee1 (1) = (L) 2 ue{l + XS0 ¥} )6, [5.95]

5.8 ﬁ'mshenm‘immaunmnmﬂ‘%mmﬁ]viﬁm?Jé’ammm’imm ARMA(p,q)

E4 1 1 90} . . o 1 o
pynsuaN s 1eTlve i Niger Tu Koulicoro 6Wim Hdoyasz1iang 1906-1957 $119u 52

o I 1 . { @
U Tumsshaesezuasdoyailuar Modular Coefficients HazouNsuNIAT 7, 15197 5.2 Taaldaaauns

__ Annual Flow

u = [5.96]

Mean Flow

7, = 4t [5.97]

Su
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E(u) =1
E(z;))=0
fui1 a=1 .7 =—-0.0001 ~ 0

s2 =0.0575 ;s?=0.9804 ~ 1

2 WA, T, P (k) V03 2,5 k= 1,...,29

See
=h.

U

$,(1) =1, = 0.53478

-r?  0.46292-0.534782

$2(2) = 1-712 1-0.534782 0.2478
~ _ r—(1-1;) _ 0.53478(1-0.46292)
$1(2) = 1-r2 ~ 1-0.534782

= 0.40226

~ _ 3= 01—y _
¢3(3) 1= -9y 0.12096

o A A ' o A A A
UYHN 3 ﬁ]1ﬂﬂ511/\| I, 11!@13’]\11’] 5.2 Llaggﬂfﬂ 5.7 fﬂgﬁ?ﬂfnllﬂﬂflﬂﬁf]\i“l/]iﬁll’]gﬁllﬂ@ ARQ2) vi50©

ARMA(1,1)
1105 (k) Tumsai 5.3 wazgili 5.8 szaginuuusaesiminzaune AR(1)

naavasandlasly ARMA(L D)

See
ﬁf
=h.
IS

' dal 9 .. . A ) [
A1lszuanl oA uYea (Initial Estimate) Y04 ¢1 11TV ARMA(L, 1)
C; = P16

__ ¢z _ 045385

$1 = ¢, 052429 0.8656

Y
Anlszunauiiosduued (Initial Estimate) Y04 0,

See
ﬁf
=h.
9]

Zi = 7 = P12
Cé = (Q’b\%co + $%Co) + ($o$1)do
c1 = (P3cs + pict) + (dop1)ds
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78] Nﬁ 5.2 Niger River at Koulicoro, Africa, Modular Coefficients (Annual Flow/Mean), Annual

Flows (CFS) and Standardized Flows. 1906-1957 (after Yevjevich, 1963)

MODULAR STANDARDIZED

COEFFICIENTS (u;) ANNUAL FLOWS(x)) FLOWS(z:)

1 0.73200 39792.98 -1.106432
2 0.78900 42891.62 -0.871109
3 1.27000 69039.74 1.114689
4 0.80300 43652.69 -0.81331
5 1.04300 56699.57 0.177524
6 0.84600 45990.25 -0.635785
7 0.52900 28757.50 -1.944512
8 0.60500 32889.01 -1.630748
9 0.90000 48925.80 -0.412848
10 0.89200 48490.90 -0.445875
11 0.95700 52024.43 -0.177524
12 1.03500 56264.67 0.144497
13 0.90200 49034.52 -0.404591
14 0.80300 43652.69 -0.81331
15 0.67700 36803.07 -1.333498
16 0.96100 52241.88 -0.161011
17 1.00800 54796.90 0.033028
18 1.42700 7757457 1.762859
19 152900 83118.50 2.183964
20 1.09100 59308.94 0.375691
21 1.27600 69365.91 1.139459
22 1.40100 76161.16 1.655519
23 1.34100 72899.44 1.40781
24 131100 71268.58 1.283956
25 1.13200 61537.78 0.544959
26 1.15100 62570.66 0.623400
27 1.05700 57460.63 0.235323
28 0.94900 51589.54 -0.210552
29 0.93600 50882.83 -0.264222
30 1.12000 60885.44 0.495417
31 0.83200 45229.18 -0.693587
32 0.95600 51970.07 -0.181653
33 0.88300 48001.65 -0.483032
34 0.76100 41369.48 -0.986706
35 0.80400 43707.05 -0.809181
36 0.64500 35063.49 -1.465609
37 0.77200 41967.46 -0.941293
38 0.64600 35117.85 -1.461481
39 0.80200 43598.32 -0.817438
40 0.99600 54144.55 -0.016514
41 0.81700 44413.75 -0.755511
42 1.08500 58982.77 0.35092
43 0.89900 48871.44 -0.416976
44 0.98000 53274.76 -0.08257
45 1.38500 75291.37 1589463
46 1.06000 57623.72 0.247709
47 1.28000 69583.36 1.155973
48 1.35200 73497.42 1.453224
49 1.33300 72464.55 1.374783
50 0.88300 48001.65 -0.483032
51 1.35500 73660.51 1.465609
Mean 1.0000 54362 -0.0001

Std.Dev. 0.2398 13167.569 0.9901
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M3191 5.3 Auto-Covariance, Autocorrelation and Partial Autocorrelation of Standardized

Annual Flows, Niger River

LAG(K) AUTOCOVARIANCE AUTOCORRELATION | PARTIAL AUTOCORRELATION
() (1) Pk (k)
0 0.98039 1.000000 1.000000
1 0.52429 0.53478 0.53478
2 0.45385 0.46292 0.2478
3 0.39196 0.39980 0.12096
4 0.19723 0.20118 -0.1583
5 0.15919 0.16237 -0.01121
6 0.16544 0.16875 0.09781
7 0.52430 0.05348 -0.07003
8 -0.10133 -0.10335 -0.26015
9 -0.19676 -0.20069 -0.20307
10 -0.34234 -0.34919 -0.19383
11 -0.40911 -0.41729 -0.11954
12 -0.41522 -0.423520 -0.09932
13 -0.36725 -0.374600 0.02018
14 -0.37725 -0.384800 -0.05115
15 -0.39769 -0.405640 -0.13012
16 -0.32919 -0.335770 0.00465
17 -0.38113 -0.388750 -0.12676
18 -0.23566 -0.240370 0.08039
19 -0.11537 -0.117680 0.04421
20 -0.12348 -0.125950 -0.16125
21 0.06959 0.070980 0.0926
22 0.05039 0.051400 -0.11353
23 0.14841 0.151370 0.11483
24 0.19536 0.199270 -0.03871
25 0.18428 0.187970 -0.147950
26 0.25974 0.264940 0.02967
27 0.30171 0.307740 0.0255
28 0.23339 0.238050 -0.09234
29 0.26462 0.269910 0.01801
1.000
Y
® +95 PCNT CONFID
0.6671 Q@ Zs8 pCNT CONFID
& ZERD AXIS

AL'I:‘I'OCOI relation
‘L
&

-0.333 \\5 RS

-0.6674

-1.000

000 400 800 1200 1600 2000 2400 2800 3200 36.00

tine(yrs)

gﬂﬁ 5.7 Autocorrelation Function of Standardized Annual Flows, Niger River
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1.000
LINE --= EXPLANATION
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\ ®  +95 PCNT CONFT
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03330
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)
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'].DUU T T T L T T T T
0.00 4.00 5.00 12.00  16.00 20,00 z4.00 26.00 32.00 36.00

time{yrs)
3 ﬂﬁ 5.8 Partial Autocorrelation Function of Standardized Annual Flows, Niger River
e G, = —1
do =c1+c_1 =2¢
di =c, +c,
Co=Co+ $12Co —2¢1¢
ci=c¢+ @1261 - q§1(02 +¢,)

¢y = (1 + 0.86562)0.98039 — 2(0.8656)(0.52429) = 0.8074
¢! = (1 + 0.86562)0.52429 — 0.8656(0.45385 + 0.98039) = —03244

52 = o _ 0.8074
€ 1482  1+9?

—c; _ 03244

~2 T =2
Og Og

waz 0, =

A~ 0.3244(1+8%)
0 =————
0.8074

0.32446? — 0.80740, + 0.3244 =0

6, = 1.9852,0.5037
Invertibility 8] < 1

6, = 0.5037

~2 _ 08074

& = 11050372 0.6440

~

900 = Z_(l - (ﬁl)
= —0.0001(1 - 0.8656)
= —0.000013 = 0
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Preliminary ARMAC(1, 1) Model

z=-0.0001=0
Zt = 0.8656Zt_1 + gt - 0.503781:_1

=1

oo = (1 —¢;) = 1(1 — 0.8656) = 0.1344

u, = 0.1344 + 0.8656u,_, + & — 0.5037¢&,_,

m‘nlszu1mmmﬂﬁma%mmwmunm Z, 1q# Fortran Library Function FTARPS* tlas
FTMPS*

¢, = 0.865634

6, = 0.503631

o = —0.000011
52 = 0.643987

)

v
U

H d a
U 6 M3dszanamnnimeslagIs MLE

Min § = Zévzl gtz

ST.0.05 < @ <1.0

0.05 < 8, < 1.0
quuan ¢, = 0.8;0, = 0.4
&5 =0 R R
£, =2, — Bz, + 0,6, = —0.871109 — 0.8 x(—1.106432) + 0 = 0.014
€3 =23 — $12, + B 5,

=1.114639 — 0.8 x (—0.871109) + 0.4 x 0.014 = 1.18172

£, = —0.9782
& =2y — P12p_q + 0184

i &, ef uaangluaained 5.4 wamsmualam s = Y91, e2 = 32.0923
TuhueuReany wamsmuiua S e ¢, 1ag 6;1A1521719 0.0500-0.9500 taAIE TUAIT1S
11 5.5 Faansoasllan s axlimiga mM1nu32.01 e ¢, = 0.8,8, = 0.35
[ o 1 S 1 o d' o Y ~ A 1
mmsmuinedwazealrinnransmuinluasesn 5.5 Tasmvualn ¢, amsenin
A A 1 [ A = Y Ao
0.7550-0.8500 1oz B, 3A15211319 0.30500-0.4000 fataasluasned 5.6 ¥edllaa s wzlimimga
N 32.01119 1o ¢; = 0.7900 waz §; = 0.345
[ o 1 S %’ ' [ A [ Y ~ A v
mmsmuInedwazveas lnunnramsiuialuasian 5.6 Tasmvualn ¢, ia1senin
0.78550-0.79500 1Az B, 11324119 0.34050-0.35000 faueaslumsteh 5.7 ¥eaglldan s wxdindige

Wity 32.010092 iife B, = 0.7905 uaz 8, = 0.3480
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M15199 5.4 Residuals, Squares of residuals and Sum of squares of residuals for ¢; = 0.8 and 8; = 0.4

t Residuals(g;) Squares of Residuals(g?)
1 0.0000 0.0000
2 0.0140 0.0002
3 1.8172 3.3022
4 -0.9782 0.9568
5 0.4369 0.1909
6 -0.6031 0.3637
7 -1.6771 2.8127
8 -0.7460 0.5565
9 0.5934 0.3521
10 0.1217 0.0148
11 0.2279 0.0519
12 0.3777 0.1426
13 -0.3691 0.1363
14 -0.6373 0.4061
15 0.9378 0.8794
16 0.5307 0.2816
17 0.3741 0.1400
18 1.8861 3.5573
19 1.5281 2.3351
20 -0.7602 0.5780
21 0.5348 0.2860
22 0.9579 0.9175
23 0.4665 0.2177
24 0.3443 0.1186
25 -0.3445 0.1187
26 0.0496 0.0025
27 -0.2435 0.0593
28 -0.4962 0.2462
29 -0.2943 0.0866
30 0.5891 0.3470
31 -0.8543 0.7298
32 0.0315 0.0010
33 -0.3251 0.1057
34 -0.7303 0.5334
35 -0.3119 0.0973
36 -0.9430 0.8893
37 -0.1460 0.0213
38 -0.7669 0.5881
39 0.0450 0.0020
40 0.6554 0.4296
41 -0.4801 0.2305
42 0.7633 0.5826
43 -0.3924 0.1540
44 0.0941 0.0088
45 1.6931 2.8667
46 -0.3466 0.1201
47 0.8192 0.6710
48 0.8561 0.7329
49 0.5546 0.3076
50 -1.3610 1.8523
51 1.3076 1.7099
Total 32.0923




13197 5.5 Sum of Squares Surface - First Run by Program FTMXL, Values of S x 100

01 (Theta)
(lA)l 0.0500 | 0.1000 | 0.1500 | 0.2000 | 0.2500 | 0.3000 | 0.3500 | 0.4000 | 0.4500 | 0.5000 | 0.5500 | 0.6000 | 0.6500 | 0.7000 | 0.7500 | 0.8000 | 0.8500 | 0.9000 | 0.9500

0.0500 4228 5166 5524 5954 6470 7092 7846 8766 9698 11303 13067 15302 18159 21831 26537 32473 39658 47628 55272 | 71928
0.1000 4502 4861 5175 5555 6013 6567 7241 8065 9079 10341 11926 13935 16505 19807 24037 29366 35805 42916 49656 | 63701
0.1500 4351 4584 4856 5182 5591 6081 6678 7410 8315 9440 10356 12652 14950 17902 21682 26439 32174 38479 44376 | 56032
0.2000 4146 4333 4556 4852 5203 5832 6157 6903 7603 6501 9857 11452 13493 16116 19473 23693 28766 34317 39431 | 48923
0.2500 3556 4110 4305 4548 4250 5221 5679 6244 6945 7223 8928 10335 12135 14449 17410 21126 25581 30429 34922 | 42373
0.3000 3752 3913 4073 4276 4531 4848 5242 5731 6341 7105 8071 9201 10876 12902 15492 18738 22619 26816 30548 | 36382
0.3500 3553 3744 3870 4033 4247 4514 4848 5266 5790 6449 7284 8350 9716 11474 13720 16531 19830 23477 26609 | 30951
0.4000 3539 3602 3697 3925 3357 4217 4496 4848 5293 5855 6569 7482 6655 10165 12094 14504 17364 20413 23006 | 26079
0.4500 3451 3489 3553 3649 3782 3958 4166 4478 4243 5321 5924 6697 7692 8975 10613 12656 15071 17623 19739 | 21766
0.5000 3338 3400 3438 3504 3602 3738 3919 4155 4458 4349 5350 5995 6929 7904 9277 10989 13001 15108 16806 | 18013
0.5500 3331 3340 3352 3390 3455 3556 3694 3879 4122 4437 4846 5377 6064 6952 8088 9500 11154 12867 14210 | 14819
0.6000 3339 3307 3296 3308 3345 3411 3511 3650 3838 4087 4414 4341 5398 6119 7044 8192 9530 10901 11948 | 12184
0.6500 3352 3301 3269 3257 3269 3305 3370 3469 3608 3799 4053 4389 4830 5406 6145 7063 8128 9209 10022 | 10109
0.7000 3391 3322 3271 3239 3227 3237 3272 3335 3432 3571 3762 4019 4382 4812 5393 6115 6950 7792 8432 8593
0.7500 3455 3370 3302 3252 3219 3207 3215 3249 3309 3405 3542 3733 3992 4337 4786 5346 5995 6650 7177 7636
0.8000 3545 3446 3363 3296 3247 3214 3201 3209 3240 3299 3393 3530 3721 3981 4324 4757 5263 5782 6258 7239
0.8500 3550 3548 3453 3372 3308 3260 3229 3217 3224 3255 3315 3410 3549 3744 4008 4348 4753 5189 5673 -7401
0.9000 3501 3678 3572 3420 3405 3344 3300 3272 3252 3273 3308 3373 3476 3627 3838 4118 4467 4870 5425 8122
0.9500 3867 3835 3720 3920 3536 3466 3412 3374 3353 3351 3371 3419 3501 3628 3813 4069 4403 4825 5512 9402

4158 4019 3897 3792 3701 3627 3567 3524 3493 3491 3506 3548 3625 3749 3934 4199 4563 5056 5934 | 11242
Remark: S x 100 =3201; MinS=232.01when ¢, =08, 6, =0.35
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15199 5.6 Sum of Squares Surface - First Run by Program FTMXL, Values of (S-32) x 10° (Refine the result from Table 5.5)

5-29

b, 0, (Theta)

03050 | 0.3100 | 0.3150 | 0.3200 | 0.3250 | 0.3300 | 0.3350 | 0.3400 | 0.3450 | 0.3500 | 0.3550 | 0.3600 | 0.3650 | 0.3700 | 0.3750 | 0.3800 | 0.3850 | 0.3900 | 0.3950 | 0.4000
0.7550 5774 | 5629 | 5699 | 5986 | 6494 | 7224 | 8180 | 9364 | 10780 | 12430 | 14317 | 16445 | 18817 | 21437 | 24308 | 27434 | 30820 | 34468 | 38384 | 42572
0.7600 5011 | 4643 | 4487 | 4546 | 4821 | 5317 | 6034 | 6976 | 8146 | 9547 | 11181 | 13053 | 15164 | 17519 | 20122 | 22975 | 26083 | 29450 | 33079 | 36976
0.7650 4632 | 4045 | 3668 | 3502 | 3550 | 3814 | 4297 | 5002 | 5931 | 7087 | 8473 | 10092 | 11048 | 14044 | 16382 | 18968 | 21803 | 24893 | 28242 | 31852
0.7700 4638 | 3836 | 3241 | 2854 | 2678 | 2716 | 2969 | 3440 | 4133 | 5049 | 6101 | 7564 | 9168 | 11009 | 13089 | 15411 | 17980 | 20799 | 23872 | 27202
0.7750 5028 | 4015 | 3206 | 2602 | 2207 | 2022 | 2050 | 2292 | 2752 | 3433 | 4337 | 5467 | 6825 | 8416 | 10242 | 12307 | 14614 | 17167 | 19969 | 23025
0.7800 5802 | 4582 | 3563 | 2747 | 2137 | 1733 | 1529 | 1557 | 1790 | 2240 | 2909 | 3901 | 4919 | 6264 | 7842 | 9654 | 11704 | 13996 | 16534 | 19320
0.7850 6961 | 5538 | 4313 | 3239 | 2467 | 1849 | 1438 | 1236 | 1246 | 1469 | 1009 | 2568 | 3448 | 4554 | 5888 | 7452 | 9251 | 11288 | 13566 | 16089
0.7900 8505 | 6882 | 5455 | 4226 | 3197 | 2359 | 1746 | 1328 | 1119 | 1120 | 1335 | 1766 | 2415 | 3285 | 4380 | 5702 | 7255 | 9042 | 11066 | 13330
07950 | 10432 | 8614 | 6990 | 5560 | 4328 | 3295 | 2462 | 1833 | 1410 | 1104 | 1188 | 1395 | 1818 | 2458 | 3319 | 4404 | 5716 | 7258 | 9033 | 11045
08000 | 12745 | 10735 | 8317 | 7291 | 5859 | 4625 | 3583 | 2752 | 2119 | 1690 | 1469 | 1457 | 1657 | 2072 | 2704 | 3557 | 4633 | 5935 | 7467 | 9232
08050 | 15441 | 13244 | 11236 | 9417 | 7791 | 6359 | 5123 | 4004 | 3245 | 2608 | 2176 | 1950 | 1933 | 2127 | 2536 | 3161 | 4007 | 5075 | 6369 | 7893
08100 | 18522 | 16141 | 13947 | 11041 | 10124 | 8498 | 7066 | 5629 | 4790 | 3949 | 3310 | 2874 | 2645 | 2624 | 2814 | 3217 | 3838 | 4677 | 5739 | 7026
08150 | 21223 | 10427 | 17051 | 14860 | 12857 | 11042 | 9419 | 7988 | 6752 | 5712 | 4871 | 4231 | 3794 | 3562 | 3538 | 3725 | 4125 | 4741 | 5576 | 6633
08200 | 25838 | 23101 | 20547 | 18176 | 15500 | 13951 | 12180 | 19560 | 9132 | 7898 | 6659 | 6019 | 5379 | 4942 | 4709 | 4684 | 4869 | 5267 | 5880 | 6712
0.8250 | 30072 | 27163 | 24435 | 21888 | 19524 | 17344 | 15351 | 13546 | 11930 | 10505 | 9274 | 8239 | 7401 | 6763 | 6326 | 6095 | 6070 | 6255 | 6652 | 7264
08300 | 34691 | 31614 | 28716 | 25395 | 23458 | 21102 | 18931 | 16944 | 15145 | 13535 | 12116 | 10890 | 9859 | 9025 | 8390 | 7957 | 7728 | 7705 | 7891 | 8290
0.8350 | 39694 | 36453 | 33388 | 30501 | 27793 | 25265 | 22919 | 20756 | 18779 | 16988 | 15385 | 13973 | 12754 | 11729 | 10900 | 10270 | 9842 | 9617 | 9598 | 9788
0.8400 | 45082 | 41631 | 38454 | 35403 | 32526 | 29833 | 27316 | 24922 | 22820 | 20882 | 19081 | 17488 | 16085 | 14874 | 13857 | 13035 | 12413 | 11991 | 11772 | 11760
08450 | 50854 | 47296 | 43911 | 40700 | 37664 | 34805 | 32123 | 29620 | 27299 | 25159 | 23204 | 21435 | 19853 | 18460 | 17259 | 16252 | 15441 | 14827 | 14414 | 14204
08500 | 57010 | 53300 | 49761 | 46394 | 43200 | 40181 | 37333 | 24673 | 32126 | 29879 | 27754 | 25813 | 24057 | 22488 | 21109 | 19920 | 18125 | 18125 | 17523 | 17121

Remark: When ¢, = 0.79,8, = 0.345, the result is (S — 32)x10° = 1119.Thus S = 30 + 1119/10°
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15199 5.7 Sum of Squares Surface - First Run by Program FTMXL, Values of (S-32.011) x 10’ (Refine the result from Table 5.6)

P, 8,(Theta)

0.3405 | 0.3410 | 0.3415 | 0.3420 | 0.3425 | 0.3430 | 0.3435 | 0.3440 | 0.3445 | 0.3450 | 0.3455 | 0.3460 | 0.3465 | 0.3470 | 0.3475 | 0.3480 | 0.3485 | 0.3490 | 0.3495 | 0.3500

0.7855 | 11639 | 10770 | 10113 9667 9434 9413 9604 | 10008 | 10626 | 11456 | 12500 | 13758 | 15230 | 16916 18817 | 20933 | 23264 | 25810 | 28571 | 31549

0.7860 | 10893 9805 8928 8263 7809 7568 7538 7721 8117 8726 9548 | 10584 | 11833 13296 14974 | 16866 18973 | 21295 | 23832 | 26584

0.7665 | 10501 9254 9158 7273 6600 6138 5889 5851 6026 6414 7014 7828 8855 | 10096 | 11551 | 13220 | 15103 | 17201 | 19514 | 22042

0.7870 | 10643 9117 7803 -6699 5807 5126 4656 4398 4353 4519 4899 5491 6296 7315 8547 9994 | 11654 | 13529 | 15618 | 17922

0.7875 | 11138 9395 7862 6540 5429 4528 3839 3362 3096 3043 3202 3573 4157 4954 5964 7168 8626 | 10278 | 12144 | 14225

0.7880 | 12047 | 10087 8336 6796 5485 4347 3439 2743 2297 1984 1922 2073 2436 3012 3801 4803 6019 7449 9092 | 10950

0.7885 | 13370 | 11193 9225 7467 5919 4562 3456 2540 1836 1243 1062 992 1135 1490 2058 2839 3833 5041 6462 8097

0.7890 | 15107 | 12713 | 10528 8235 6783 5233 3889 2755 1832 1120 619 330 253 388 735 1295 2068 3054 4254 5667

0.7895 | 17258 | 14648 | 12246 | 10055 8072 6300 4738 3388 2245 1314 595 87 -209 -294 -167 172 724 1499 2467 3650

0.7900 | 19822 | 16996 | 14379 | 11971 9772 7783 6004 4434 3075 1926 989 262 -253 -557 -649 -530 -198 345 1103 2073

0.7905 | 28800 | 19759 | 16996 | 14203 | 11258 9682 7686 5899 4323 2957 1801 856 121 -401 -712 -812 -700 -276 160 909

0.7910 | 26192 | 22936 | 19329 | 17049 | 14410 | 11997 9784 7781 5928 4404 3031 1868 916 174 -355 -674 -781 -677 -360 168

0.7915 | 29998 | 26528 | 23265 | 20211 | 17365 | 14728 | 12288 | 10080 8070 6270 4680 3259 2129 1170 421 -115 -441 -556 -459 -150

0.7920 | 34218 | 30533 | 27057 | 23788 | 20727 | 17875 | 15231 | 12796 | 10570 8554 6747 5149 3762 2585 1619 863 318 -14 -136 -46

0.7925 | 30051 | 34953 | 31263 | 27780 | 24505 | 21438 | 18579 | 15329 | 13467 | 11255 9232 7418 5814 4420 3236 2263 1500 948 608 479

0.7930 | 42888 | 39787 | 39683 | 32187 | 23693 | 25417 | 22343 | 19478 | 16922 | 14374 | 12135 | 10105 2285 6674 5274 4083 3103 2333 1775 1427

0.7935 | 49339 | 45035 | 40919 | 37009 | 33307 | 29912 | 26524 | 23445 | 20574 | 17511 | 15457 | 13211 | 11175 9348 7731 6324 5127 4140 3363 2798

0.7940 | 55234 | 50998 | 46369 | 42245 | 38331 | 34623 | 31122 | 27823 | 24743 | 21866 | 19197 | 16735 | 14485 | 12442 | 10609 8985 7571 6367 5374 4591

0.7945 | 81522 | 56775 | 52234 | 47898 | 43771 | 39950 | 36135 | 32629 | 29330 | 26238 | 23355 | 20680 | 18213 | 15955 | 13906 | 12067 | 10437 9016 7806 6806

0.7950 | 68224 | 63255 | 58513 | 53996 | 49626 | 45493 | 41568 | 37846 | 34333 | 31028 | 27931 | 25042 | 22361 | 19888 | 17624 | 15569 | 13723 | 12087 | 10660 9443

Remark: When ¢, = 0.7905,8, = 0.348, the result is (S — 32.011)x107 = —812.Thus S = 32.011 — % =30.010992 ~ 32.011




Matrix

M313% 5.8 N34 Second Derivative Y94 S (guiy ¢, # 6; = 0.3480

1 a J
11311171 Standard Error YUBIWITINIADT (I)1 NTUNIT 5.51

1
2y _ [10-8:80)°(1-8D)]?
'@ =3 (#1-0.)"
_ i(1—0.7905x0.348)2(1—0.79052)]
“Is1 (0.7905-0.348)2

1/2

= 0.140

3111 Standard Error ¥v89W151iiwes 0, mnaums 5.52
1

Ay _ [1(1-8:8,)°(1-82)]?
O @1-52)"

_[1 (1-0.7905 x 0.348)%(1 — 0.0.348%)
~[51 (0.7905 — 0.348)2

= 0.215

5-31

1 a 4
Maen1un151IA1 Standard Error Y99W15 131003 (I)] uay 01 ADNIMT Variance-Covariance

a 4 [ ~
VBINITTUIADT (1)1 Hag 91 PNTTUNITN 5.49

o'S(En) 9'5(6,0)

. ~ a¢? d¢,00,

V(B) = 262 A P
(#) “0%25(1,0,) 9%5(dy,6,)
36,00, 062 |

(1) M311 Second Derivative Y04 S 1eun ¢, Taeldwamsmuinnnased 5.7 dudadoy

lue5199 5.8

7 0,= 0.3480
431 S’ AS' A%S’
0.7895 172
0.7900 -530 172-(-530)=702
il 1 = 0.005 0.7905 -812 (-530+812)=282 702-282=440
0.7910 -674 -812+674=-138 282+138=420
0.7915 -115 -674+115=-559 -138+559=421

S = (S —32.011) x 107

A1 Second Difference Y04 S’ NgUNY fﬁlﬁ ¢, = 0.7905 uaz §; = 0.3480 Ap 420 1Az

A1 Second Derivative U4 S’ 118UN1 qlA)l Ao
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as? 420
d¢?  107x0.0052

=168

(2) 11 Second Derivative 04 S ffiguny 8, Tagldwamsmuinninaisiei 5.7 Turhuoes

A v [ % 1 d'
@eINU (1) AWEAAIDYTHM3199 5.9

M15139% 5.9 N15%1 Second Derivative Y94 S MgunY 6,7 ¢, = 0.7905

~

¢, = 0.7905
0, S’ AS' A%S’
0.3470 -401
0.3475 =712 -401+712=311
‘17;/9\1 = 0.0005 0.3480 -812 -712+812=100 311-100=211
0.3485 =700 -812+700=-112 100+112=212
0.349 -376 -700+376=-324 -112+324=212

S = (S —32.001) x 107
f1 Second Difference (S*) touny ;7 ¢, = 0.7905 uaz §; = 0.3480 Av 212 LAz

Second Derivative Y84 S’ 1igUny 6, Av
as* 212

— ~ ——— = 84.8
862  107x0.00052

(3) ¥ Second Derivative Y04 S 1igunu@, uas 6; lasldmamsmuianinaisien 5.7 lu

MUBUABINY (1) AWETAIDEYIUA1519N 5.10

A1519% 5.10 N3%11 Second Derivative ¥94 S BUNU P, tag 6,

)

0.3470 0.3475 0.3480 0.3485

) S | DS | A%eS" | 5" | DS’ | D%eS" | ST | ApS' | A%6S" | ST [ ApS' | A%S

0.7895 | -294 -167 172 742

263-482= 482-702= 702-940=
0.7900 | -557 | 263 -219 | -649 | 482 -220 | -530 | 702 -238 | -198 | 940

0.7905 | -401 | -156 -219 | -712 63| (-219) | -812 | 282 | (-220) | -700 | 502

07910 | 174 | -575| -218|-355| -357 | (-219) | -674 | -138 | (-219) | -781| 81

0.7915 | 1170 | -996 -220 | 421 | -776 -217 | -115 | -559 -219 | 441 | -340

95 A2 o’s
EI 0 ™ 9,00,

naewmg Ay =

S' = (§ — 32.001) x 107
f11 Second Difference Y94 S* tROUNY @, uaz ;7 ¢, = 0.7905 waz 6; = 0.3480 i
N (-219-219-220-219)/4 = 219.25

11azA1 Second Derivative Y94 S* ROUNY ¢, taz H;A0



0S? 219.25

— ~ = -87.7
9,6, 107x0.0005x0.0005

(4) i1 G2auns 5.46

552 = %S(‘ﬁb é\1)

_ 1 320109=06277
51

a J
(5) Variance-Covariance Matrix Y94W15 10N T

[625($1'§1) 625(‘»51'@1)
R R dp? 9¢,00,
V(B) = 262] A ~ 2

( ) & |625(¢1,91) 625(¢1’91)
| 06,00, 007

|
|

168 —87.7]‘1

=2x06277| o0 eus

0.01294 0.0134

=2x06277 | 0.0134  0.0256

=[ Var(¢31) COV(&L@)]
Cov(¢s,0) Var(8y)

Var(¢,) = 2x0.6277x0.01294

o(¢,) =0.127
Var(0,) = 2x0.6277x0.0256
o(0;) =0.179

AR 95% CI MINANMT 5.51 Uag 5.52 92 1@

95% CIl.of ¢p; = 0.7905 + 1.96 x 0.14
0.5161 < ¢; < 1.0649 (Stationary)

95% Cl.of 6, = 0.348 + 1.96 x 0.215

—.0734 < 6, < 0.7594

wamsminamamnimeslagllsunsy FTMXL
9 lterations : @, = 0.791457; 8, = 0.348672

0,, = —0.000017; 62 = 0.627668
50 Iterations : @, = 0.790691 ; 8, = 0.348173
8,, = —0.000017; 62 = 0.627668
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HaMIMUINA &, €2, Y e TagTilsunsy FTMAXL uaasod 1ua13199 5.11 aaauiianaaan
1 { 1 a 4 ) a 1 {
Y94 Residual(ey) 11908 14A13199 5.12 1AZAIMIINNOIVOWUVTIA0IT TAUATANUDUAIY ¢

v ag 11sunsy FTIMAXL uaasoglumsnan 5.13

3197 5.11 Residuals, Squares of Residuals and Sums of Squares Obtained from IMSL Program FTMAXL

t (Rank) g¢(Residuals) e2(Square of Residuals) | ° = Z ef (SS.Residuals)
1 0 0 0
2 0.004602 0.000021 0.000021
3 1.305755 3.260753 3.260774
4 -1.065905 1.136153 4.396927
5 0.449590 0.202131 4.599058
6 -0.619512 0.383795 4.982853
7 -1.657305 2.746660 7.729513
8 -0.669589 0.448349 8.177862
9 0.644370 0.415213 8.593075
10 0.105567 0.011144 8.604219
11 0.212192 0.045025 8.649245
12 0.359002 0.128883 8.778127
13 -0.393763 0.155049 8.933176
14 -0.630371 0.397367 9.330544
15 -0.909574 0.827324 10.157868
16 0.577270 0.333241 10.491109
17 0.361756 0.130867 10.621976
18 1.862870 3.470286 14.092262
19 1.438284 2.068661 16.160923
20 -0.851317 0.724740 16.885663
21 0.545302 0.297354 17.183017
22 0.943834 0.890823 18.073840
23 0.426643 0.182024 18.255865
24 0.318510 0.101448 18.357313
25 -0.360165 0.129719 18.487032
26 0.066525 0.004426 18.491458
27 -0.234859 0.055159 18.546616
28 -0.478673 0.229127 18.775744
29 -0.264462 0.069940 18.845684
30 0.612344 0.374965 19.220650
31 -0.872161 0.760665 19.981315
32 0.063208 0.003995 19.985310
33 -0.317206 0.100619 20.085929
34 -0.714991 0511212 20.597141
35 -0.277526 0.077021 20.674162
36 -0.321925 0.849946 21.524108
37 -0.102758 0.010559 21.534667
38 -0.752300 0.565955 22.100622
39 0.076972 0.005925 22.106547
40 0.657309 0.432055 22.538602
41 -0.513239 0.263414 22.802016
42 0.769940 0.592808 23.394824
43 -0.426241 0.181681 23.576505
44 0.988480 0.009771 23.586276
45 1.689296 2.853721 26.439997
46 -0.421256 0.177457 26.617454
47 0.813059 0.661065 27.278519
48 0.821828 0.675401 27.953920
49 0.511183 0.261309 28.215229
50 -1.392861 1.940063 30.155292
51 1.362273 1.855787 32.011079




M135199 5.12 Statistics of the Residuals in Table 5.11
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MEAN = 0.0539, VAR = 0.6248
i (e) ri(e) PR &

k Lag Autocovar. Autocorr. SSQ. Autocorr. | Partial Autocorr.
1 -0.02256 -0.03610 0.0013 -0.0361
2 0.04016 0.06428 0.00544 0.06306
3 0.07046 0.11278 0.01815 0.11785
4 -0.6901 -0.11046 0.03035 -0.10792
5 -0.03044 -0.04872 0.03273 -0.07369
6 0.06030 0.09651 0.04204 0.09839
7 0.06379 0.10211 0.05247 0.14944
8 -0.01173 -0.01877 0.05282 -0.02655
9 -0.01794 -0.02871 0.05365 -0.09669

10 -0.09876 -0.15807 0.07863 -0.18132
11 -0.12622 -0.20202 0.11944 -0.17457
12 -0.10522 -0.16842 0.14781 -0.16197
13 -0.03131 -0.05012 0.15032 -0.04769
14 -0.06449 -0.10323 0.16098 -0.11166
15 -0.07973 -0.12761 0.17726 -0.18308
16 -0.00033 -0.00052 0.17726 -0.04139
17 -0.12737 -0.20387 0.21883 -0.15880
18 -0.01558 -0.02494 0.21945 -0.00182
19 0.02623 0.04199 0.22121 0.04408
20 -0.08068 -0.12913 0.23789 -0.16143
21 0.12255 0.19615 0.27636 0.10352
22 -0.01591 -0.02547 0.27701 -0.09944
23 0.05219 0.08354 0.28399 0.04289
24 0.04297 0.06877 0.28872 -0.02014
25 -0.02497 -0.03997 0.29032 -0.17118
26 0.05075 0.08124 0.29692 -0.05581
27 0.0894 0.14309 0.31739 0.03417
28 -0.00531 -0.00850 0.31746 -0.12399
29 0.09309 0.14899 0.33966 0.03097

H 1 a s o N ! { o
VH‘JNﬁ 5.13 ﬂ?WTiWM@]@iﬂJ@\‘]L!UU%Tﬁ@Qﬁjmlﬂﬁﬁﬂlmﬂﬁ%ﬁ Amuu laellsunsy FTMAXL

Model Boo 1 2 0, 62
AR(1) -0.000036 0.5588 - - 0.663424
AR(2) -0.000028 0.4036 0.2534 - 0.622512
ARMA(1, 1) -0.000017 0.7907 - 0.3482 0.627668
ARMA(2, 1) -0.000017 0.7351 0.0586 0.3171 0.625062




a d a Y
M314 Solver 11 Excel mAm1513ina31ae3% Optimization uanIaglumsan 5.14

A13197 5.14 M3l Solver WA DS ARMA(I,])I@]EJ%% Non-linear Optimization

5-36

1.000 -1.1064 0.000
2.000 -0.8710 0.004
3.000 1.1148 1.805
4.000 -0.8132 -1.066
5.000 0.1776 0.449
6.000 -0.6357 -0.620
7.000 -1.9444 -1.658
8.000 -1.6307 -0.670
9.000 -0.4128 0.643
10.000 -0.4458 0.104
11.000 -0.1774 0.211
12.000 0.1446 0.358
13.000 -0.4045 -0.394
14.000 -0.8132 -0.631
15.000 -1.3334 -0.910
16.000 -0.1609 0.577
17.000 0.0331 0.361
18.000 1.7629 1.862
19.000 2.1840 1.439
20.000 0.3758 -0.850
21.000 1.1395 0.546
22.000 1.6556 0.945
23.000 1.4079 0.428
24.000 1.2840 0.320
25.000 0.5450 -0.359
26.000 0.6235 0.068
27.000 0.2354 -0.234
28.000 -0.2105 -0.478
29.000 -0.2641 -0.264
30.000 0.4955 0.612
31.000 -0.6935 -0.872
32.000 -0.1816 0.063
33.000 -0.4830 -0.317
34.000 -0.9866 -0.715
35.000 -0.8091 -0.278
36.000 -1.4655 -0.923
37.000 -0.9412 -0.104
38.000 -1.4614 -0.753
39.000 -0.8174 0.076
40.000 -0.0164 0.656
41.000 -0.7554 -0.514
42.000 0.3510 0.769
43.000 -0.4169 -0.427
44.000 -0.0825 0.099
45.000 1.5895 1.689
46.000 0.2478 -0.421
47.000 1.1561 0.814
48.000 1.4533 0.823
49.000 1.3749 0.512
50.000 -0.4830 -1.392
51.000 1.4657 1.363
Mean 0.0000 SSE =32.01105
Standard Deviation 1.00000

ARMA(1,1)
Zy = ¢_12t—1 + & — 0161 + €00
g0 =2z(1— ¢y)

& =2Zp — P21 + 0161 — €go

Non — linear optimization
n

Minimize z gf

t=1
st. ¢, <1
16:] <1
Solution
¢, = 0.79067
6, = 0.34816
n
SSE=5(¢,0) = Z £? = 32.01105
t=1
, S (9.0) _3z01105 . .
%= -1 T si-1
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YUN 7 Goodness of Fit

N 51
L—R+p+q—5+1+1—7.1~8

Q=N

Q < x20529-1-1 (= 40.113) ua@aa € 15 Independent AMANNAFIUAAT

N1 ACF 04 &4

H
Autocorrelation %
—

v
U

JUN 8 MINAALY

=.833

=81, ()]” = 51 x 0.33966 = 17.3227

ueraseglugli 5.9

v 9
v

13

1020
LINE --  EXPLANAT]ON
m  AUTOCORRELATION
662 ®  +35 PCNT CONFID
& -85 PCNT CONFID
+ 2ER0 AXLS

.333 4

Rawa AoV

Y

=867 -

T T T T
g w00 1.00 12.00 16.aC 20.0C 24,60 28.00

gﬂﬁ 5.9 Autocorrelation function of residuals

Parsimony &8 Akaike Information Criterion(AIC)

NNAUMNITN 5.61 AIC(p, q) = N In(MLE of 8.2) +2(p+q)
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BIIEAGEN AIC(p,q)

AR(1) AIC(1,0)=51xIn(0.663424)+2(1)=-18.9174

AR(2) AIC(2,0)=51xIn(0.622512)+2(2)=-20.1736 .. ..G%K;f@
ARMA(1,1) AIC(1,1)=51xIn(0.627668)+2(2)=-19.7529
ARMA(2,1) AIC(2,1)=51xIn(0.625062)+2(3)=-17.9651

uuu$ans AR(2) 1% AIC Mga 19DoINANUIHIIZAUAINNEN Parsimony HAZHUDTIA0

Y 1 = <3 Y =< A 1A Y A @
ARMA(I,1) ‘l‘ﬁﬂ"l AIC NN AR(2) LWENLEIﬂu@ﬂﬁ]Qfl’t’)'ﬂllﬂ'ﬂﬂlﬁiﬂgﬁiﬂﬂmﬂﬂﬁﬂﬂ AR(2)
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d‘ [ J 9 o ] d‘
VUi 9 MIdunszRoynINNe 7, Taglsunuiiaes ARMA(L,1) uaaiagluasian 5.15 nam

1 { o J "o (J ' ] {
naauTEUMeNTEnINOYNTUNIAINFUATIZH IMUADOUNINIAIAI0E19Y0A 7 1aE g aadpglugUn

5.10 thag 5.11

A15191 5.15 Generation , Forecasting Weights , For 95 % Forecast Confidence Intervals Calculated for

the parameters ¢, = 0.790691, 8, = 0.384173, 000 = —0.000017, 52 = 0.627668 by

Program FTCMP
Lead Z.(Gen.) — simulation Y-weights Z.(L) Deviations
1 2.385685 0.442518 0.684271 1.540301
2 2.665586 0.349895 0.541030 1.684376
3 0531424 0.276659 0.427770 1.768497
4 1.277439 0.218751 0.338217 1.819114
5 -0.775660 0.172965 0.267408 1.850055
6 0.161317 0.136762 0.211420 1.869140
7 -1.268832 0.108136 0.167151 1.880973
8 -0.432700 0.085502 0.132148 1.888333
9 0.560117 0.067606 0.104471 1.892920
10 -0.147956 0.053455 0.082587 1.895782
11 -0.992489 0.042267 0.065284 1.897569
12 -1.010478 0.033420 0.051603 1.898686
13 0.474262 0.026425 0.040785 1.899383
14 0.080840 0.020894 0.032231 1.899819
15 -0.328495 0.016521 0.025468 1.900092
16 -1.289060 0.013063 0.020120 1.900262
17 0.555338 0.010328 0.015892 1.900369
18 0.170012 0.008167 0.012549 1.900435
19 1.017159 0.006457 0.009905 1.900477
20 -0.059452 0.005106 0.007815 1.900503
21 -0.339637 0.004037 0.006162 1.900519
22 -0.262400 0.003192 0.004856 1.900530
23 -0.593587 0.002524 0.003822 1.900536
24 0.133808 0.001996 0.003005 1.900540
25 -1.737364 0.001578 0.002359 1.900542
26 -0.941933 0.001248 0.001849 1.900544
27 -1.930718 0.000967 0.001445 1.900545
28 -0.750438 0.000780 0.001125 1.900546
29 -1.445572 0.000617 0.000873 1.900546
30 -2.061807 0.000488 0.000673 1.900546
31 -1.016151 0.000386 0.000515 1.900546
32 0.835590 0.000305 0.000391 1.900546
33 0.890336 0.000241 0.000292 1.900546
34 -0.007729 0.000191 0.000214 1.900546
35 0.348259 0.000151 0.000152 1.900546
36 0.541926 0.000119 0.000103 1.900547
37 0.615442 0.000094 0.000065 1.900547
38 -0.885720 0.000075 0.000034 1.900547
39 -0.581482 0.000059 0.000010 1.900547
40 -0.079517 0.000047 -0.000009 1.900547
41 -0.287367 0.000037 -0.000024 1.900547
42 1.050647 0.000029 -0.000036 1.900547
43 0.893466 0.000023 -0.000045 1.900547
44 -1.913883 0.000018 -0.000053 1.900547
45 -0.134659 0.000014 -0.000059 1.900547
46 -0.905882 0.000011 -0.000063 1.900547
47 -0.842695 0.000009 -0.000067 1.900547
48 -0.713980 0.000007 -0.000070 1.900547
49 0.035985 0.000006 -0.000072 1.900547
50 0.126156 0.000004 -0.000074 1.900547

Remark:Z, = ¢1Z,(L—1)+8,,, L > 2; Zs; = 146509, e51 = 1.362273
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gﬂﬁ 5.11 Actual and synthetic annual flows , Niger River
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2e(1) = P12, — Or6, + O,
z(2) = §51Zt(1) + éoo

z.(L) = ¢12,(L—1)+B,p; L = 2

¢, = 0.790691; 9, = 0.348173; 6,, = —0.000017

Zs, = 1.465609

£5; = 1.362273

Z51(1) = 0.790691 x 1.465609 — 0.348173 x 1.362273 — 0.000017 = 0.6845
Z51(2) = 0.790691 x 0.6845 — 0.000017 = 0.5412

Z51(2) = 0.790691 x 0.5412 — 0.000017 = 0.4279

u, (L) = z,(L) x 13167.569 + 54362

4 v ¥ . ' . Jd
WNANIINGINTY Zg, (L) UDILUUT Niger uamagiugﬂﬁ 5.12 UAZHaNIINEINTUAT q (L) VO

] 9°I ] d‘
11311 Niger uerasod luzili 5.13
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gﬂﬁ 5.12 Forecast of z; Series, Niger River
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MIMUIN Y, Weights 1INTNUMNT 5.75
j—1

¢j = (4’1 - 91)¢1]

degramamuim Vi

Yo =1
Y; = (0.790691 — 0.348173)0.7906910 = 0.44252
Y, = (0.790691 — 0.348173)0.790691 = 0.34989

MISMUINUFIINNMFNY (1-0) CI Y99 Min. MSE of Forecast, 2, (L) lngaums 5.77

Zeyp = 7¢(L) £ ua/26£ ’1 + 5;% lpjz

iuo_os/z = i196
62 = 0.627668
6, = 0.79226

1 = 1.96(0.79226)Vv1 + 0 = 1.5528

= 1.96(0.79226) |1 + ¥ = 1.96(0.79226)V1 + 0.1958 = 1.6981

) = 1.96\/1 + (0.1958 + 0.1224)(0.79226) = 1.7829

T1suns1 FTCMIP aninsofuIsa i, , 6, /1 + k2l y? lddwaaslumani s Ty

1197004 Salas er. al.(1980)

' A4 ' o o ~ v o o
FIANUFDUY 95% YDIMNEINITD Z,,, (1) gnwasanlssumeununIneInsal Z(L) Aaaaq
' ~ ' A ' o = [ =
pglugUi 5.12 HazH9ANUFONU 95% YOIMNINTAIOATINT Ina 5161 u,, (+) gnnwaoanlFeuiiey

[ 1 o [ 1 { o
AuAmneInsal u(L) aaaaseglugii s.13 fvuald

Upp(£) = Zpp (B) xSy + 1

M3 wmnm‘izmu Real Time (Real Time Forecasting)

' L} 4 ° a 4 °
(1) 1z Wot=1,.......30 MNoYNINAHT N = 51) tiomuIammsTlnesuuuTaed

A
TGN (Initial Model Parameters)

(2) MUIUWIAININTY (Forecasted Value) N
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Zt(l) =2,,-€

= ($1Zt t &1 — 9181:) — Et4+1

= ¢12; — 018
Z30(1) = 1230 — 01 €3
4 [ o o a 4 [ [ 3’; 1
WeNTIWA z,, 12 FIMIMUIUMIMTNRS HUNN Z, ... , 7, NAIDINHUTINIA

Y
v A

WeNTal (Forecasted Value) AL=1941

z3:(1) = ‘I»’A’1Z31 - 91531

Wema: ¢, uaz 8, azinlasumaweynsunal z iulasu 1y

C4 . ' E A ~ 1 ~
HWANITWEINTULUY Real Time ANYU1 1 AU HIB (1) Nt=30,...,51 uﬁmag“lugﬂ‘ﬂ 5.15

~ 9 1 a A A 49! 1 a I'4 o . < o
Tﬂﬂﬂ'ﬁllﬁﬂﬂlﬂﬂﬂﬂﬂﬂﬁ]ﬁ\‘l Z,; MNAVYU ua::mwnmmaﬂumiwmﬂimuuu Real Time GIf\‘lﬂ'lu’Jﬂ!Iﬂﬂ

T1)sunsu FTCMP naadng1uas1ai s.16

STANDARDIZED FLOW

y

.BDG-T -
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N m{é/ &f \ﬁﬁ m(/\\j‘/ W\ .
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T T } T T
0.ao 5.76 11.56 17.33 34.87 WO 4 ug.z2z SQI.GD

23,11 2889
TIME [YRS)

d' C4 . ~ v 1 Aa dy a2
31]7] 5.15 MINGINTUUVY Real Time 11580 UNUAMNAAUUIT



19197 5.16 AT ADS LAZHANINEINIDILL Real Time 9 t = 30 Tag 1151053 FTCMP
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Year (L) | ARPS(¢,) | PMAC(6o0) | PMAS(6) | wav | F OZIifLC)AST ACTZ[:AL ¢
1 064709 | 022970 | 009899 | 0.61940 | 028173 | -0.69358 | 31
2 0.66179 | 001374 | 014080 | 0.62997 | -0.31199 | -0.18165 | 32
3 0.66366 | 0.01133 | 014750 | 0.61098 | -0.12819 | -0.48303 | 33
4 0.67100 | 0.00593 | 0.15486 | 059659 | -0.26454 | -0.98671 | 34
5 0.67989 | -0.00369 | 0.15102 | 059455 | -0.56810 | -0.80918 | 35
6 0.68569 | -0.01079 | 0.14838 | 057942 | -053231 | -1.46561
7 0.71851 | -0.02085 | 0.16758 | 0.58689 | -0.92385 | -0.94129
8 0.72000 | -0.02731 | 0.16830 | 057117 | -0.70370 | -1.46148
9 0.75393 | -0.03283 | 0.19729 | 0.57056 | -0.99393 | -0.81744
10 0.74869 | -0.03794 | 0.19705 | 055679 | -0.68424 | -0.01651
11 0.72065 | -0.04123 | 016769 | 055346 | -0.16035 | -0.75551
12 073932 | -0.04234 | 020159 | 0.54845 | -0.48652 | 0.35092
13 0.73301 | -0.04010 | 020883 | 055167 | -0.04456 | -0.41698
14 074025 | -0.04062 | 0.22786 | 0.54378 | -0.24718 | -0.08257
15 0.74086 | -0.04010 | 023010 | 0.53200 | -0.13890 | 1.58946
16 0.73325 | -0.03093 | 021816 | 058499 | 0.76057 | 0.24771
17 073393 | -0.02875 | 024686 | 057723 | 026834 | 1.15597
18 0.75955 | -0.01952 | 027520 | 0.58031 | 0.62239 | 1.45322
19 0.77424 | -001111 | 027123 | 058100 | 0.89806 | 1.37478
20 0.78550 | -0.00432 | 027054 | 057252 | 0.95484 | -0.48303
21 073519 | -0.00778 | 0.24702 | 0.60037 | -0.02742 | L.46561
22 0.79067 | -0.00002 | 0.34816 | 0.62767 | 0.68425

% o J
mashamsmmmmiwmnmumu Real Time

(1) f'immmgﬂimam Z,,

¢, = 0.64709
0,, = 0.02297
6, = 0.09899

Z30 = 0.495417 @mnasii 5.2)
£30 = 0.612344 @nasaii 5.11)

Z30(1) = 0.64709 x 0.495417 — 0.09899 x 0.612344 + 0.02297 = 0.2829
Z3041 = Z31 (mnasaii 5.2) = —0.693584

2 nnz,

231(1) = 0.66179 x (—0.69358) — 0.14080(—0.872161) + 0.01374 = 0.32246

, Zy, MUIUNT 24,(1)

231+1 = 232 = _0181653

(3) NZ,,

Z4,(1) = 0.66366(—0.181653) — 0.1475(0.063208) + 0.01133 = —0.118549

, Zy, MUIUNT 2,,(1)

o a 4
> Ly MUIAUHIWITIUADT




Z'32+1 = 233 = —0.483032
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1ioAT19@OY ACF UY00YNTUNFUATIZH 100 A udazyaiiniwe 511 whiueynsuna

M0819 WUNAURABYEI ACF ¥090YNTUNIAT 100 A IndiAeeny ACF vouuuusiaoag ACF Vo9

AYNTUIAIAIDYI A931IN 5.14

59 M3910909028 ARMA & m%fumgnsunmsmn Periodic (ARMA Modeling of periodic Time Series)

Gh’gi} Yvr = f(xv,‘r)

-Uu o_ v . . . .
Zyr = )% (M9N19A Within the Year Periodicity)

T

n58l ARMA (p, @) with Constant Coefficient (ACF Stationary)

ze =N izt e — Y 0gjit=w-Dw+r
A58 ARMA (p, @) with Periodic Coefficient (ACF Non-stationary)
Zyr = ?:1 ¢j,‘rzv,'r—j + &y — Z?:l Hj,rgv,r—j

5.9.1 Yunoun9 109

(1) MUIUNIAT Ty of Z, . INAUNIT 2.10

1 _ _
_ N2§=1(xv,‘r - xr)(xv,r—k - x‘r—k)

St.S7-k

Tkt
) Uszunmm ®j . Hag 6; ;. INAUNT Yule-Walker
Initial Estimates 91451 ARMA(p,q)

ARMA(1, 0) : <131,r =Tz

Tt~ T1,1-1127
2
1-r{ 1

ARMA(Q2,0): ¢y, =

ARMA(1, 1)1, = 7”1,1(.51,1

— (1_§I.T'$1,T) (55”—51.0
17 1+<’l\)i1_2(’i)1,‘r§1,‘r

Fourier Series Fit

62 _ (1_&)%,1')
& 1402, - 21011
(3) Goodness of Fit Test

Modified Porte Manteau (Tao and Dollar, 1976)

— L 2
Ql - N2k=1 2?=1rk,‘c

[5.98]

[5.99]

[5.100]

[5.101]

[5.102]

[5.103]

[5.104]

[5.105]

[5.106]
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(4) Generation and forecasting
5.9.2 ﬁ’aadnnnﬁmmagmmummJ'u Periodic #38 ARMA with Constant Coefficients
T x, x AeoynsunaeveslusmouNdo1ll Salamonia Nasy Indiana (9A15191 5.17)

v=1,.....38

v
(Y4

YU 1 Normalization

Yor =+/Xvr (@msw‘ﬁ 5.13)
y1 = 1.5145;5s; = 0.5660

Viz = 1-6540;512 = 0.5402

v
U

YUN 2 Standardization

Yo=Y
Zyr = v; -
3.920—-1.5145

pq = P20 _ 8922

’ 0.5660
JUN 3 MUIUN ACF 1ag Partial ACF
1 (2) } 4
~ k=1,...... , 29 (9115190 5.19)
¢ (k)

YU 4 1@0ALVVTIADY ARMAC(1, 1 ) with Constant Coefficients

o A ' a o3 X g .. .
VYHUN S ﬂTiﬂﬁZNTmﬂTWTiTNM@i ¢1 193IAU (Initial Estimates)
~ T 0.0179
$,=2=222_- 062
1 0.0288
& d' 1 Aa s N &’ Y .. .
UYUN 6 msﬂszmmmwwmmai 91 1U®9AU (Initial Estimates)
~2 _ _C0
€ 7 1462
5 — _ 5
& d' ' a 4 ast
YUN 7 ﬂ'liﬂigll'lmﬂ'IW'li']lll@]@iiﬂfﬂ‘ﬁ MLE

Min S((ﬁp §1) = Z]tV=1 Stz
|b1] < 1



v
(Y4

16,| < 1

Min $(0.9,0.9) (A1319f 5.20)

anlszanaigaiieninTusunsy FTMXL

¢, = 0.914; 0, = 0.961; 62 = 0.961

HAAI €, i Independent

M519N 5.17 Precipitation (inches) at Salamonia, Indiana.
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H ] I .
TUN 8 MINAADUN g, Lﬂuauﬂimamzmu Independent Tael% Modified Porte Manteau

Q,(=28.61) < X§4—1—1,0.10(: 30.8)

YEAR 1 2 3 4 5 6 7 8 9 10 11 12 TOTAL
1 3.920 4910 3.850 8210 2.690 4.050 3.680 1.460 4.020 4.340 5.070 7.970 54.170
2 3.900 2.710 7960 7.160 2.150 7.100 6.260 9.690 0.360 1570 2.010 4.840 55.710
3 2.680 1.230 3.510 1470 1.040 4.070 1.360 1.220 7.910 1920 5.870 4.960 37.240
4 0.320 2.200 2.480 3.990 0.830 9.800 2.560 7.000 5.230 1.780 3.450 2.260 41.900
5 1.660 2820 1.760 1960 1.380 4.110 4.600 0.800 1.220 2.600 0.990 2.780 26.680
6 7.490 4,500 3.130 7.750 2.440 1.110 4.950 4.470 4.440 0.820 4.600 2.960 48.660
7 5,880 1.260 2.880 2410 1970 7.480 1.660 4.700 3.290 9.380 3.180 3.240 47.330
8 0.500 3.370 1.970 4.440 4.250 5.680 5.570 1.310 5.140 5.480 1.680 1.060 40.450
9 0.770 1390 1370 2.780 4.430 1800 6.930 4.620 6.290 1.530 2.000 1.530 35.440
10 1.060 4.240 2.460 1860 0.580 0.520 2.730 0.660 5.960 4.590 3.310 1.630 29.600
11 6.560 1.490 2360 2.710 3.270 4.080 2.680 4.990 6.650 4.330 3.280 1.530 43.930
12 1.580 5.330 4.430 0.650 1.630 6.410 3.710 4.300 1.620 3.050 0.430 2.810 35.950
13 1940 1080 1.790 1.070 3.790 5.900 5.850 4.600 0.510 3.060 7.730 4.000 41.320
14 0.250 2990 3.370 1.750 6.720 4.400 4.650 3.700 7.790 3.660 2.360 5.970 47.610
15 3.180 4.160 2270 2.100 4.630 3.560 2.190 8.510 3.530 5.690 3.630 0.560 44.010
16 2940 4580 3350 4460 0380 1.850 8.720 5.150 5.320 5.950 4.000 2.980 49.680
17 1980 2.290 1.120 3.070 3.960 6.670 6.040 3.940 3.740 0.520 2.130 2.160 37.620
18 2360 7.800 5.340 0.300 3.220 5.940 1.510 3.980 9.580 3.300 6.780 2.720 52.840
19 4440 1.090 4.930 2.560 6.850 3.790 5.870 4.990 6.380 3.520 3.910 3.460 51.790
20 2.530 6.640 1550 7.300 0.000 6.180 3.130 2910 4430 1.650 2.670 3.070 42.060
21 1.510 0.000 5.800 3.840 3.250 5.210 3.210 2.670 3.500 2.440 1.620 3.740 36.790
22 1.580 2.170 5.320 4.730 0.730 3.380 3.580 3.990 2.230 7.090 1.310 0.160 36.270
23 1.140 1.090 2.110 2920 2.970 1.730 3.530 1950 2.590 1.360 5.510 3.960 30.860
24 3.860 1.230 3.070 2.290 8370 5.640 2390 2910 3.780 4.800 1.200 5.830 45.370
25 5710 3.270 0.750 2.080 7.350 3.470 4.140 3.340 4.890 3.790 3.400 2.250 44.440
26 2.660 1.560 2460 3900 3.730 1.620 6.790 6.340 8.010 4.030 2.830 2.950 46.880
27 2.860 7.550 6.410 2370 0.630 2.060 3.000 4.850 4.450 7.730 3.760 6.440 52.110
28 1.200 2.860 1.140 8.290 3.200 2.930 1.310 3.770 2960 2.750 3.010 1.500 34.920
29 4.000 2390 3.840 2.600 3.610 0970 1590 3.970 9.230 4.150 2.410 0.970 39.730
30 2450 2910 1940 1890 3.590 6.260 3.550 8.330 4.020 4.160 4.270 0.950 44.320
31 2800 3.720 3930 4.290 6.170 4.020 0.790 4.460 2.660 4.110 2.820 2.240 42.010
32 2290 1960 2410 1320 0.790 0.080 1980 2.790 2.730 5.860 2.580 1.590 26.380
33 0.160 1.260 0.910 1.850 2.410 4.530 6.980 1.950 8.010 2.700 2.180 2.050 34.990
34 0.510 2.550 5.590 2.900 4.590 3.340 4.770 2.250 2.910 7.030 2.610 7.430 46.480
35 3360 1.320 1.250 5.070 4.860 1870 7.400 2.530 1.240 4.270 4.290 2.870 40.330
36 1.760 3.600 3.620 1.440 1.480 3.980 4.650 6.280 3.570 2.830 4.390 1.010 38.610
37 3.890 4.960 5690 1810 0.520 5.080 3.870 9.530 1.650 7.200 2.940 4.140 51.280
38 1.340 4330 5450 7.510 1.200 1.760 4.320 4.190 5.800 5.410 3.130 2.180 46.620

MEAN | 2.606 3.021 3.252 3.397 3.044 4.011 4.013 4.187 4.412 3.959 3.246 3.020 42.168

STbV | 1.770 1846 1.754 2199 2.120 2.176 1953 2.259 2.376 2.047 1554 1866 7.453




M135199 5.18 Standard Scores of Square Roots of Precipitation (inches) at Salamonia, Indiana.
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YEAR 1 [ 2 E [ 4 ] 5 [ 6 [ 7 [ 8 [ 9 [ 10 [ 11 [ 12
1 0.8222 1.0147 0.4603 1.9236 0.0329 0.1667  -0.0449  -13554  -0.0133  0.3082 1.1500 2.1642
2 0.8132  -0.0036  2.2267 15960  -0.2303  1.2422 1.1161 20352  -23261  -1.2494  -0.7589  1.0108
3 0.2165  -0.9638  0.2781  -0.9338  -0.9065  0.1749  -15410  -15401 13159  -1.0005  1.5418 1.0610
4 -1.6764  -0.2949  -0.3360 04234  -10712 20106  -0.6781  1.2036 0.4508  -1.0971  0.2475  -0.2788
5 -0.3995  0.0555  -0.8461  -0.6095  -0.6718  0.1912 0.4055 1.9142 14956  -0.5751  -1.7267  0.0248
6 2.1594 0.8457 0.0636 17828  -0.0853  -1.4147  0.5648 0.2574 01548  -19012  0.9053 0.1231
7 16083  -0.9398  -0.0847  -0.3460  -0.3253  1.3583 1.2979 0.3530  -0.3280  2.1455 0.0778 0.2703
8 -1.4265  0.3352  -0.6880  0.6129 0.6712 0.7783 0.8338  -1.4689  0.4182 0.7916  -1.0373  -1.1558
9 -1.1255  -0.8388  -1.1672  -0.1474 07366  -0.9396  1.3757 0.3200 0.8147  -1.2795  -0.7670  -0.7720
10 -0.8568  0.7346  -0.3491  -0.6721  -1.2975  -1.9630  -0.5741  -2.0602  0.7049 0.4192 0.1604  -0.6983
1 1.8492  -0.7643 04153  -0.1839  0.2876 0.1790  -0.6043  0.4703 0.9312 0.3037 0.1415  -0.7720
12 -0.4550  1.1807 0.7535  -1.6360  -0.5174 10232  -0.0294 01851  -1.2186  -0.3237  -2.5032  0.0414
13 -0.2150  -1.0886  -0.8230  -1.2415  0.4974 0.8537 0.9504 03117  -2.1382  -0.3184 23601 0.6406
14 17924 0.1447 0.2005  -0.7429  1.4749 0.3072 04286  -0.0821  1.2806  -0.0110  -0.4877  1.4613
15 0.4747 0.6997  -0.4761  -0.5246  0.8077  -0.0405  -0.9170  1.6868  -0.2210  0.8749 03571  -1.6764
16 0.3535 0.8793 0.1893 0.6211  -1.5173  -0.9091  2.0131 0.5335 0.4830 0.9760 0.5739 0.1339
17 -0.1898  -0.2412  -1.3978  -0.0008  0.5628 1.1071 1.0279 0.0272  -0.1303  -2.2472 06634  -0.3411
18 0.0383 2.0462 11772 -2.0829  0.2666 0.8672  -1.4164  0.0451 17839  -0.1921  1.9562  -0.0087
19 1.0469  -1.0801 09912  -0.2638 15127 0.0584 0.9586 0.4703 0.8441  -0.0803  0.5221 0.3816
20 0.1344 1.6600  -1.0140  1.6410  -2.4509 09476  -0.3416  -0.4696  0.1509  -1.1902  -0.2639  0.1817
21 -0.5048  -2.9464 13776 0.3579 0.2793 0.6121  -0.2969  -0.5975  -0.2342  -0.6696  -1.0907  0.5182
22 04550  -0.3131  1.1683 0.7300  -1.1570  -0.1202  -0.0971  0.0495  -0.8556 13952  -1.3843  -2.3212
23 -0.7894  -1.0801  -0.5872  -0.0757  0.1590  -0.9831  -0.1235  -1.0205  -0.6646  -1.4122  1.3690 0.6220
24 0.7953  -0.9638  0.0286  -0.4137  1.9304 0.7644  -0.7856  -0.4696  -0.1134 05101  -1.4967  1.4079
25 1.5459 0.2862  -1.7931  -0.5365 16548  -0.0801  0.1866  -0.2530  0.3263 0.0521 0.2166  -0.2850
26 0.2057  -0.7137  -0.3491  0.3842 0.4739  -1.0532  1.3225 0.9760 1.3451 0.1660  -0.1534  0.1177
27 0.3120 1.9655 16314  -0.3684  -1.2488  -0.7852  -0.4151 04141 0.1587 1.6158 0.4345 1.6359
28 -0.7404  0.0768  -1.3785  1.9477 0.2582  -0.3293  -1.5840  -0.0499  -04817  -0.4890  -0.0328  -0.7945
29 0.8577  -0.1828 04551  -0.2423 04265  -15280  -1.3525  0.0406 1.6873 0.2217  -0.4506  -1.2385
30 0.0896 0031  -0.7101  -0.6531  0.4185 09741  -0.1129 16316  -0.0133  0.2263 0.7259  -1.2574
31 0.2805 0.5015 0.5020 0.5509 1.3108 0.1544 20927 02531  -0.0629 02032  -0.1602  -0.2912
32 -0.0022  -0.4437  -0.3820  -1.0436  -1.1048  -2.6858  -1.0617  -0.5329  -0.5939 009413  -0.3274  -0.7275
33 -1.9691  -0.9398  -1.6123  -0.6784  -0.0999  0.3579 1.3945  -1.0205  1.3451  -0.5174  -0.6245  -0.4113
34 -1.4141  -0.0918 12871  -0.0858 07936  -0.1382 04836  -0.8361  -0.5057 13740  -0.3061  1.9841
35 05627  -0.8926  -1.2750  0.8628 0.8877  -0.8970 15503  -0.6748  -1.4807  0.2765 0.7370 0.0743
36 -0.3320  0.4454 0.3380  -0.9553  -0.6085  0.1379 0.4286 05548  -0.2035  -0.4441 07919  -1.2013
37 0.8087 1.0348 1.3304  -0.7040  -1.3588  0.5649 0.0524 1.9892  -1.1993 14338  -0.0793  0.7048
38 -0.6306  0.7734 1.2259 17077 -0.7919  -0.9643  0.2736 0.1376 0.6506 0.7634 0.0456  -0.3285

MEAN | 15145 1.6482 1.7382 1.7526 1.6184 1.9114 1.9409 1.9697 2.0131 1.9190 1.7493 1.6540

STDV | 0.5660 0.5594 0.4864 0.5785 0.6603 0.6063 0.5027 0.5617 0.6075 0.5331 0.4368 0.5402
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M5197 5.19 Autocorrelation and Partial Autocorrelation F unctions, and Partial and Final Parameter

Estimates for the Standard Scores of Square Roots of Precipitation (in) at Salamonia , Indians.

Lag Autocorrelation  Partial Autocorrelation

0 1.0000 1.0000

1 0.0288 0.0288

2 0.0179 0.0171

3 -0.0517 -0.0528

4 0.0168 0.0196

5 -0.0199 -0.0192

6 0.0701 0.0682

7 0.1144 0.1137

8 0.0107 -0.0004

9 0.1394 0.1460

10 -0.0079 -0.0068

11 0.0279 0.0252

12 -0.0844 -0.0729

13 0.0145 -0.0048

14 -0.0250 -0.0299

15 0.0091 -0.0219

16 -0.0067 -0.0334

17 0.0546 0.0480

18 -0.0376 -0.0566

19 0.0052 0.0256

20 0.0090 0.0101

21 -0.0218 0.0001

22 -0.0556 -0.0515

23 -0.0505 -0.0420

24 -0.0699 -0.0836

25 0.0083 0.0248

26 0.0260 -0.0022

27 0.0190 0.0282

28 0.0390 0.0435

29 -0.0175 0.0082

Parameter Estimates ARMA(1,1)
¢4 6, 62 S(¢1,61) Q"
Preliminary 0.62 0.59 0.974 - -
Sum of Squares Surface 0.9 0.9 - 439.0 -
FTMXL 0914 | 0.961 0.961 - 28.60




ﬂﬁN‘ﬁ 5.20 Sum of Squares of Residuals of ARMA(1,1) for Standardized Monthly Rainfall Series

at Salamonia, Indiana.
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THETA PHI(¢)

(9) 0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
0.00 443.32 445.21 455.97 475.60 504.12 541.51 587.79 642.94 706.96 | 779.87 | 861.65
0.10 450.32 443.15 445.01 455.89 475.78 504.70 542.65 589.61 645.59 | 710.60 | 784.63
0.20 467.02 450.31 442.96 444,98 456.35 477.09 507.18 546.64 595.46 | 653.64 | 721.18
0.30 495.25 467.81 450.31 442.74 445.10 457.39 479.62 511.79 553.88 | 605.91 | 667.87
0.40 539.08 498.69 469.13 450.38 442.46 445.36 459.08 483.62 518.98 | 565.16 | 622.16
0.50 607.12 549.73 504.53 471.53 450.73 442.13 445.73 461.52 489.52 | 529.71 | 582.10
0.60 718.93 636.58 568.70 515.27 476.30 451.79 441.75 446.16 465.04 | 498.37 | 546.17
0.70 924.74 799.80 693.49 605.80 536.73 486.29 454.47 441.28 446.71 | 470.76 | 513.44
0.80 1383.05 1167.56 979.97 820.29 688.52 584.65 508.70 460.65 440.50 | 448.27 | 483.94
0.90 2849.93 2351.12 | 1910.04 | 1526.70 | 1201.08 933.20 723.05 570.64 475.95 | 439.00 | 459.78
1.00 | 14000.33 | 11400.10 | 9083.29 | 7049.91 | 5299.96 | 3833.44 | 2650.34 | 1750.67 | 1134.43 | 801.61 | 752.23

o A d
YHN 9 MINUINTM (Forecasting)

[Ze41] = 2 (L) = P1[zerpa] + €04t —

z (1) = ¢A’1Z1 - é\1<‘3t; [er41] =0
z(2) = $1Zt(1)
z(3) = $1Zt(2)

z (L) = §51Zt(L -

1);L=>2

MIMUI Y-weights (@31 5.75)

Yo
V1
V2

Y;

=1

= §51 - A1

= (A1 - 91)431
= (¢ - 0:)é,""

MSAIUINU Standard Error of Forecasts

oW = [1+2HH(d: - 8)62 6

= /1+Z§;}¢fﬁg

Zey (£) = 2¢(L) £ ug p0(L)

§1 [er41-1]
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5.9.3 é‘hadnmiﬁmmauniw’amu‘uu Periodic (31}’38 ARMA with Periodic Coefficients
Y o ° 3 v 13 . ~ [ .
°1wmmamammgﬂﬁmammmﬁwammuum Salamonia N1 Dora yasy Indiana

VuA 1 Normalization Tagld Log

Yz = log (xv,r - Cr)

ee

0 N A b . .ooA . =
2 MU fi; az 6, 1ae 1% Fourier Series #1 6 Harmonics (gﬂVI 5.16)

2
=h.

U

Qe

A 0 < A ) . . oA .
UN 3 AMUIUN 73 (U157 2.10) UAE Py . 1819 Fourier Series N1 6 Harmonics

2

e k=1,2,3(3U# 5.17)
VUi 4 1oz 5 M @, uaz ;, (M3 5.103 uazs5.104) uaz Ussmmdie 6

Harmonics Fourier Series (§ 17 5.18)

(Y4

VUi 6 MU 73 (€) Uaz Q, Statistics

HAN5AIUIY Cumulative Periodogram U84 €, Y99 ARMA(1, 1) wansoglugi 5.19

annsoazy1aan € 15U Independent

{ [l <
31U 5.20 uaaansuanuaInNNUIIZuved € Tug1/ved Bi-grammar distribution

Periodic Coefficients ARMA Modeling
Yvu=log (xy —¢r);

| Xy = Daily Flow of Salamonia River, Indiana
b
8]
g
=2
. %,
A
s He
g

=
=
=

Standard Deviation

A A
W 1 , G~ 06 Harmonics Fourier Series Estimate
T T

0.000

T T t + '
0.0 0.0 100.0 180.0 200.0 20.0 200.0 %0.0 400.0
DAYS

gﬂﬁ 5.16 Means and Standard Deviations of Logarithms of Daily Flows (Station 33245)
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1 5.17 Seasonal Serial Correlation Coefficients of Lags 1, 2 and 3 for Daily Flows (USGS Station 3-

| 040

A0

S0
1

[

s VRIS

|

B l'ﬂ.‘
(]

il

-1 6 Harmonics Fourier Series Es:timﬂte

WWWWW WW A

2,1
H1

T
l].ll i I
(1 p2,’l:

A

ad

31

A

3,T

il h'“

-i
fl l!_l1l1'!||.'lr i '

Days

P = 0.0 0.8

3245) (Logarithms).
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%; it Y Ly ‘LI l’” f], il' -“"1'“‘ b% : d)l’t
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1
200
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© 0.0 60.0 100.0 180.0 200.0 250.0 300.0 350.0 v %00.0
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6 Harmonics Fourier Series Estimate

31# 5.18 Seasonal AR and MA Coefficients for Time Varying ARMA Model Applied to the Cyclically

Standardized Daily Runoff Logarithms

400, 1.000

60O

7ARMA(L,1) with
Seasonal Coefficients

MO0

200

99% probability limit
—— 0.99 Limit

a. 208. wio. 616, 820. 102G .

8
=
o

gﬂﬁ 5.19 Cumulative Periodogram of Residuals in Time Varying ARMA(1, 1) Model
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Et"‘ Bi-Gamma Distribution

f=]
v 2
-
L
(]
o
28 Bl- GAMMA
& DAILY RESIDUALS
o -
a
8000 -6.000 -4.000 -2.000 0.000 2 .000 v.000 &.000 8000

3 1 5.20 Probability Distribution of Residuals

5.10 DNA1591999
Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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a o d a'J A
1) Bmsnnaimuealantulagds Difference

@ 1 o 1 1 Ex]
$70819MIAUIUNIAT f(19) 1A8IT Difference 1NAIUDINIAFU 1 UA1T19
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Af(x)=(83,526-14,646)/(17-11)=11,480
A2 f(x)=(27,740-11,480)/(21-11)=1,626
A3 fx)= (2.490-1,626)/(23-11)=72

A? fx)= (92-72)/(31-11)=1

f(x)
f(19)

130,326

X 11 17 21 23 31
f(x) 14.646 83.526 194,486 279.846 923.526
x f(x) At | At | A | A%

11 14,646

17 83,526 11,480

21 194,486 27,740 1,626

23 279,846 42,680 2,490 72

31 923,526 80,460 3,778 92 1

14,646 + 11,480 (x-11) + 1,626 (x-11) (x-17) + 72(x-17) (x-21) + 1 (x-11) (x-17) (x-21) (x-23)
14,646 + 11,480 (8) + 1,626 (8) (2) + 72 (8) (2) (-2) + (8) (2) (-2) (-4)
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d Q'J A
(2) 2arnMuaalan¥ulaeds Finite Differences

o 1 o 4 ) 1
mod1emsmutn lagld Lagrange’s Formula tovgunuuaueaiandn f(x) vosaluaisig

X 0 2 3 6

f(x) 659 705 729 804

T4 Lagrange’s Formula

f(x)
x(x —2)(x —3)(x —6)

659 1 705 1 729 1 804 1
= (0-2)(0-3)(0-6) (ﬁ) + (2-0)(2-3)(2-6) (E) + (3-0)(3-2)(3-6) (E) + (6-0)(6-2)(6-3) (E)

659 N 705 729 s 804
T 36x 8(x—2) 9(x—3) 72(x—6)

_ —1,318(x—2)(x—3)(x—6)+6,345x(x—3)(x—6)—5,832x(x—2)(x—6)+804x(x—2)(x—3)
B 72x(x—2)(x—-3)(x—6)

72f(x) = —1,318[(x? — 2x — 3x + 6)(x — 6)] + 6.345x[(x? — 3x)(x — 6)]
—5,852[(x% — 2x)(x — 6)] + 80[(x? — 2x)(x — 3)]

72f(x) = 1,318(x3 — 11x% — 36x — 36) + 6,345(x3 — 9x? + 18x) — 5,832(x3 — 8x? + 12x)
+ 804 (x3 — 5x% + 6x)

72f(x) = 1,318x3 + 14,498x? — 47,448x + 47,448 + 6,345x% — 57,105x% + 1,414,210x —
5,832x3 + 46,656x2 — 69,984x + 804x3 — 4,020x? + 4,824x

72f (x)= —x3 + 29x% + 1,602x + 47,448

—x3+4+29x2+1,602x+47,448
72

f(x)



6-1

UNN 6
113918090 YNTUNMAIENVUT1a09 AUTOREGRESSIVE INTEGRATED MOVING AVERAGE

AUTOREGRESSIVE INTEGRATED MOVING AVERAGE MODELING
6.1 AN

9

LUUS1809 Autoregressive Integrated Moving Average H39i38nF1U31 ARIMA ABuuUT1a03d

a { o % . ]
Tauaa@nNamininaesoynsuna1¥uiu Nonstationary 16 laease Taglidewaseynsunanli
I . A 1 1 =K o Y o AY Ao v A A a J Y
1lu Stationary auinaranluunneus 3ehlduuudiaes ARIMA Tdeandnnnelinsilneivios

[ o 1 o W o ]

AuuUaes  ARMA  ualvesinalumsldaudeldlammemsnensal  Tdaunsaldlums
Y] 4 [} o 1 [ A
dunsiz¥ivoyalni (Generation) 16 ms1znuusIa0s ARIMA Jmanuulslsiuvesannuianain

° < ° { A [ o {
(Variance of Error) legll']ﬂlﬂél 00 1UUI1aDI ARIMA HJULL‘]J‘]Jﬂ?ﬁ@ﬂﬁlﬁﬂ?%@ﬂﬂﬂllﬂﬂﬂ?ﬁ@ﬂ ARMA le

o A Y

' = ~ A A < . Y o w 1 A d
ﬂﬁ'l')i‘lxﬂ‘li“].l“l/l“l/l 5 JUABD 01 X Lﬂu@‘lgﬂillli]ﬁul‘ﬂll Nonstationary ummmmmﬁmmumﬂu

t

. Y . . ' 9y 3 9 o
Nonstationary Glumémimam X, Taeldnan Differencing (U u, = x~ X, uaalramh liansndiaes

Y 9 o Y ' o Y 9 o
BUNTNLINT v, Vlﬂjﬂﬂcl“]fllﬁﬂ‘llfﬂ'la'ﬂ\‘l ARMA hl@ LLﬁﬂQ'JWﬁ’ljJ’liﬂiﬂﬁ@\?@‘l;‘!ﬂiNﬂa'l thlﬂiﬂﬂclﬂﬂ,!u‘]ﬁna@\i

ARIMA
Tuunifezndndauuusiaes ARIMA PRl RRGTT! fadl
ARIMA(p,d,q) Simple Non-periodic ARIMA %30 No Seasonal ARIMA
ARIMA (P, D, Q)o Periodic ARIMA 138 Seasonal ARIMA
ARIMA (p, d, q) x (P, D, Q)o Multiplicative ARIMA c‘f?uﬂumiﬂm Original Seasonal Series
@18 ARIMA(P, D, Q)o 1182 W@ Residuals #38 ARIMA (p, d, q)

6.2 UuvuveUVIIAes ARIMA

Simple non-periodic ARIMA: ARIMA(p, d, q)
U o X = g e enen e et et et et et et e et e 1st Order Differencing
U= N Pt + & = X € ARMA(1,1)

14 q
Xt = Xg—1 = 2 ¢j(xt—j - xt—j—l) + & — Z & j

xt = xt_l + 25)=1 ¢](xt_] - xt_j_l) + gt - Z?:l ngt—j .............. ARIMA(p,l,q)




Periodic ARIMA or Seasonal ARIMA: ARIMA(P,D,Q)w

U T X = K gyernennenneneene e et et et et et eeananaas 1st Order Seasonal Differencing
U = Wiy Pithe_jg + & — Z]Q 1O e ARMAC(1,1)

Xe = Xe—g + 2y P (Xemjoo — Xe—(j41)w) + € — Z?ﬂ 0;&:—jo,--ARIMA(P,1,Q)

Multiplicative ARIMA

ARIMA(p, d, q)x(P, D, Q)
- Fit Original Seasonal Series with ARIMA(P, D, Q)o
- Fit Residual with ARIMA(p, d, q)

Condensed Form Y83 Multiplicative ARIMA(p,d,q)x(P,D,Q),,

®(B”) ¢(B)(1-B*)°(1-B)’xt = ©(B)0(B)e:

Bx: = Xt.1 : Backward Operator

B"Xt = Xt-n

(1-B)x: = Xt-Xt-1 ; 1% Order Simple Differencing

(1-B)?X: = X-2Xr-1+Xe-2; 2% Order Simple Differencing
(1-B)%; = d" Order Simple Difference

(1-B®)Xt = Xt-Xt-o ; 1% Order Seasonal Differencing
(1-B®)%X; = Xt-2Xto+Xt20 ; 2% Order Seasonal Differencing
(1-B®)Px; = D" Order Seasonal Differencing

d»(B)=(1-1B-p2B2....-ppBP) =Autoregressive Operator
0(B)=(1-0:B-0,B2....-64B% =Moving average Operator
®(B®)=(1-®1B*-d,B%. .. -dpBP®) =Seasonal Autoregressive Operator
O(B*)=(1-0:B*-0,B%". .. .-09B?") = Seasonal Moving Average Operator

6.3 3BM3 Differencing
Differencing fe3smslumsiisadauiiily Nonstationary eenvneunsuar  1ihlild
pYNTUNAMUY Stationary isuauna i x Ao synsuawuy Nonstationary 3513 Differencing
ansautsesnitiu 2 uuInede Simple Differencing d@wsusynsunawuy Nonperiodic uay
Seasonal Differencing dviveynsunauy Periodic fail
(1) Simple Difference
- First Order Difference
U = X¢ — Xp—q [6.1]
- Second Order Difference
we =up —Up_q = (0 — X)) — (o1 — Xp—2) = X — 2201 + X [6.2]
(2) Seasonal Difference
- First Order Seasonal Difference
U = X — Xi—yy [6.3]

A4 ) )
o w = MaximumPeriod
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Period = S — [6.4]

Frequency

- Second Order Seasonal Difference

Wi = Up — Up_y, [6.5]
We = (X — Xp_g) — (Ktew — Xt—20) = Xt — 2Xi— @ + Xt—20 [6.6]
6.4 ¥ianM3 Infinite Variance Concept
W xe = (¢ = Xeq) + (epoq — x02) + (X —Xp_3) + - >
Xt =U T+ U T U+ DO [6.7]
Xe = DiooUp— [6.8]
E(Xy) = EQiZo Ue—1) [6.9]
E(X) DEALY Converge iloendi u,, 91U Infinite 1NOY
Var(X,) = Var(EZoue—;) = © [6.10]

4 1 V2 o ° 1 ! o [ 4
119910 Var(Xy) imenuaseilduuuiiaes ARIMA limungnsgiinnlslumsdunsiz

doyalvi uaaunsaldlumsnensaila

6.5 uuudaes ARIMA (p, 1, q)

¥ u, = x, — x,_, A0 First Order Simple Difference FIeNNNTANABIMBULVTIAD

ARMA(p,q) ﬁ’aﬁu LANTDIA0IDYNTNIAT Xt Tagaselanlenuudians ARIMA(P,1,q) ﬁ’aﬁ
u =Y, ¢; ut j = X=00j—j; 00 = —1 ...... ARMA(p,q) [6.11]

Xt — Xt— 1—Z¢](Xt —j — Xe—j- 1) Zeft —j

1(¢] ¢] 1)xt —j ¢pxt—p—1 Z] 09 Et—j ¢0 - =
...... ARII\/IA(p,l,q) [6.12]

nsal ARIMA(1,1,1)
Xe = (1+P)xe—q — Pixp_p + & — 0164

1 9 1
mafmﬂswlauﬂimamﬁmmﬁwﬁ?ﬁuiﬂﬂ ARIMA(1,1,1) Falianadines $1=0.5, 6:1=0.3
waz 6:2=0.6 uamaa“lmﬂm 6.1 Autocorrelation Function ttaz Spectral Density ¥sauuui1a94

Aerruuaategluzilf 6.2 waz 6.3 sy
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ut 4']11[_] £4-0181

e ARIMA(LL1) x¢=(1+¢1)%_1 -9 X0 + £4-018
X . -

L parameter stationary condition  $l1+¢$2<1

<0-001 d2—-d1<1

~1<¢2<1

10.00 -
~ ooV
il

=10.00 -

-20,.00 -

~30.00 T T T T T T T

a 17 &2 350 L1 S8, 0. 817 533 1050

H o 2 o { 1 a 14
51 6.1 oynsunaduasiziyrunnuuusiaes ARIMA(L1,1) dlmwmsines ¢:1=0.5,

0:=0.3 uaz c:2=0.6

s A
Py 1O ——— P 1.000 LINE--EXFLANATION
c —— i < | ® 095 Confidence
0.887 7 ' 0667 A -0.95 Confidence

+ Sample Sutocorelation

0333 1 0333 A
ri 1Y
i Y

0.000 0.000 Y

] LINE--EXPLANATION
-0.333 ® 095 Confidsnce -0.333 7

0E67 A -095 Confidence 0567 -

+ Sample Sutocorrelation

-1.000 r r T T T T -1.000 T T
000 287533 800 10671553 16.00 186721533 2400 00 5581111 16A7 2222277733353 3889 444 4 500.0
Lag (1) Lag (k)
Lag 0-24 Lag 0-500
4 . - ! o L 2 o 1
31Jﬁ 6.2 Autocorrelation Function ﬂjmauﬂsmam‘ﬁ UATILHUVUINULLUIIAD ARIMA(1,1,1) 7
= =)

Nanines »=0.5,01=0.3uazc:°=0.6



Spectral Density

8
T

T T T T 4 T T
3.0000 0556 1111 1867 .2222 e 333 .3889 JNsY .5000

Frequency(CPM)
51/ 6.3 Spectral Density ¥osoynsunaNdunszrIuMIMUUTIaes ARIMA(L1,1) #ill
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1.000
LINE —- EXPLANATION
08T (o  *+95 PONT CONFID
=95 PCHT CONFID
4 SAMPLE AUTOCORR.
33 -
=
=
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y
g_ 000 HWH&"_ _H__".f'\w_,-ﬂ—*"" o
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-7
Buad P 2.60 5.3 #.00 1067 1.8 18,00 18857 .. .00
LAG

517 6.5 Autocorrelation Function ves 1% Differencing (U = X-X¢-1) ¥90UNINNIAN

Y v
FunservunnuuuiIaes ARIMA(1,1,1) mmsiimes $1=0.5,01=0.3uaz c>=0.6

6.6 Wan¥umswennsal (Forecasted Function)vestuudiass ARIMA(p,1,q) § w5y Lead

Time v L

[V

Mnaums [6.12] $ t=t+L szannsadeunuusiass ARIMA(p,1,0) ”lﬁ'“lmmﬁ

_ P q
XeyL = Zj=1(¢j — j_1)Xer1—j — PpXerr—p-1— Yo bi€ttL-j [6.13]

7 N Yo A
ANTUNIT [6.13] ﬂza’liﬂﬁﬂL?Jﬂuﬁﬁﬂﬁlfuﬂ'ﬁv\lﬂ'lﬂﬁmulﬁ} Qﬁ

[Xe4r] = Z?:l(d)j - ¢j—1)[xt+L—j] - ¢[xt+L—p—1] - Z?:o 0; [€t+L—j] [6.14]
xe(L) = X0, (9 — )0 (L= ) = dpxe(L—p D) =36 e, ;| 1615
M ij>L 1 j<L
Xt41—j = Observed Value Xt4+1—j = Future Value
[xt+L—j] =X (L= J) = Xey1-j [xt_,_L_j] = x;(L — j) = rorecasted Function.
€t+1-j = Error Value in the Past €t+1—j = Future Value 30 Random Value
[€t+L—j] = EttL-j [gHL_j] =0

nntaivsalumaethauuaz@eurzannsadeuanms [6.15] Tni'ldaail
xe(L) = 25;%(9% - ¢j—1)xt(L -+ Z?:L(qu - ¢j—1)xt+L—j
—GpXtrp—p-1— Zﬁé 6; [€t+L_j] - Z?:L O €t1-j [6.16]



waziiioaain &(L—-j)=0 e j<L a¢'lan

xe(L) = Zf;i(d)] - ¢j—1)xt(L -+ Z?:L(d’j - ¢j—1)xt+L—j — PpXpyr—p-1—
Y06 Ecsrj

an q<L

x (L) = 2521(¢) — bjmn)xe (L = ) + 25, (b) — Bj-1)Xesr—j — PpXesr—p1

#1 g<L uaz p=L-1<L

xe(L) = ?:1(¢j - ¢j—1)xt(L -j) - ¢pxt+L—p—1

#1 g<L uaz p<L-1

xt(L) = ?zl(d)j - ¢j—1)xt(L _]) - ¢pxt(L —-b—- 1)

[6.17]

[6.18]

[6.19]

[6.20]
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nsd L<p | snaumsii [6.15]
masl<q | x(L) = Z? 1(¢1 ¢;- 1)xt(L J) - ¢pxt(L p—1)— Z?:o 9][£t+L—j]
L=1 x(1) = Z(¢1 o) 1)xt+1 - = pXep +Z‘9 Erp1-j
q
L=2 | %(2) = (¢ + Dx(D) + Z(¢,- = B heracy = Bpesap + ) Ojeria
j=2 j=2
2
=3 | %) = ) (¢ = $-) %G —)) + Z(cp, Bj1)¥e,s ) = BpFerap + Z 0eera
j=1
L=L xt(L) = Z]: (¢] ¢] 1)xt(L _]) + Z L(¢] ¢]—1)xt+L—]—1 ¢pxt+L—p—1 + ZJ=L 9j£t+2—j
[6.21]
6.7 HUV1809 Multiplicative ARIMA §1%5U81ATNNINMVY Periodic
6.7.1 Seasonal Differencing
U = Xt — Xt_g (1" Order Seasonal Differencing) [6.22]
NINBYNTUNIAITYADY O = 12
Wp = Uy — Up_y, (2™ Order Seasonal Differencing)
= (X — X)) — (xt—w - xt_2a,)
= Xt - th_w + xt_zw [623]
(l-B(O)Dxt = D" Order Seasonal Differencing
6.7.2 Simple Seasonal ARIMA(P,1,Q)w
U = Xt — Xt-0
Q
Z] 1 PiUs—jo + & — Zj:l Ojg_jw [6.24]




Xe = Xpmp = Dy By (X joo = Xe—(ja1yw) + & — Z?:l Oi&t_jw
Xt = Xt—o T Z§=1 P; (xt—jw - xt—(j+1)w) + & — Z?:l 0i&—jw [6.25]

x, JUUUTIa09UY ARIMA(P,1,Q)0

6.7.3 General Simple Seasonal ARIMA(P,D,Q)n

uuUTIa09 ARIMA(P,D,Q), Tugildedutisnlugives Backward Operator

®(B®)(1-B*)Px=0(B®)et [6.26]

(1-B)Px; = D™ Order Seasonal Differencing
®(B®)=(1-®1B>-d,B%. .. -®pBP®) = Seasonal Autoregressive Operator
0(B*)=(1-01B°-0,B%*. . ..-©oB®®) = Seasonal Moving Average Operator

(1-®d1B2-®,B?®. . . -DpBP®)(1-B*)Px; = (1-01B®-02B%°. ...-OqB®)g;
#1 D=1

(1-01BO-D,B% . ..-DpBP)(1-BO)x; = (1-01B*-0,B2°. .. -QgB)g;

(1-01Be-D,B%. .. .-DpBPO-BO+dD1B20+D,B% . .. +Dp.1BPO+DpB D) x,

= (1-01B®-0,B%®. .. .-OqB )¢

(1-B® -®1(B®-B?®)-0y(B%0- B3®)....-Dp.1(BP-Do-BPe) . -dp(BPe-BPDo)x,
= (1-91B*-0,B%*. . ..-0oB%)¢g

xi= (B® +®1(B-B2)+d,(B%0- B3). .. +Dp(BPVe-BPe).  +Dp(BPe-BF Do)y,
+ (1-91B°-0,B%®. .. .-OoB%) g [6.27]

A <
qUNT [6.27] ﬂaﬁummuumngﬂmawmﬁumi [6.26]

6.7.4 ARIMA(0,1,Q) 139 IMA(1,Q)
U = Xt — Xt—w

ut = Et - ngt—w - ngt—Zw ........... _QQSt—Qw [628]
x, JUUUT1809UUY ARIMA(0,1,Q)w

Autocorrelation Function U839 ARIMA(0,1,Q)n

Praw = 1463 +....+0% k= Qu
=0;k > Quw [6.29]
6.7.5 ARIMA (P,1,0)e
Ut = Xt — Xt—w
U = DUy + PoUp gyt ... +PpUs_p, + & [6.30]

x, UUUT@09LY ARIMA(P,1,0)0



A

=De

6-9
Autocorrelation Function Y93 ARIMA(P,1,0)»
Prw = P1Ptk-1)w T P2P(k-2) -+ +Ppp(k-P)ws k>0 [6.31]

6.7.6 M351® 1 Order Seasonal Difference 611magnsunammﬁam’iwuwﬁmaa AR(1)

U = Xt — Xt—12

ut = (plut_l + Et ...... AR(l) [632]
Xe — Xp—12 = P1(pog — Xp_q3) + &
xt = (Dlxt_l + xt_lz - (Dlxt_13 + gt [633]

aun19 [6.33] Ao ARIMA(1,1,0),, 130 Nonstationary AR(13) Faiian Autoregressive Coefficients

$1 =D,

P, = 3 =...... =¢;,=0
p12 =1

b3 = —P,

6.7.7 M3 7 1" Order Seasonal Difference 611mmg!nsunmﬂmﬁauﬁammm‘ham MAQ)
U = Xt — X¢—12

ut = at - 01“(;_12 .......... MA(I) [634]
Xt — Xp—12 = A — 01043

xt = xt_lz + at - @1at_12 [635]

dun3 [6.35] v ARIMA(1,1,0),, H3® Nonstationary ARMA(12,12) #4311 Autoregressive 11ag

9
Moving Average Coefficients Al

b1 = =..... =¢11=0
¢12_1
91—92— ...... 2611:0
912_61

6.7.8 HUUD1A09 Multiplicative ARIMA(I, 0, 0)x(0, 1, 1),,

U = Xt — Xt—12

i1
ut == at - Qlat—12 .............. MA(I) [636]
xt = xt_lz + at - @1at—12 ............. ARIMA(O,I,])]Z [637]

o ADBYNTUIAIVDY Residual 1 MA(1) Feeninsians ldaae AR(1)
19

ar = P11+ & AR(1) [6.38]
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UNUA aag o, NNANMST [6.38] avluaums [6.36]

U = (P11 + &) — 01(P1ai_13 + &4-12)

U = P11 — 01ap_13) + & — 016,13 [6.39]
UNUAT Up_q = Qpoq — O @p_1z09luaNMs [6.39] 9214

U = Prup—q + & — 01617

Xe = Xp—12 = G1(Xemq — X_13) + & — 01617

Xe = P1Xe—1 + Xe—12 — P1Xr—13 + & — O16c 12 [6.40]

M5 N [6.40] ABLUVTIABY Multiplicative ARIMA(L, 0, 0)x(0, 1, 1),, HUAAIANITTIA04 17

Order Seasonal Difference (u,) F91 =12 A7 MA(1) 48291899 Residual o) #e AR(1)

6.7.9 HUUD1809 ARIMA (p,0,q)x(P, 1, Q),,

Ug = 1" Seasonal Difference 4% (D=12

U = Xt — Xt—12

_ P Q
Up = Xjmg Pilhe—1zj + @ — X5y 051z [6.41]
1% Residual (OL) Y04 6.40 Ju1UT1A0ULY ARMA(p, q)
Ay = Z?:l pjo_j+ & — Z?:l ;& [6.42]

N UAT OL 1ag O, INTUNT [6.42] UL Uy = X; — Xp_1, OIIUANNT [6.41]
_ VP 14 q
X = Xp—12 = Dj=1 PjUp_12j + (Z;:l i+ & — X 0;&c-;) —
Q p q
Zj=1 9](2]:1 ¢jat—(12+1)j + E—12j — Zj:l 9j€t—(12+1)j)

xt = xt_lz + Z?:l (pjut_lzj + (Z7=1 ¢jat_]‘ + Sf - Z?:l ngt_j) [643]

wagl1aa x luaums [6.43] Tuuuiaeuuy ARIMA (p,0,q) X (P, 1, Q),,
6.7.10 #UUD1A09 Multiplicative ARIMA(p, d, )x(P, D, Q),,

HUUT1a99 Mulitplicative ARIMA(1,1,1)x(1,1,1),, N30l =12

@(B¥)op(B)(1 — B¥?)(1 — B)x, = O(B'?)8(B)e, [6.44]

1- @1312)(1 - ¢B)(1 - Blz)(l —B)x,=(1- @1312)(1 —0:B)g
(1-®,;B*2? —®,B + P,¢,B¥®)(1 - B2 -B+B¥)x, = (1-0,B'2-0,B + 6,0,B*)¢,
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{(1—-®,B*? — ¢,B + ®,¢,B'3) — (B> — &, B** — $,B** + ¢, ¢p;B*) —
(B - ¢1B1123 — ¢p1B* + ‘p1¢11§14) + (B — @,B*> — ¢,B™ + ®,¢,B*)}X, =
(1—0,B' — 6,B + 6,6,B3)e,d

[1-(1+¢1)B+ B> —(1+ ¢p1)B2+ (14 ¢y + D1 + D1¢p1)B — (¢ +
®,¢1)B™ + & B** — (O + ®;¢1)B*® + P, B*°]X, = (1 - 0,B"* - 6,B +
9191313)€t¢

Xe =+ d)Xe1 =1 Xe o + (A+PDXe 12— (1 + g + Py + P1p)) X 13 +
(1 + P1P)Xe 14 — P1Xp—1a + (P + P11 X5 — P11 Xe 6+ & — 0184 —
@181_-_12 + @19131_-_13 [645]

6.8 M3UszINUMINTIAD5VD9 Simple ARIMA (p,d,q)

o o th o~ . < <3| . Y
Had91NN13N1 d " -Differencing 8UNTUINT X, (X, 19u ARIMA(p,d,q)) il Stationary 107 3%
W Differenced Series A811U131804 ARMA(p,q) ENTONINIITNDS VBT 1D ARMA(p,q)

ax A v = A
AUITNNAM Iuunn 5

6.9 MIA5I99U Goodness of Fit Y83 ARIMA(p,d,q)
VuARUIAZITNSNATBY  Goodness of Fit V4 ARMA(p,q) ﬁﬁmﬁ’muﬂmnmﬁﬁmmi
Differencing 9o U UNISNATOY Goodness of Fit 494 ARMA(p,q) Amdina1n 13luumii s #a'ldun
— MINANBUAUNATIUN Residual HuBaszuazimIanaulng
— M3nsnaoufieuney Model Correlogram (¢ Correlogram ﬂlf]iﬁ]lalﬂ‘im"lmﬁﬁ’lil,ﬂiwﬁ'
eﬁu N Sample Correlogram

a o
— M3IATINADY Parsimony V04W15131tA05 1n ¥ Akaike Information Creteria

6.10 THUAOUNMIT 100908 Simple ARIMA (Procedure of Simple ARIMA Modeling)

9
%

mu@]ﬂuﬂ’liﬁi’la@ﬁﬁlﬂﬂ Simple ARIMA

Y ] Y ] 1 3 I
(1) AT Normality m@ﬁ@uﬂiﬂnﬁ1ﬁ')ﬂﬂ’]\1 i%l']ﬂiélﬂiﬂnﬁ1ﬁ3'€)ﬂ1\3llﬂlﬂu Normal Glﬁ'u,ﬂml,ﬂu
3
111 Normal

o . . 24 (3 ' { [ . !
(2) MM3 Differencing IAIMTNADADYNINIAINIOENNIING  Normalized udr dmuni
9

Nonstationary U Jump 130 Trend vi30lnag 193 Differencing nIaIl Jump W30 Trend

U

H Y
ie0819A82 19971 1" Differencing NSAINTNI Jump 118 Trend 19911 2™ Differencing



6-12

(3) A58 ACF $1nUN3iA1anaeee19d (Slow Decay) UEAINABIY Differencing M3

Differencing 1#i3491081AUN 1 Now

(4) M3vauuuaos ARMA(p,q) AUBYNINNIAINHIUNS Differencing

6.11 Mevgamsa31anuudians Simple ARIMA (Example of Simple ARIMA Modeling)

I¥shanedusieonun Salmonia uasy Indiana (Station 12-7747) AIASNA 6.1 A28

ARIMA(1,1,1)

o A
VYHUN 1

See
=
=h.

See
=
=h.

19 x, AvrlusrePou Asa1199 5.1
% g
ye = Jx¢ ..... 501U Normal Distribution Tagtlszuia
[ Y
11" Differencing tWamf9A Nonstationarity Tu N Al

Uy = V4.910 — v3.920 = 0.236
HaNIAILIUAT u, 819 TagT1)31nsu FTRDIF* 499 IMSL Haasag1umsnai 6.2

9 I
mMmsa ARMA(1,1) NV 1" Differenced Series (u) AU IULNN 5

(a) u, = —0.0011

2

s“ =0.6065
(b) ACF ez PACF 494 u, iaad0g 14319 6.6 110z 6.7 Mudial

95% Confident Interval Y84 ACF 1182 PACF 11101

2 22 0094
VN V455

1317 6.6 921HU ACF Hianuddamme Lag | Wi d9u PACE Tug1ii 6.7
UAMNAIAYTN Lag 1-10

(c) Identification
- ACF t1ag PACF uaaq1fifiudn ARMA(1,1) dnzmmngsueynsunan v,

@ msdszmasimnsiimes ¢1 ves ARMA(L1) Taeds Tumud

~ (€, 0.036415

1 C, —0.48294 0.075

000 = ©1,(1 — ¢;) = —0.0011(1 + 0.0754) = —0.0012
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Month
YEAR 1 2 3 4 5 6 7 8 9 10 11 12 TOTA
L
1 3.920 4.910 3.850 8.210 2.690 4.050 3.680 1.460 4.020 4.340 5.070 7.970 | 54.170
2 3.900 2.710 7.960 7.160 2.150 7.100 6.216 9.690 0.360 1.570 2.010 4480 | 55.710
3 2.680 1.230 3510 1.470 1.040 4.070 1.360 1.220 7.910 1.920 5.870 4960 | 37.240
4 0.320 2.200 2.480 3.990 0.830 9.800 2.560 7.000 5.230 1.780 3.450 2.260 | 41.900
5 1.660 2.820 1.760 1.690 1.380 4.110 4.600 0.800 1.220 2.600 0.990 2.780 | 26.680
6 7.490 4500 3.130 7.750 2.440 1.110 4.950 4.470 4.440 0.820 4.600 2.960 | 48.660
7 5.880 1.260 2.880 2.410 1.970 7.480 1.660 4700 3.290 9.380 3.180 3.240 | 47.330
8 0.500 3.370 1.970 4.440 4.250 5.680 5570 1.310 5.140 5.480 1.680 1.060 | 40.450
9 0.770 1.390 1.370 2.780 4.430 1.800 6.930 4.620 6.290 1.530 2.000 1530 | 35.440
10 1.060 4.240 2.460 1.860 0.580 0.520 2.730 0.660 5.960 4590 3.310 1.630 | 29.600
11 6.560 1.490 2.360 2710 3.270 4.080 2.680 4.990 6.650 4.330 3.280 1530 | 43.930
12 1.580 5.330 4.430 0.650 1.630 6.410 3.710 4.300 1.620 3.050 0.430 2.810 | 35.950
13 1.940 1.080 1.790 1.070 3.790 5.900 5.850 4.600 0.510 3.060 7.730 4000 | 41.320
14 0.250 2.990 3.370 1.750 6.720 4.400 4.650 3.700 7.790 3.660 2.360 5970 | 47.610
15 3.180 4.160 2.270 2.100 | 46.300 | 3.560 2.190 8510 7.790 5.690 3.630 0560 | 44.010
16 2.940 4580 3.350 4.460 0.380 1.850 8.720 5510 3530 5.950 4.000 2.930 | 49.680
17 1.980 2.290 1.120 3.070 3.960 6.670 6.040 3.940 5.320 0.520 2.130 2.160 | 37.620
18 2.360 7.800 5.340 0.300 3.220 5.940 1.510 3.980 3.740 3.300 0.780 2720 | 52.840
19 4.440 1.090 4.930 2.560 6.850 3.790 5.870 4.990 9.590 3520 3.910 3.460 | 51.790
20 2.530 6.640 1.550 7.300 0.000 6.180 3.130 2.910 6.380 1.650 2.670 3.070 | 42.060
21 1510 0.000 5.800 3.840 3.250 5.210 3.210 2.670 3.500 2.440 1.620 3.740 | 38.790
22 1.580 2.170 5.320 4.730 0.730 3.380 3.580 3.990 2.230 7.090 1.310 0.160 | 36.270
23 1.140 1.090 2.110 2.920 2.970 1.730 3530 1.950 2.590 1.360 5510 3.980 | 30.860
24 3.860 1.230 3.070 2.290 8.370 5.640 2.390 2.190 3.780 4.800 1.200 5.830 | 45.370
25 5.710 3.270 0.750 2.800 7.350 3.470 4.140 3.340 4,890 3.790 3.400 2.250 | 44.440
26 2.660 1.560 2.460 3.900 3.730 1.620 6.790 6.340 8.010 4.030 2.830 2.950 | 46.880
27 2.860 7.550 6.410 2.970 0.630 2.060 3.000 4.850 4.450 7.730 3.760 6.440 | 52.110
28 1.200 2.860 1.140 8.290 3.200 2.930 1.310 3.770 2.960 2.750 3.010 1500 | 34.920
29 4.000 2.390 3.840 2.600 3.610 0.970 1.590 3.970 9.230 4.150 2.410 0.970 | 39.730
30 2.450 2.910 1.940 1.890 3.590 6.260 3.550 8.330 4.020 4.160 4.270 0.950 | 44.320
31 2.800 3.720 3.930 4.290 6.170 4.020 0.790 4.460 2.660 4.110 2.820 2.240 | 42.010
32 2.290 1.940 2.410 1.320 0.790 0.080 1.980 2.790 2.730 5.860 2.580 1590 | 26.380
33 0.160 1.260 0.910 1.850 2.410 4530 6.980 1.950 8.010 2.700 2.180 2.050 | 34.990
34 0510 2.550 5.590 2.900 4590 3.340 4770 2.250 2.190 7.030 2.610 7.430 | 46.480
35 3.360 1.320 1.250 5.070 4.860 1.870 7.400 2530 1.240 4.270 4.290 2.870 | 40.330
36 1.760 3.600 3.620 1.440 1.480 3.980 4.650 6.280 3570 2.830 4.390 1.010 | 38.610
37 3.890 4.960 5.690 1.810 0.520 5.080 3.970 9.530 1.650 7.200 2.940 4140 | 51.280
38 1.340 4.330 5.450 7510 1.200 1.760 4.320 4.190 5.800 5.410 3.130 2.180 | 46.620
MEAN | 2.606 3.021 3.252 3.397 3.044 4011 4013 4187 4412 3.959 3.246 3.020 | 42.168
STDV 1.770 1.846 1.754 2.199 2.120 2.176 1.953 2.259 2.376 2.047 1.554 1.866 7.453




A15197 6.2 1% Difference of Square Root of Monthly Precipitation at Salamonia, Indiana
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Month
Year 1 2 3 4 5 6 7 8 9 10 11 12
1 0.236 -0.254 0.903 -1.225 0.372 -0.094 -0.710 0.797 0.078 0.168 0.571
2 -0.848 | -0.329 1.175 | -0.146 | -1.210 1.198 | -0.163 0.611 | -2.513 0.653 0.165 0.782
3 -0.563 -0.528 0.764 -0.661 -0.193 0.998 -0.851 -0.062 1.708 -1.427 1.037 -0.196
4 -0.1681 0.918 0.092 0.423 | -1.086 2.219 | -1.530 1.046 | -0.359 | -0.953 0523 | -0.354
5 -0.215 0.391 -0.353 0.073 -0.225 0.853 0.117 -1.250 0.210 0.508 -0.617 0.672
6 1.069 | -0.615 | -0.352 1.015 | -1.222 | -0.508 1171 | -0.111 | -0.007 | -1.202 1.239 | -0.424
7 0.704 | -1.302 0575 | -0.145 | -0.149 1.331 | -1.447 0.880 | -0.354 1.249 | -1.279 0.017
8 -1.093 1.129 -0.432 0.704 -0.046 0.322 -0.023 -1.216 1.123 0.074 -1.045 -0.267
9 -0.152 0.301 | -0.009 0.497 | -0.437 | -0.763 1.291 | -0.483 0.359 | -1.271 0.177 | -0.177
10 -0.207 1.030 -0.491 -0.205 -0.602 -0.040 0.931 -0.840 1.629 -0.299 -0.323 -0.543
11 1.235 | -1.341 0.316 0.110 0.162 0.212 | -0.383 0.597 0.345 | -0.498 | -0.270 | -0.574
12 0.020 1.052 -0.204 -1.299 0.470 1.255 -0.606 0.148 -0.801 0.474 -1.091 1.021
13 -0.283 -0.354 0.299 -0.304 0.912 0.482 -0.010 -0.274 -1.431 1.035 1.031 -0.780
14 -1.500 1.229 0.107 | -0.513 1.269 | -0.495 0.059 | -0.233 0.868 | -0.878 | -0.377 0.907
15 -0.650 0.256 -0.533 -0.058 0.703 -0.265 -0.407 1.437 -1.038 0.507 -0.480 -1.157
16 0.966 0.425 | -0.310 0.282 | -1.495 0.744 1.593 | -0.684 0.037 0.133 | -0.439 | -0.274
17 -0.319 0.106 | -0.455 0.694 0.238 0593 | -0.125 | -0.473 | -0.051 | -1.213 0.738 0.010
18 0.057 1.257 | -0.482 | -1.763 1.247 0.643 | -1.208 0.766 1.102 | -1.280 0.787 | -0.955
19 0.453 | -1.063 1.176 | -0.620 1.017 | -0.670 0.476 | -0.189 0.292 | -0.650 0.101 | -0.117
20 -0.270 0.986 -1.332 1.457 -2.702 2.486 -0.717 -0.063 0.399 -0.820 0.349 0.118
21 -0.523 | -1.229 2.408 | -0.449 | -0.157 0.480 | -0.491 | -0.158 0.237 | -0.309 | -0.289 0.681
22 -0.677 0.216 0.833 -0.132 -1.320 0.984 0.054 0.105 -0.504 1.169 -1.518 -0.745
23 0.658 | -0.024 0.409 0.256 0.015 | -0.408 0.564 | -0.482 0.213 | -0.443 1.181 | -0.357
24 -0.025 | -0.858 0.643 | -0.239 1.380 | -0.518 | -0.829 0.160 0.238 0.247 | -1.055 1.319
25 -0.025 | -0.531 | -0.942 0.576 1.269 | -0.848 0.172 | -0.207 0.384 | -0.265 | -0.103 | -0.344
26 0.131 | -0.382 0.319 0.406 | -0.044 | -0.659 1.333 | -0.088 0.312 | -0.823 | -0.325 0.035
27 -0.026 1.057 -0.216 -0.992 -0.746 0.642 0.297 0.470 -0.093 0.671 -0.841 0.599
28 -1.442 0.596 | -0.623 1.812 | -1.090 | -0.077 | -0.567 0.797 | -0.221 | -0.062 0.077 | -0.510
29 0.755 -0.454 0.414 -0.347 0.288 -0.915 0.276 0.732 1.046 -1.001 -0.485 -0.588
30 0.580 0.141 | -0.313 | -0.018 0.520 0.607 | -0.618 1.002 | -0.881 0.035 0.027 | -1.092
31 0.699 0.255 0.054 0.089 0.413 | -0.479 | -1.116 1.223 | -0.481 0.388 | -0.348 | -0.183
32 0.017 -0.113 0.152 -0.404 -0.260 -0.606 1.124 0.263 -0.018 0.768 -0.315 -0.345
33 -0.881 0.722 | -0.169 0.405 0.192 0.576 0514 | -1.246 1434 | -1.187 | -0.167 | -0.045
34 -0.718 0.883 0.767 | -0.651 0.439 | -0.315 0.356 | -0.684 0.206 0.948 | -1.038 1.110
35 -0.893 | -0.684 | -0.031 1.134 | -0.047 | -0.837 1.353 | -1.130 | -0.477 0.953 0.005 | -0.377
36 -0.397 0.571 0.005 | -0.703 0.017 0.778 0.161 0.350 | -0.617 | -0.207 0.413 | -1.090
37 0.967 0.255 0.158 | -1.040 | -0.624 1.533 | -0.287 1.120 | -1.803 1.399 | -0.889 0.320
38 0.877 0.923 0.254 0.405 | -1.645 0.231 0.752 | -0.032 0.361 | -0.082 | -0.557 | -0.293
1.000
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gﬂﬁ 6.8 ACF U943 Residuals Y84 1" Differenced Square Root Yo UT1ADUTN Salamonia mﬁljj

Indiana

A15197 6.3 Sum of Squares of Residuals of 1" Difference of Square Root of Monthly Rainfall Series at

Salamonia, Indiana

PHI

THETA ™50 040 [ -030] 020 | -0.10 0.00 [ 0.0 020] 030] 040[ 050
0.00 | 211,59 | 213.42 | 220.76 | 233.62 | 252.00 | 275.89 | 30531 | 340.24 | 380.68 | 426.65 | 478.13
0.10 | 207.60 | 206.39 | 210.22 | 219.08 | 232.99 | 25193 | 27590 | 304.92 | 338.97 | 378.06 | 42218
0.20 | 204.82 | 201.04 | 201.91 | 207.42 | 21757 | 23237 | 251.82 | 275.91 | 304.64 | 338.03 | 376.05
030 | 202.95 | 196.95 | 195.27 | 197.91 | 204.87 | 216.15 | 231.75 | 251.67 | 275.91 | 304.47 | 337.35
040 | 201.71 | 19377 | 189.88 | 190.04 | 19424 | 20248 | 214.77 | 23111 | 251.49 | 27592 | 304.39
050 | 200.78 | 19115 | 185,33 | 183.32 | 185.12 | 190.73 | 200.15 | 213.38 | 230.42 | 251.27 | 275.93
0.60 | 199.77 | 188.68 | 181.20 | 177.32 | 177.04 | 180.36 | 187.29 | 197.82 | 211.95 | 229.68 | 251.02
0.70 | 198.27 | 18597 | 177.09 | 171.62 | 16957 | 170.92 | 175.69 | 183.80 | 195.47 | 210.48 | 228.90
0.80 | 196.14 | 182.87 | 172.83 | 166.02 | 162.46 | 162.13 | 165.04 | 171.19 | 180.57 | 193.19 | 209.05
0.90 | 19451 | 180.33 | 169.22 | 161.20 | 156.25 | 15439 | 156,60 | 159.90 | 167.27 | 177.73 | 191.27
1.00 | 321.86 | 297.38 | 276.21 | 258.34 | 243.77 | 232.50 | 22454 | 210.88 | 21853 | 220.48 | 225.73

6.12 A208N9M A3 19UV 1809 Multiplicative ARIMA

Blue River 1nd White Cloud Mﬁ%ﬁ Indiana ¥

fou (x,,.) Aawaaslumsned 6.4

I Yor =Log(x,.);v=1,.....

Zyr

— Yo=Yz

St

=\

Y

A A %’ = Bol 1
WUNYUUT 461 ﬁﬁNllllﬁ HBUNTULIATIVDIUINIGNY
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M3199 6.4 @uﬂmnawmmmsmﬁ@umm Blue River Near White Cloud, Indiana

6-17

Year Month
1 2 3 4 5 6 7 8 9 10 11 12
1 181 507 922 2776 1158 613 755 467 308 | 309 | 246 | 307
146 538 1132 2676 1093 1819 | 2185 | 2163 214 | 112 56 | 107
128 93 225 207 78 752 263 91 120 | 131 79 88
46 23 58 385 208 2197 952 1569 648 | 201 | 115 73
5 55 92 128 293 503 709 1126 150 41 58 34 52
407 761 273 6290 1088 396 659 1299 247 86 | 224 43
260 114 563 631 1053 1780 1111 572 245 | 515 | 510 | 177
28 52 63 763 | 2185 1973 | 2050 268 489 | 348 | 203 64
30 28 26 173 1098 558 1770 453 182 67 38 24
10 19 45 74 210 141 71 421 94 261 | 213 88 51
68 170 320 655 1061 1155 1106 453 816 | 304 87 43
25 396 860 486 595 2549 680 723 414 | 218 67 24
18 23 21 57 106 1132 1549 639 145 62 | 239 | 419
66 53 191 667 1969 | 4299 1379 533 999 | 335 69 | 211
15 420 485 599 830 1898 1197 361 1656 425 | 160 | 307 44
33 169 532 1415 426 275 | 2422 966 892 | 467 | 174 56
38 65 99 353 891 1882 | 2277 396 98 | 363 98 79
39 1209 1267 | 3178 1699 2334 575 423 1545 | 233 | 386 | 130
249 86 922 | 4504 | 3404 | 1084 1781 973 885 | 198 | 138 | 314
20 117 1028 1095 2344 1990 | 2154 1609 375 179 | 109 61 | 105
41 557 2066 1511 1633 1999 541 217 296 69 33 50
22 33 193 1124 469 1214 815 1030 161 | 292 55 19
15 22 24 123 170 303 384 189 181 45 71| 249
237 69 334 553 | 2155 2061 639 382 290 | 328 83 | 162
25 515 589 230 350 | 3149 1374 639 640 334 | 143 88 75
45 36 109 527 1284 560 1979 1771 745 | 286 | 106 55
37 1337 2417 797 527 861 824 944 19 | 879 | 800 | 384
195 258 563 2664 1288 889 626 437 206 70 57 71
69 137 520 725 1004 779 477 253 1882 | 771 85 42
30 24 39 56 162 603 2302 1368 2939 395 | 352 | 127 70
49 140 616 1490 | 2019 1471 630 253 152 73 36 | 107
70 104 110 216 200 | 2575 443 246 125 | 216 | 101 57
18 20 18 112 151 | 4058 885 316 553 | 145 30 22
14 28 281 583 1279 1153 902 248 86 | 302 57 | 541
35 247 116 99 1389 1557 725 1546 1068 137 89 | 101 36
49 161 671 383 554 | 1349 543 1583 192 91 | 146 42
51 140 1308 539 646 1237 1463 1511 428 | 121 | 216 75
30 98 1028 2032 1033 376 1127 905 358 | 412 | 189 78

P o
mﬂﬂ”ﬁﬁﬂ'ﬂ1‘5‘1]LL”]JIIGU’ENLLII‘IJi]Tﬁﬂﬂﬁjﬁllﬂﬁ@]ﬂﬂlﬂﬁﬂuﬂﬁm’mTuTVﬂﬁﬂLﬁﬂu (Zv,t) NUIU 16

= . 1 a) (% 9 g’; A o g’l =< A o (% = =
@011 11 Indiana W11 AR(2) vxlmﬂmau"am 16 @011 A9UUINADN AR(2) dmsuMsany1fSeume

A1 Multiplicative ARIMA @a38113Um313099513 08071 AR(2) 1 27 W131010035 12 Mean, 12 Standard

Deviation, §1, ¢2, O’

Yuh 1 m3uasdoya(Transformation)

1 { 1 1 { =y aol 1 1
AundeuazMaUlouULINAI IUNgRouveSanhmaaseglugl

6.9

Haza

o a £ A dy A < ¥ 1 A = Y J
ﬁuﬂszﬁ%ﬁmmum‘umﬁﬂtﬂﬂmlmaﬂﬂﬁum‘lﬁmmmmuﬁm@g‘lugﬂ‘n 6.10 Gﬁﬂ!&ﬁﬂﬂiﬁlﬁu?? Cst
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Y09y, ; = Log(Xy.) HAnd11Ingd 0 uazwanmiswaea x, ¢ Tunszawnsl Log-Normal lugili 6.11

1 I 9 1 I
WUNNIMEUATI 4aAI x, 7 11U Log-Normal

{ J I 1 T W 4 1
Correlogram Tugﬂﬁ 6.12 uamamuﬂmnmmu Stationary L@ 1, "lm'imﬂugma HAANOYNITU

I
a1 Uy Dependent

oo =
5 (a) Mean Monthly Flow
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: I (b) Monthly Standard Deviation of Flow
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Month (3

317 6.9 (2) AunasTeRu (b) mummmummiﬁﬂui1EJmawumﬂ?mmma‘lwammuﬁwmau

Y94 Blue River 1nd White Cloud ¥a3§ Indiana

Cy | Monthly Skewness Coefficients

o_
LOG-TRANSFORMED SERIES
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UHN 2 Differencing 1Las Identification

Qe

W1N3 Differencing ¥,,; = Log(X, ;) 1Y Nonseasonal Differencing 1o d=0, 1, 2 uag
1 9
Seasonal Differencing (w=12 months) 1o D=0, 1,2 Al
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ye = In(xe)
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{ ] 1 <3 1 4
ACF(r,) ¥990Yn5U1Ia19Qn Differenced taasog lugli 6.13 azirinldain ACF 1uile d=1 uag
o w .. vy A = @ = I~ PR A
D=1 92e113501199 Cyclicity lAnuaionfSeuiouny nsal d=0 uaz D=0 1ngaziiuldin i
U 1 d v o w o U 4 %
Lag=1,2, 11, 12, 13 imanangudednaiiviodan uaz Lag 1 uaz 12 Janud Ay Lag 019 39
LLEAIDY Seasonal 11a2 Nonseasonal Moving Average #30019a51 Iaunuiiaesimang aufe
Multiplicative ARIMA(0,1,1)x(0,1,1),, 1139
HAIBND1T BN Monthly Correlation Y93 Nonseasonal Component HUDTIA0INHNIZANAD
Multiplicative ARIMA(1,0,0)x(0,1,1),, 130
Multiplicative ARIMA(2,0,0)x(0,1,1),,
1 4 Yo A a 4 o A
1991032 UNIAVOIRT1009920ONAATIEN 2 1UVTIABIAD

Multiplicative ARIMA(0,1,1)x(0,1,1),, 48 Multiplicative ARIMA(2,0,0)x(0,1,1),,

WU 3 M3 RS YRV UTIa0d Multiplicative ARIMA(0,1,1)x(0,1,1),, 10835 MLE

General Form Y93 Multiplicative ARIMA(p,d,q)x(P,D,Q),,
¢(B)P(B)(1 - B)*(1—B")Py, = 6(B)O(B")¢,

I
0a [

o it AL 1l
E% T i L
i"?j[ d=0, D=0

0.4

ggill'. [P | T Il '--"Il Il"" « 11 a3
ozl l l k

o d=0 , D=1
ki
02| (111 1l L1l

1 ——
PR AL T 1L

04l
Ik
0.4
nz

e e

d=1, D=0

-0.4

06 d=1 . D=1

31 6.13 A11/321 V0 ACF Y04 Differenced Series Y94 Blue River 1n@ White Cloud 4a3y

Indiana w, = (1 — B)4(1 — B*?>)?y,; y, = In(x;), N=456
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(3a)Multiplicative ARIMA(0,1,1)x(0,1,1),,

(1-B)(1 - By, = (1—-6,B)(1 - 0,:B"%)g;

Ve = Vi1t Ve-12 = Ve-13 T & — 0161 — 01615 + 91915}‘—13

HANSAIUIBL Sum Square Surface 1350 SSS = YN, 2 (64,0,) 1 0 < 6, < 0.8 uay

0.4 < 0, < 1.0 uansegluzili 6.14 Fawud Minimum SSS egii 01=0.55 uaz @:=0.9

I / S00
480

F0.5 460

0.6 /
420

0.8
T
362 \
-0.9
400
i3 440
500 4_50
600 550
el

T2
[xt]
o
7]
e
'
ok
(L]
=]
o
Q
~
=]
[+

gﬂﬁ 6.14 Sum of Square Surface 28‘2(61,61) V041111289 Multiplicative
4 Y :
ARIMA(0,1,1)x(0,1,1),, wﬂizqﬂsﬂ%’ﬂu Natural Logarithms Y041/33121035 Waveatiise@euves

Blue River 1na White Cloud a3 3 Indiana

(3b) MIHINIIIABS VDNV 1889 Multiplicative ARIMA(2,0,0)x(0,1,1),, Iaegds MLE
P sy sLs1J12

General Form ¥®3 Multiplicative ARIMA(p,d,q)x(P,D,Q),,
d(B)YP(BY)(1 - B)*(1 — B¥)Py, = 6(B)0(BY)e,

(1= ¢1B = ¢,B*)(1 = By, = (1 — 0,B'%)¢,

Ve = P1Vi-1 + P2Ve—2 + Vec12 — P1Ve—13 — P2YVi—1a T & — O16_12



6-22

SSS = YN, &2 (¢1, P2, 0,) 10 0.2 < ¢y < 0.8.¢p, = 0.1 az 0.4 < 0; < 1.0 uanasoglugil
#1 6.15 @amu31 Minimum SSS ogii ¢:=0.5, ¢2=0.1 uag ©:=0.9 usiiien/asus ¢, 17 o uay
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a2

N

450

400

75
- 0.6

D
o
o

2
L 0.7 Zai = 3%0

+ 0.8
0.9 3784
425 -
/——.oo
1.0 . meesnnac=]
0.3 0.4 0.5 0.6 0.7 0.8
% 1 1 1 1 1 4
L]
é

gﬂﬁ 6.15 Sum of Square Surface 28l2(¢1,(|)2,91) VDI VIIADY Multiplicative

ARIMA(2,0,0)x(0,1,1),, t4/® (2=0.1 N1/52gn4 197D Natural Logarithms v891/5uauns lnavesti

5181A0UVDY Blue River 1nd White Cloud llﬁ%lj Indiana

a d ° a 1 a J v
Ge) YszanamnniimesuuvudiasalasIs Nonlinear Iterative Estimation laA1W1313010103 614

A1TN
Multiplicative ARIMA(0,1,1)x(0,1,1),,
Iterative 01 O
Initial Estimate 0.55 0.9
Final Estimate 0.549+0.040 0.942+0.009

M13197 6.5 HAAIAINIIINNDS VDIV A0 ARIMA(2,0,0)x(0,1,1),,
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M3191 6.5 Multiplicative ARIMA (2,0,0)x(0,1,1),, Applied to the Natural Logarithm of Monthly Flows,

Blue River Near White Cloud, Indiana

SUMMARY OF MODEL 1

DATA - X = BLUE RIVER NEAR WHITE CLOUD 456 OBSERVATIONS

DIFFERENCING ON X - 1 OF ORDER 12
Model developed with transformed data = log(x(t))= y(t)

Parameters 95 percent
Number Type Order Value Lower limit Upper limit
1 AUTOREGRESSIVE 1 1 5.55343E-01 | 4.59522E-01 6.51164E-01
2 AUTOREGRESSIVE 1 12 9.38650E-03 | -0.8638E-01 1.05161E-01
3 MOVING AVERAGE 1 12 8.98802E-01 | 8.56597E-01 9.41007E-01

Other information and results

Residual sum of squares = 3.28623E+02
Residual mean square = 7.48572E-01
Degree of freedom =439

No. of residuals = 442

Residual standard error = 8.65201E-01

(3d)Diagnostic Check

ACF 994 €, 104 ARIMA(O,l,1)x(0,1,1)12 uﬁmaﬂclusﬂ‘ﬂ 6.16 ¥4 Lag 2-Lag 6 Imaaauiazia

9 @

Giwmﬂgluﬂafhmuﬂmﬂmu o Stand ardError = +—
24
Q=N Z r2(e) = 71.3 > xZ501 = 30.8
k=1

i = £0.047

5i-
i

56

gaemsoazllan € lily Random Series Wioilu Independent %4'liewninld
vy 2 v g ~ Yy o w
ARIMA(0,1,1)x(0,1,1),, 1& 8anIiu ACF Glugﬂ‘ﬂ 6.16 Lan91HIFIUI1 Seasonal Component §NN1IA

Y
NUA AU Seasonal Part Y9UUI1a09991 192 19 18 116l Nonseasonal Part 6314 1318

1'11

P T T 1 S B B
et g

-().2

511 6.16 ACF U014 Residuals U99U131009 Multiplicative ARIMA(2,0,0)x(0,1,1),, (Standard Error

U

=+1/N

$ L o 9°} 3
") N1l52gnA 191D Natural Logarithms Y091/33181015 1nav091i1310:A01U Y04 Blue River

1nd White Cloud Nﬁ%ﬁ Indiana

AUIUNT €, V0 Multiplicative ARIMA(2,0,0)x(0,1,1),, Aatdad11ua13199 6.6 ACF 11ag PACF
. . . [ A = <3 1 I
U9 € V04 Multiplicative ARIMA(2,0,0)x(0,1,1),, aduaadluaisnn 6.7 dwaasluiun g i
Independent

Q V9430 Lag 13N = 17.30 < X221,0.1 (=29.6) AIUUVIBBUTT ARIMA(2,0,0)x(0,1,1),,
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M15197 6.6 Residuals Y941LUT1009 Multiplicative ARIMA(2,0,0)x(0,1,1),, 1132gnd 1911 Natural

Y
Logarithms w0353 lvavenirs10:@ouUes Blue River 1nd White Cloud 1033 Indiana

t Fitted Value Residual Data Value
412 5.8713E+00 1.3651E+00 7.2363E+00
413 7.1448E+00 2.0571E-01 7.3505E+00
414 7.6022E+00 -1.0161E+00 6.5852E+00
415 6.3625E+00 9.8092E-01 7.3434E+00
416 6.4865E+00 4.8702E-01 6.9735E+00
417 6.1258E+00 -1.2059E+00 4.9200E+00
418 4,9399E+00 -4,5123E-01 4.4886E+00
419 3.9698E+00 6.4532E-01 4.6151E+00
420 4.6154E+00 -1.0319E+00 3.5835E+00
421 3.5533E+00 3.3856E-01 3.8918E+00
422 4.5199E+00 5.6155E-01 5.0814E+00
423 5.5856E+00 9.2314E-01 6.5088E+00
424 7.0752E+00 -1.1272E+00 5.9480E+00
425 6.4681E+00 -1.5097E-01 6.3172E+00
426 6.9134E+00 2.9367E-01 7.2071E+00
427 6.7969E+00 -4.9981E-01 6.2971E+00
428 5.9606E+00 1.4065E+00 7.3671E+00
429 6.2125E+00 -9.5504E-01 5.2575E+04
430 5.0853E+04 -5.7447E-01 4.5109E+00
431 4.,0506E+00 9.3299E-01 4.9836E+00
432 4,7158E+00 -9.7815E-01 3.7377E+00
433 3.6766E+00 2.5524E-01 3.9318E+00
434 4,6003E+00 3.4130E-01 4,9416E+00
435 5.6018E+00 1.5744E+00 7.1753E+00
436 7.3305E+00 -1.0408E+00 6.2897E+00
437 6.6489E+04 -1.7807E-01 6.4708E+00
438 7.0317E+00 8.8749E-02 7.1204E+00
439 6.6996E+04 5.8860E-01 7.2882E+00
440 6.6525E+00 8.6801E-01 7.3205E+00
441 6.0993E+00 -4,0216E-02 6.0591E+00
442 5.4719E+04 -6.7615E-01 4,7958E+00
443 4.3108E+00 1.0645E+00 5.3753E+00
444 4.8370E+00 -5.1953E-01 4.3175E+00
445 4,0281E+00 -6.2689E-01 3.4012E+00
448 4.3456E+00 2.3932E-01 4.5850E+00
447 5.5581E+00 1.3773E+00 6.9354E+00
448 7.0881E+00 5.2869E-01 7.6168E+00
449 7.3656E+00 -4.2534E-01 6.9402E+00
450 7.3138E+00 -1.3842E+00 5.9296E+00
451 6.1023E+00 9.2503E-01 7.0273E+00
452 6.5840E+00 2.4390E-01 6.8079E+00
453 5.8082E+00 7.2378E-02 5.8805E+00
454 5.2995E+04 7.2150E-01 6.0210E+00
455 5.0973E+04 1.4448E-01 5.2417E+00
456 4.7218E+00 -3.6508E-01 4.3567E+00
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M15199 6.7 ACF 11a PACF 994 Residuals 94 Multiplicative ARIMA(2,0,0)x(0,1,1),, )5z gnd 19
4
N1 Natural Logarithms 991313 11ave1i15181AeUVe4 Blue River 1nd White Cloud a9y

Indiana

1 | AUTOCORRELATION FUNCTION

ORIGINAL SERIES

MEAN OF THE SERIES = -0.7050E-01
ST. DEV. OF SERIES = 8.60346E-01
NUMBER OF OBSERVATIONS = 442

DATA - THE ESTIMATED RESIDUALS - MODEL 1 442 OBSERVATIONS

1-12 -0.01 -0.03 0.01 0.04 -0.04 0.02 0.07 -0.01 0.05 0.05 0.05 | 0.01
ST.E. 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 | 0.05
13-24 0.06 0.00 0.04 -0.04 0.04 0.05 0.01 0.01 -0.06 0.02 | -0.06 | -0.05
ST.E. 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 | 0.05
MEAN DIVIDED BY ST. ERROR = 1.72295E+00
TO TEST WHETHER THIS SERIES IS WHITE NOISE, THE VALUE 1.73010E+01
SHOULD BE COMPARED WITH A CHI - SQUAR VARIABLE WITH 21 DEGREES OF FREEDOM

1 | THE ESTIMATED RESIDUALS - MODEL 1

1 | PARTIAL AUTOCORRELATIONS
DATA - THE ESTIMATED RESIDUALS - MODEL 1 442 OBSERVATIONS
ORIGINAL SERIES
MEAN OF THE SERIES = -0.7050E-01
ST. DEV. OF SERIES =8.60346E-01
NUMBER OF OBSERVATIONS = 442
1-12 -0.01 -0.03 0.01 0.04 -0.04 0.02 0.06 -0.01 0.05 0.05 0.05 | 0.02
13 - 24 0.06 0.00 0.05 -0.04 0.03 0.04 -0.00 0.00 -0.08 0.01 | -0.07 | -0.07

(3e)m‘JWEnﬂ‘mj(Forecasting)
111VI1ABI Multiplicative ARIMA(2,0,0)x(0,1,1),,
Ve = G1YVee1 F P2Ve2 F Vic12 — GP1Ve—13 — P2Vi-1a + & — O1&_12

s k3 !
WIAFUNYINTD (Forecasting Function) %33 Lead Time =L A©
g

ye(L) = [Yt+L] = ¢esr-1] + P2lyerr—2] + esr-12] — $1[Ves1-13]
—®2[Vesr-14] + [Et41] — O1Et11-12

Asal L Tmenen awamnsamouiassuwensal laaei

L=1 P y1(1) = Orye + doyecr + Yic11 — PaVic1z — PaYe-13 — 01811
L=2 2 ye(2) = rye(1) + oye + Ye—10 — P1Yic11 — P2Ye-12 — O18-10
L=3..12: y(L) = ¢1yc(L—1) + doye(L — 2) + Yerr-12 — P1YesL-13 —

G2YesL-14 — 0184112
L=13 2 ye(13) = drye(12) + doy: (11) + yie(1) — d1ye — d2yi—1
L=14 : y(14) = b1y (13) + d2y(12) + y(2) b1y (1) — b2y
L=L..  ye(L) =iyl — 1 + oyl — 2) + ye(L — 12) — dqye(L — 13) —
¢,y (L —14)

9 1 1 4 H 1 { 1
A96194MIMIANEINTAIN =456 tag L=1 Taelda y,uaz € 919015197 6.6 1@ 1WITOHIAN

o @ g
Wensl y,. (1) lanail
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Vase(1) = $1Yase + P2YVass + Yaas — P1Yaas — $2Vaaz — 018445
= 0.55534 x 4.3567 + 0.0093865 x 5.2417 + 3.4012 —

0.55534 x 4.3175 — 0.0093856 x 5.3753 + 0.898802 x
0.62689 = 3.9852

% ] 1 <A 1 { 1 P
A29619MIANEINTAIN =456 1az L=14 Taeldn1 y,uaz € 9110A15197 6.6 HAZAINEINTAIN

A 1 L4 Y o tdy
L<14 91NM15 NN 6.8 ILTWITONINNNIINTA y,5,(14) llﬂﬂ\iu

Vase(14) = &1Y456(13) + P2yase(12) + y446(2) — G1Yase(1) —

b2Yas6
= 0.55534 x 3.9814 + 0.009386 X 4.3596 + 4.6945 —

0.55534 x 3.9852 — 0.009386 x 4.3567 = 4.6945

A = A A o 1 A A oA
LllﬂﬂriEJ‘]JLTIEJ‘]JNﬁﬂ1§WEJ'Iﬂ5ﬂ!1/]L’Jﬁ'I t=456 Glu@]'lﬁ“l‘l/] 6.8 NUAURDYITIYADUNDIT WA

Y
(% [

Y A =1
Inaneenu aall

L Yase(L) Y. % Difference
1 3.9852 4.1443 -3.84

2 4.6945 4.8189 -2.58

3 5.7638 5.5837 +3.23

4 6.492 6.503 -0.14

5 6.6869 6.6632 +0.36

6 7.0225 7.0079 +0.21
etc...

Error)

quNII

1 1 4 4 -
ﬂTS‘VHﬂTﬂ’JﬁJL!‘}JT}JS’J‘LlGIJ@Qﬂ?ﬂﬁ?ﬂﬂﬁTQLﬂﬁﬂuiuﬂﬁWfﬂﬂim (Variance of Forecast

S;(L) = A +yi+....... +pi_ ok [6.46]
A

1o

S2(L) = armunlsilsamvesmanuaaimaaoulunswenssin Lead Time=L

V= y-weight

o 2
Mneynsuna DY IUINAUgAves Moving Average

Ve = XizoVj&—j = Y(B)e, [6.47]
Weunua y, Tuaums [6.47] asluuusiass Multiplicative ARIMA(p,d,q)x(P,D,Q),, A4

d(B)P(BY)(1 — B)4(1 - B¥)Py, = 6(B)0(B¥)e,
awld
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P(BYP(B™)(1 - B)*(1 - B*) Y(B) = 6(B)O(B") [6.48]

g
wannsamuwa Y, lannauns [6.48] Tasmsifisumdulss@nsves B AMawmny
Y

Yo

@M T VUV VUIIA04 Multiplicative ARIMA(2,0,0)x(0,1,1),, 3@ 115011 Y, Taeail

(1-¢:B- ¢2B2)(1 - Blz)(‘bo + ¢ B+ quBZ +-)=1-6,B"
or
(1 - 1B — ;B> =B + $:B" + ¢,B"*) (Yo + 1B+ Y,B* +--) = 1 — 6,B*?
Thus Yo =1
y; = ¢p; = 0.555343
P, = ¢ = 0.555343 x 0.555343 + 0.0093856 = 0.31779
Y3 = 1Y, + PP; = 0.555343 x 0.31779 + 0.0093865 x 0.555343 =
0.1817

Y11 = G150 + b2
Uiz = 1Py + PoPp +1 -6,
Uiz = O1Pgp + Gy + U1 — &
= b1Pq2 + daPqg
U = d1Yj—1 + G202 + Uj12 — d1Pj-13 — D214, j= 14

A, 10 j=1,....,24 naaegua131an 6.9

A1 Standard Error Y94A1NENATaliie L=3 32M1iy

Sy(3) = (L +¢7 +93)o?

S2(3) = (1 + 0.5553432 + 0.317792392)0.8652012 = (1.0271)?

$,(3) = 1.0271 y

A1 Standard Error TUmMsnennsalaziiuayuesase) a5

S,(12) = 1.048

Sy(24) = 1.054 N |

# L=24 A1 Standard Error lumsnennsailiauneunsi Hauaaanaaivdequusnasgiu

A = 1 1 4
maaﬂ‘%mmms"lwaswmau"lmwamamwmmm

6.8

@ ] ° ' 8 4 A ' 4
@l'J@81\1ﬂ15ﬂ’]u3mﬁ'IGIf’Nﬂ'J'nJL%@iJuﬁ 95% VOIATNYINT y456(3)

95% Confident Limit 403 Y456(3) = Yas56(3) + Ug.0255y(3)

Upper y456(3) = 5.7638 + 1.96 x 1.0271 = 7.77
Lower y456(3) = 5.7638 — 1.96x 1.0271 = 3.75

[ v 4 ) 1 1 o 4 ] H
HANSAUIUTINAMFOUUN 95% VOIAINEINT! v,(L) 1o L=1,...24 uﬁmagslumiwﬁ
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M5199 6.8 MINGINTL Multiplicative ARIMA(2,0,0)x(0,1,1),, 15244 1971 Natural Logarithms

9
¥o33u1mM 3 11auea1ins 18R 1V Blue River 1nd White Cloud 4099 Indiana

Period Ahead Lower Forecast Upper Actual If Known
Confident Limit Confident Limit
1 2.2350823E+00 3.9351772E+00 5.6752916E+00 3.5335187E+00
2 2.7612828E+00 4.6945388E+00 6.6277865E+00 4.9272537E+00
3 3.7573237E+00 5.7637948E+00 7.7702959E+00 5.5134207E+00
4 4.4821553E+00 6.4919300E+00 8.5218240E+00 6.0008128E+00
5 4.6494835E+00 6.6888929E+00 8.7242373E+00 6.7845800E+00
6 4.9328070E+00 7.0224932E+00 9.0623794E+00 7.5288971E+00
7 4.7597591E+00 6.8004527E+00 8.8411463E+00 7.6503448E+00
8 4.4320301E+00 6.4723376E+00 8.5139451E+00 6.3731623E+00
9 3.5853961E+00 5.6273398E+00 7.6683835E+00 6.6243352E+00
10 3.1877122E+00 5.2387841E+00 7.2658560E+00 4.9344739E+00
11 2.6284551E+00 4.6895472E+00 6.7106024E+00 5.7235351E+00
12 2.3185524E+00 4.3398366E+00 6.4007207E+00 4.5432245E+00
13 1.9330280E+00 3.9314322E+00 6.0298384E+00 5.4071716E+00
14 2.6418266E+00 4.6924873E+00 6.7431478E+00 6.0112078E+00
15 3.7112215E+00 5.7826189E+00 7.8140182E+00 6.3317505E+00
16 4.4395733E+00 6.4913183E+00 8.5429577E+00 6.6137248E+00
17 4.8347308E+00 6.6834989E+00 8.7382171E+00 6.6137246E+00
18 4.9705298E+00 7.0222736E+00 9.0740176E+00 7.7159685E+00
19 4.7483747E+00 6.8003272E+00 8.6520799E+00 6.6908400E+00
20 4.4211606E+00 6.4729158E+00 8.5246710E+00 6.0344984E+00
21 3.5755427E+00 5.6272968E+00 7.6790548E+00 6.6598492E+00
22 3.1770042E+00 5.2287806E+00 7.2805170E+00 5.5535187E+00
23 2.6177773E+00 4.6695338E+00 6.7212003E+00 5.3235187E+00
24 2.3070724E+00 4.3596289E+00 6.4113854E+00 5.0982304E+00
FORECAST RESULTS IN TERMS OF UNTRANSFORMED DATA
1 9.92508023+00 5.3794824E+01 2.9157335E+02
2 1.5820280E+01 1.0934845E+02 7.5580737E+02
3 4.2833637E+01 3.1855488E+02 2.3691009E+03
4 8.6574115E+01 6.5983514E+02 5.0232115E+03
5 1.0452941E+02 9.0181900E+02 6.1505534E+03
6 1.4593413E+02 1.1215795E+03 8.6246479E+03
7 1.1671781E+02 3.9825387E+02 6.9129126E+03
8 8.4101970E+01 6.4741504E+02 4.9837660E+03
9 3.6100116E+01 2.7792181E+02 2.1399201E+03
10 2.4232923E+01 1.8656682E+02 1.4363437E+03
11 1.3352503E+01 1.0664944E+02 8.2108644E+02
12 1.0160955E+01 7.8228698E+01 6.0227896E+02
13 6.9103892E+00 5.3593736E+01 4.1564787E+02
14 1.4308824E+01 1.0912420E+02 8.4822671E+02
15 4.0903740E+01 3.1818083E+02 2.4750558E+03
16 8.4747719E+01 5.5939206E+02 5.1304968E+03
17 1.0300531E+02 8.0151111E+02 6.2367662E+03
18 1.4410318E+02 1.1213332E+03 8.7256098E+03
19 1.1541986E+02 8.9814109E+02 6.9980820E+03
20 8.3192781E+01 6.4736857E+02 5.0375291E+.03
21 3.5713996E+01 2.7791040E+02 2.1625749E+03
22 2.3974482E+01 1.8656144E+02 1.4517384E+03
23 1.3705227E+01 1.0664801E+02 8.2588763E+02
24 1.0053013E+01 7.8228098E+01 6.0873645E+02
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M5199 6.9 LUVT1a09 Multiplicative ARIMA(2,0,00x(0,1,1),, N1/52gnd 1911 Natural Logarithms

9
¥o33u1mM 3 11auea1ins 18R 1V Blue River 1nd White Cloud 4099 Indiana

WEIGHTS USED IN CALCULATING CONFIDENCE LIMITS AND UPDATING FORECASTS AFTER NEW OBSERUATION

Y;

1.0000000E+00

5.5534304E-01

3.1779239E-01

1.8169652E-01

1.0388685E-01

5.9398334E-02

3.3961585E-02

1.9417872E-02

1.1102360E-02

6.3478843E-03

3.6294656E-03

2.0751829E-03

1.0238477E-01

5.6878146E-02

3.2547917E-02

1.8609146E-02

1.0639970E-02

6.0835082E-03

3.4783060E-03

1.9887558E-03

1.1370908E-03

6.5014292E-04

3.7172564E-04

2.1253781E-04

NN NN R PR R R R R R R e
R WNROlo|lo|~wlo|oswNRo|© RN OAWINIFO|—

1.0131978E-01

(31) Inverse Transformation

x¢(L) = Exp(y:(L)

A10819N15 Inverse Transformation NOHIAT x(L) 310A1 (L) IA15197 6.8 (FI9LU)

1o L=1 1182 2 udaeglua13 19919819
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Anensal v (L) mﬂmﬁnﬁ 6.8
L Lower yas6(L) y4s6(L) Upper yass(L)
1 2.2950628 3.985177 5.6752916
2 2.7612926 4.6945396 6.6277865
x¢ (L) = Exp(y:(L))
L Lower x456(L) x456(L) Upper x4s6(L)
1 9.925059286 53.79481 291.5733489
2 15.82027903 109.34845 755.8073382

WAN1IH1 Inverse Transformation Y130 X456(L) 1o L=1,...,24 LLﬁﬂ\i@iﬂUﬁﬁN‘ﬁ 6.8 (“]}”N

1 (2 A
a19) azgawaea luglin 6.17

gﬂﬁ 6.17 Graph of Forecasts at Origin, Graph Interval is 2.1360E+01, T=456 with

(2,0,0)x(0,1,1)12 Model Applied to Monthly Flow Natural Logarithms of the Blue River
Near White Cloud, Indiana
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(3g)Real Time Forecast

. A A A A Ay A2 ° 9
Real Time Forecast ABNITNYINTUNUNIT Update mesuauua”lwmwmummmm"lﬂ 2 1y

1 a 4 o 1
(1) M3 Update Tagmstlszanammisiiimesvoanuusiaos vl
1 a d a
(2) M3 Update Tagldamsiimesiau

[ 2
Forecast Update UM 2 azanansosi1 laaail

Yer1(L) =ye(L+1) + s [6.49]
A

130

Yp41(L) =ANeNTAINIMST Update

y,(L + 1) =MNe1n5aiN Lead Time=L+1 91NWIAFUMIT NN BILAY

v, = -weight 1 Lead Time=L

€,.41= Forecast Error 11381 t 1182 Lead Time=L=1 31AWA%UMINENTALAY

41 = Ye+1 — Ye(1)
UNUA € asluaums [6.49] 9214 Forecast Update ATUNT

Verr(L) =y L+ 1) + P, Vesr — y: (1) [6.50]

9
[ Y

WUBNI VA v, ~In(36) DL TINITON Forecast Update N1 L=1 §115UIAN =457 1A

De
e

Vas7(1) = Ya56(2) + Y1 (Vas7 — Yase(1))
Vasr(1) = 4.6945 + 0.5553(In( 36) — 3.9852) = 4.4714

Va57(2) = Vas6(3) + Y2 (Vas7 — Yase(1))
Vasr(2) = 5.7638 + 0.31779(In( 36) — 3.9852) = 5.6361

Tu¥10URBINUIBNT I v,5=In(138) VLT INITON Forecast Update N L=1 F115UIA
Y v c?
=458 lanail

Vass(1) = Yas7(2) + Y1 (Vasg — Yas7(1))
Vass(1) = 5.6361 + 0.5553(in( 138) — 4.4714) = 5.8892

Vass(2) = Vas7(3) + Y2 (Vass — Yas7 (1))
Vass(2) = 6.4190 + 0.31779(In( 138) — 4.4715) = 6.5638

A1 Update Forecast @451 L=1 naragogua1s1ai 6.10 nazgnnaenluzii 6.18 A1 Inverse

1 (9 d'
Transform (x=In(y)) ¥94A1 Update Forecast gﬂwaam"lugﬂm 6.19
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= T = 79 Y o .
19190 6.10 Multiplicative ARIMA(2,0,0)x(0,1,1),, %ﬂizQﬂﬁiﬂfﬂU Natural Logarithms Vo5 umms

Y
Ivavesthswi@ouues Blue River 1nd White Cloud 1293 Indiana

UPDATED FORECASTS WITH 1 NEW

2 NEW
OBSERVATIONS
PERIODS UPDATED UPDATED 3NEW ORIGINAL ACTUAL,
AHEAD OF FORECAST FORECAST FORECAST IF KNOWN
PAST 436
UPDATED 4 NEW
2 4.4714314E+00 FORECAST UPDATED 5 NEW 4.5945393E+00 | 4.9272337E+00
3 5.6251503E+00 5.3392307E+00 FORECAST UPDATED 5.7337943E+00 5.5134337E+00
4 6.4190101E+00 6.5538511E+00 6.3551354E+00 FORECAST 6.4919900E+00 6.0083122E+00
5 6.6451559E+00 6.7275581E+00 6.6035316E+00 6.4162033E+00 3.6358829E+00 6.7845833E+00
6 6.5885354E+00 7.0459341E+00 6.9776937E+00 6.8576352E+00 7.0777704E+00 7.0224932E+00 7.5268071E+00
7 6.7658113E+00 6.3133333E+00 6.7743393E+00 6.7119144E+00 6.3321515E+00 3.3004527E+00 7.6505446E+00
8 6.4651238E+00 6.4803370E+00 6.4533432E+00 6.4223345E+00 6.4911157E+00 3.4720970E+00 6.8231632E+00
9 5.6228905E+00 5.6317303E+00 5.6139337E+00 | 5.5533553E+00 | 5.6377043E+00 | 5.6273393E+00 | 6.6340653E+00
10 5.2232344E+00 5.2312343E+00 5.2235337E+00 5.2122351E+00 5.2347104E+00 5.2237341E+00 | 4.9344733E+00
11 4.6539394E+00 4.6708325E+00 4.6709335E+00 | 4.6500352E+00 | 4.6725335E+00 | 4.6533472E+00 | 5.7235851E+00
12 4.3538030E+00 4.3304573E+00 4.3530715E+00 4.3542235E+00 4.3315739E+00 4.3553255E+00 | 4.5432843E+00
13 3.9403035E+00 3.8412543E+00 3.9333502E+00 3.0376913E+00 3.9413933E+00 3.5314322E+00 5.4071718E+00
14 4.6593417E+00 4.7163033E+00 4.7153255E+00 | 4.7142339E+00 | 4.7165709E+00 | 4.6524373E+00 | 6.0112578E+00
15 5.7495457E+00 5.7754703E+00 5.7355907E+00 5.7352724E+00 5.7376454E+00 5.7323155E+00 6.3347508E+00
16 6.4833433E+00 6.4933733E+00 6.4773016E+00 | 6.4413435E+00 | 6.4423237E+00 | 6.3910133E+00 | 6.6133342E+00
17 6.6322252E+00 6.6907057E+00 6.6734762E+00 | 6.0337730E+00 | 3.6975133E+00 | 3.3334333E+00 | 7.7155553E+00
18 7.0188301E+00 7.0245755E+00 7.0176553E+00 7.0034135E+00 7.0279333E+00 7.0322233E+00 6.6806423E+00
19 6.7939301E+00 6.8017033E+00 6.7977036E+00 | 6.7512533E+00 | 6.8035747E+00 | 5.3003272E+00 | 6.0844584E+00
20 6.4721170E+00 6.4737023E+00 6.4714159E+00 5.4577311E+00 6.4747724E+00 6.4729153E+00 6.0808423E+00
21 5.8538420E+00 5.6277433E+00 5.6254412E+00 5.6243344E+00 7.6233503E+00 5.3272333E+00 5.5863281E+00
22 5.2234955E+00 5.2230178E+00 5.2282703E+00 | 5.0270357E+00 | 3.2293376E+00 | 5.2237606E+00 | 5.5354328E+00
23 4.6593345E+00 4.6595333E+00 4.6322533E+00 4.6533547E+00 4.3553303E+00 4.6355333E+00 5.0985554E+00
24 4.3393455E+00 4.3397138E+00 4.3594333E+00 | 4.3590743E+00 | 4.3553273E+00 | 4.3335233E+00
FORECAST RESULTS IN TERMS OF UNTRANSFORNED DATA
2 3.7435233E+01
3 2.3038142E+02 3.8113321E+02
4 6.1339582E+02 7.0333333E+02 5.7544023E+02
5 7.6904932E+02 8.8344300+E03 7.4139333E+02 6.1167674E+02
6 1.0951377E+03 1.1482333E+03 1.0724454E+03 9.6037683E+02 1.1053227E+03
7 3.3503402E+02 9.1035934E+02 3.7333917E+02 3.2214322E+02 2.7192750E+01
8 6.4238593E+02 6.5240534E+02 | 6.3300312E+02 | 6.1545333E+02 | 6.5325343E+02
9 2.7656522E+02 2.7314478E+02 2.7580443E+02 2.6553293E+02 2.3031743E+02
10 1.8509074E+02 1.3703473E+02 1.3587478E+02 1.3350374E+02 1.3767474E+02
11 1.0849403E+02 1.0620264E+02 1.0335798E+02 1.0384503E+02 1.0701143E+02
12 7.8183520E+01 7.8232923E+01 7.3103322E+01 7.7306821E+01 7.3330401E+01
13 5.1434488E+01 5.1483137E+01 5.1413953E+01 5.1300055E+01 5.1516017E+01
14 1.0655952E+02 1.1175455E+02 1.1163752E+02 1.1152723E+02 1.1178343E+02
15 3.1404326E+02 3.2228534E+02 3.1012974E+02 3.0990324E+02 3.1033223E+02
16 6.5443130E+02 6.6423304E+02 6.5021403E+02 6.2753282E+02 6.2805538E+02
17 7.8309305E+02 8.0439039E+02 | 7.5310500E+02 | 7.7558314E+02 | 3.1038083E+02
18 1.1135333E+03 1.1240343E+03 1.1162003E+03 1.1035891E+03 1.1278933E+03
19 8.8833719E+02 8.8337743E+02 3.8572314E+02 3.9003337E+02 9.0108231E+02
20 6.4883163E+02 6.4737793E+02 6.4535233E+02 6.4402033E+02 6.4337162E+02
21 2.7773350E+02 2.7303541E+02 2.7757213E+02 2.7708773E+02 2.7220533E+02
22 1.8551273E+02 1.3360942E+02 1.2343958E+02 1.3524550E+02 1.8537471E+02
23 1.0653209E+02 1.0698252E+02 1.0391812E+02 1.0354471E+02 1.0893302E+02
24 7.8221442E+01 7.8234673E+01 7.3215590E+01 7.3184764E+01 7.3248321E+01

Y o v d'al a ) o q ¥
6.13 Guainiwmmawanmflumimamumam Multiplicative ARIMAUl‘lj‘lj‘szJqﬂﬂGl“lf

(Limits to be Considered in Applications of Multiplicative ARIMA Models)

1 4 o 1 4 1
ATNYINTU y(L) VYAV Normal 391U mm%amm y=In(x,) TﬂﬂflﬂW Standard

J 1w ! J {
Error TUMINEINTAUNIAY s (L) ATWEINTAIL Updated Forecast T131lued y0) Tugaln
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6.19 TiAgnaeaududinnamensal lugives x @) lugin c18 Tag x, s, uaz y,s, i

4

ANUTUNUSAUAITUMS

% = Exp (5/ + %y) [6.51]

Sy =X fExp(SJ%) -1 [6.52]

[ g}/ 1 4 ' o
PNUU THIVITDUINNYINTY x (L)IAS Standard Error GUENﬂ']WEJ']ﬂiﬂ!llﬁj%']ﬂﬁiJﬂ']ﬁ

FLOWCCFS)

9 .000
i LOG DATA
=+ LDG FORECAST
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7 .000 —
6. D00 -
5 .000 =
4 .000 -
3 .00 T T T T T T
-5.00 00 .00 10.03 15.00 20.00 Z5.00 30.00
MONTH
Real Time Forecasts of Natural Logarithms of Monthly Flows, Blue River Near

White Cloud, Indiana

oy DATA
et FORECAST

1000 . —

5 .00 "o .00 10.00 15.00 20.00 26 .00 30 .00
MONTH

gﬂﬁ 6.19 Real Time Forecasts of Monthly Flow, Blue River Near White Cloud, Indiana
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xe(L) = Exp (L) + 22) [6.53]

se(L) = x,(L) JExp(s;(L)) -1 [6.54]

< Al o o A SN 1 9}43! Y] = J
Wuinihdunanmanuaaamaonlunmsneinsel i laauegiugama Fuiluwa
o Y a a 4 d
mlnaanurana1nlunsaineInsalal xL)
1 Aa ~ 1 =2 Y- DA
MaNuAanaainandsangaun 1v'ld laenmsuiag y.r Wi ueynsuau
axy ) . . . Y R A o [
Stationary Tae75 Nonparametric Period Standardization (z,) HaALUVTIaeINY A
7, =2t [6.55]
St
] %} ] ]
VNMIANBINUN 16 DUNTUIANNIMTIYADUA UM TNATOUANUNUIZ AN
Wabash River ﬁ Logansport, Indiana (Station 3-3290) MU NULUIA09UDY AR(Q2) uazﬁ
AMTTND 3 INAY
62 = 0.738,¢, = 0.468 + 0.043,$, = 0.082 + 0.043
. @ ° 1 A &2 q 9
ANINTBL IABUUVTIA0I ARQ) THFUURI y=intx) taateglugln 620 Falvina

=~ (% 1 4
1n8LABINY Multiplicative ARIMA(2,0,0)x(0,1,1),, A1 Standard Error 1UA13NEINT ! 18 AR(2) 1
5U104 7 Al
s,(L) = (Jl + i+ i+ +zp§_1) O, [6.56]

=2 o 4 A (%
%9911 Standard Error 404 y,L) iaeunas lawgamaasanms

Sy(t,L) = s,(L)s; [6.57]
1o st = Periodic Standard Deviation UBN y,

Qddyd o Y d = Y 49! [ A
Iﬂfﬂ‘ﬁu ﬁ]\iﬂﬂ‘ﬁﬂﬁ‘wmﬂimﬂ"l X, Mﬂ??ﬂgﬂﬁ@ﬁhWﬂﬂlUﬂﬂgﬂ‘ﬂ 6.21

6.14 mafSeumegurazYediaveuuudIand ARMA ag ARIMA
(Comparison and Limitations of ARMA and ARIMA Models)
a o % 30’ ! 30’ 1
%’aﬁgﬂmsﬂmmumam ARMA 11ag ARIMA ﬂumgﬂim’mmmmazmNuamﬁ@uuﬁm@g
{ % <3 1 ) ) a 4 1 o 1
Tua13199 6.1 Faazmiu 18 1uuusass ARIMA T91UIUNIT N3 108NV UTI009 ARMA (6
o A9y o w d' o @ A 1 d' o Y [ <Y ] A
LUV1A09 ARIMA maﬁnﬂ@ﬂmﬂaumaulmwmzmzumﬂﬂumimmiwwmayaim P ELNE]
91904 (Simulation) ¥NAD1LVVTIADI ARIMA(0,1,0),,
Zt =Zt_ 12t &
5’1ﬁ'mmiﬁ’qmiwzﬁﬂ'muﬂimaawauﬁauuﬂsmu

Z13 = Z1 t €13
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Zys = Z13 t+ &35 = Z1 t €13 t &5
Z37 = Zp5 t €37 = Z1 t €13 + &5 T €37

T
Zary1 =21t z €12t+1
t=1
nnaumstunazamnsoaslldn z,., Ao Random Walk 409 T Independent Random

< A 1w . Y 2 = <3 Y . A 49! 1
Increments ¥44 Mean (N1ANY z, LA Variance (NNU T o Faaziriu 14 Variance iNuAUA A1 T LAz

~ 0o q Y1 Ao P aa A2 =2 o q ¥ ' ~ o Y,
Hramianduasgh lvuliaunuvuaunar  39mld ARIMA  lhimanghazihanlslums

[ J Y :1 [
FUATICHUDYA LHY
0o
STH, 3-3290
a9 -
Oeeei® MOMTHLY MEAMNS ¥
o FORECAST FUMCTION 0L}
1 L i 1
[ —5 o L 3 ] =%
J — 1z L [} & [

3‘1]‘?; 6.20 Forecasting Function for Logarithms of Monthly Flows of the Wabash River at
Logansport, Indiana
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gﬂﬁ 6.21 Forecasting Function for Monthly Flows of the Wabash River at Logansport,
Indiana
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M9 6.11 Comparison of ARIMA Models for Monthly Data

Model Parameters %Passing* | Usage* | Model
Monthly flow logarithms-16 series 1,0,0 26 625 | G&F
(McKerchar and Delleur , 1974) 2,0,0 27 100 | G&F
(2,0,0)x(0,1,1)12 4 100 F
Monthly Rainfall Square Root 0,0,0 1 47 G&F
15 series 1,0,1 27 100 | G&F
(Delleur et al.,1976) 0,1,0 1 0 F
1,11 3 40 F
(111 3 80 F
(1,0,0)x(1,1,1)12 4 100 F

* Porte Manteau test 90%

** G = generation

F = forecasting

LONNEMIH  Seasonal Differencing 019 liinzfagihun1¥dim  Variance  11m3
Wasuudasnwgama

13 3Ry nuvae Uy Monthly Periodic Coefficients m%ﬁﬂmumﬁ'm Parsimony L‘ﬁmfﬂm
Huumaiimesinnnuly

Monthly Periodic Coefficient AR(1) 1W13101993 119N Constant Coefficient AR(1) 910 11
Wimes

Monthly Periodic Coefficient AR(2) M09S UINNIN Constant Coefficient AR(2) 1110 22
Wimes

Seasonal Coefficient Model 9 ivoadmiueynsunaswdlaniuazoiu 151 Weekly tag
Daily Seasonal ARMA(1,1) T RCRI b 52 ¢ e 6 Significant Harmonics lumsmuIum Mean
1tae Standard Deviation

1311 Nonparametric Standardization i]gLﬁiJWWﬂﬁmflgﬁﬂ 2x365=730 @1 M hienwsa
¥4 uazdaninfuszfiunsdia Seasonality ¥94A1 Coefficients AI0E19MITAF1UVLTIADY
@135V Logarithms "ll@ﬁ@Hﬂiul3a1ﬁl1ﬁ1i1ﬂ’3’u7\|ﬂ’j1 Seasonal Coefficient ARMA(1,1) MTUATNATDY

Residuals @9]}7]81 Cumulative Periodogram YUEN Seasonal Coefficient AR(1) lurumsnaasy ﬁdg 19

6.22
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31]‘7'; 6.22 Cumulative Periodiograms of Residuals of ARMA(1,1) Model Applied to Daily
Flow Logarithms of Solomonie River at Dora, Indiana

NavUd4 Differencing Ao Autocorrelation Function 1ta Spectrum
Kavvas 122 Delleur (1975) l@Anu19nInaved Differencing 919 mgﬂimamﬁmﬁau Taens
A A Y ~ 1

Rescaled f]‘lgﬂillL’Ja1316&@@ULW@1W3J?]1?]’)13JL!‘]Jiﬂi’)’lﬂlﬂﬁ‘ﬂ I@]‘(’Jﬂ1iﬁ1iﬂ1@l§ﬂiiJL’Jﬁ1LiiJGlu@’JEJﬂ1
1 = .. & = = ]
AIUVOUVUNINTF U (Standard Deviation) mmﬂ%umaugﬂ‘ﬂ 623 uaz 624 awmulan 1
. . A a ! . = v 2
Differencing U93IDUNTUNIANTIUADUISUNAND Spectral Density tias ACF 31]“]/] 6.25 uaalvmu

BNTNAVDY 12" Month Differencing 11az31/1 6.26 HAABNTWAVDINT Standardization
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gﬂﬁ 6.23 Spectral Density and Autocorrelation Function of Rescaled Monthly Rainfall
Square Roots of the Mississinewa River Basin above Marion, Indiana
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gﬂﬁ 6.24 Spectral Density and Autocorrelation Function of Rescaled 1 Lag Differenced
Monthly Rainfall Square Roots of the Mississinewa River Basin above Marion, Indiana
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gﬂﬁ 6.25 Spectral Density and Autocorrelation Function of Rescaled 12 Lag Differenced
Monthly Rainfall Square Roots of the Mississinewa River Basin above Marion, Indiana
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gﬂﬁ 6.26 Spectral Density and Autocorrelation Function of Cyclicly Standardized Monthly
Rainfall Square Roots of the Mississinewa River Basin above Marion, Indiana

6.15 19N@1591994
Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484



6.16 MANUIN

oon

nliglylip] (gigigig]

cOooOon

noonn

oMo O oo o000 00

APPENDIX A6.2.

101
102

103
104

ARIMA MODELING, EXAMPLE 6.2.5

PROGRAM MAIN (INPUT,OUTPUT, TRPES=INPUT, TAPEG=0UTPUT, TAPER, TAPES, TA
1PE3)

REAL MMEANC13),MSTDEUC(13)

DIMENSIDN XMAT(38,12)., YTOTALL39), TEMP(800), XTEMP(1000), HERDER(
18), PACUCS0), ACUCS0), AC(S0), HKAREA(C1000), XU(S00), XCONF(4). ¥C
2ONF(4), GRC1000), AC1000), IND(8), PHIC11)y, THETACil), SUMSO1(1l,1
31)

CREATE DATA FOR LATER GENERATIOM
DATA PHI/—-.Ss—.4s=.3¢~.25=.130.5.1+.2+.3+.4» =7
DATA THETA-0.0:0.1,0.2+0.3+0.4,0.5+.6+.7+.8,.3:1.0~7
FIRST CARD OF DATR IS A HEADER CeRRD
READ (5,113) HEADER
WRITE (6.,114) HEARDER
READ DATA FROM CARDS--38 YRS--12 MONTHS PER CARD
NYEARS=38
READ (S5,115) ((XMAT(IsJ)»J=1,12),1=1,NYEARS)
WRITE (B,115) ((XMART(I»J)sJ=1,123,TI=1+NYEARS)
COMPUTE SOUARE ROOTS FOR THE SERIES
DO 102 I=1.NYERRS

Do 101 J=1,12

XMAT(I, JI=XMAT(I.J)*».5

CONTINUE
CONT ENUE

NOW CREATE A UECTOR FOR THE WHOLE SERIES FROM THE MATRIX

IC=0
DO 104 I=1,NYERRS
D0 103 J=1,12
IC=IC+1
XTEMP(IC)Y=XMAT(I,J)
CONTINUE
CONTINUE

NMONTHS=NYEARS*12.
CALL SUBROUTIMNE FTRDIF TO COMPUTE THE 1ST DIFFERENCE OF THE SERIES

CALL FTRDIF (1,05 1s 12y NMONTHS, XTEMP.SHIFT.NMONTHL . IERY
WRITE OUT LENGTH OF DIFFERENCED SERIES AS A CHECK
WRITE (6,116) NMONTHL

NMONTHS=NMONTH1

CREATE TABLE OF DATA ON TAFE B8

WRITE (8,117
MRITE (8,118) ((IB),TB=1.12"
D0 106 IJ=1:.HYEARS

5D ODDPDLIDDIDIODITDDPIDOILDPIPIIDDDDDIDDIDIDIDPODIDDDIDDDDDPIDDDIDDDDODDDDDDDDID
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COMPUTER PROGRAM USED IN SIMPLE

10
20
30
40

60
70
80
30
100
110
120
130
140
150
160
170
180
180
200
210
c20
230
240
250
260
270
280
290
300
310
320
330
340
350
360
37
38n
3390
400
410
420
438
440
450
460
G470
410
430
5NN
510
520
530
sS40
550
SEO
570
530
590
600
Glo
620
G310
Gan
6LI
669
G

C33



aonoan

(siglwlp e luly

[glgiziglelp]

o000

onoOoOO00n

[}

vleknligliy]

105
106

IB=(IJ-i)=12

IE=IJ=12

IF (IJ.NE.1) GO TO 3i0S

IB=1

IE=11

HRITE (8, 119) IJs (XTEMP(IJ1),IJ1=IBE:IE}

GO TO 106

WRITE (8,120) I[Js (XTEMP(IJ1),IJ1=IB,1E)
CONTINUE

SUBROUTINE FTAUTO COMPUTES AUTOCORRELATIONS, PARTIAL AUTOCORRELATI

AND AUTOCOUARIANCES FOR ANY TIME SERIES.

CALL FTAUTO C(XTEMP, NMONTHS. 30, 30,7, AMEAN, ACU(1), ACU{2)» AC(2)» PACUC

127 HKARER)

107

108

SET AUTOCORRELATION AND PARTIAL CORRELATION OF LAG ZERD TO ONE.

AC(1)=1.

PACUC(1)=1.

WRITE (6,121} AMEAN,ACU(1)

WRITE (3,122} (IS,AC(I5),PACY(IS),I15=1,31)

PRELIMINARY ESTIMATION OF AUTOGRESSIVE PARAMETER

CALL FTARPS (ACUs AMEANS L 1» ARPS, PMAC, UKARER)
WRITE (6,123 ARPS,PMAC

NOW ESTIMATE MOUVING AUERAGE PARAMETER AND FIND WHITE NOISE UARIANC

ESTIMATE USING FYMPS.

CALL FTMPS (ACU, ARPS, 1+ 1, PMAS, WNUs HKAREA, IER)
HRITE (6:124) PMAS,HNV

STORE THE VECTOR XTEMP BECAUSE FTMXL WILL DESTROY IT UPON OUTPUT

DO 107 IP=1,NMONTHS
TEMPCIP)=XTEMP(IP)
CONTINUE

GENERATE SUM OF SQUARES SURFACE USING PHI AND THETAR UECTORS

SET THE ROW AND COLUMN COUNTERS TO ONE FOR LATER USE

ITHETA=1
IPHI=1

DO 110 IS=1,1l
DO 109 IG=1,11 -

ETA=TEMP(2)-PHI (I6)*TEMP(1)

SUMSAL (IS, I6)=ETAwx2

DO 108 I7=3,»NMONTHS
ETAL=TEHP(I7)-PHICIB)#*TEMP(I7-1)+THETA(ISI*ETA
ETA=ETAL
SUMSQ1 (IS5, 1B)=SUMSA1 (IS, IG)+ETAL =2

CONTINUE

LET ITHETA AND IPH] BE THE ROW AND COLUMN NUMBER CORRESPING
TO THE ROW AND COLUMN OF ARPS AND PHAS THAT GENERATE THE
MINIMUM SUMS OF SQUARES OF RESIDUALS

$TPDPPDPDPDPDIPHPCTIPIPIPIPTTIPDIPIPDDIDIPIDIPIDIOIDODPODPDLDIOLDDDIODDD2DPDDLPDDLDDDPDDPDTD
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690
700
710
720
730
740
S0
760
770
780
730
800
810
820
830
840
850
860
870
880¢
830
900
910
920
830
840
950
960
a70
980
990
1000
1019
1020
1030
1040
1050
1060
1070
1080
1090
1100
1110
1120
1130
1140
1150
1160
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
13E0
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103
110

111

IF (SUMSQ1(IS,I6).GT.SUMSALC(ITHETA, IPHI)) GO 7O 103

ITHETA=IS
IPHI=IB

CONTINUE
CONTINUE

WRITE THE SUM OF SQUARRES SURFACE OUT TO TRPE 3

WRITE (3,125)
WRITE (9,12B) (PHICIT)sIT=1,11)

WRITE (3,127) (THETAC(IT), (SUMSO1CIT,IT1),IT1=1,11),1I7=1,11)

USE SUBROUTINE FTMXL TO ESTIMATE ARPS,PMAC,PMAS, AND COMPUTE

JNU. LEAVE RESIDUALS

IN THE FIRST IND(1) POSITIONS OF THE UECTOR =Rz,

DATA IND/0s1s1:0+75:4+1437
IND(1)=NMONTHS

LET FINAL ESTIMATES OF ARPS AND PMAS FOR INPUT TO FTMXL BE THOSE
THAT LED TO THE MINIMUM SUMS OF SQUARES OF RESIDUALS GENERATED

ABOUE.

PMAS=THETACITHETA)
ARPS=PHI (IPHI)

IF PHI=1 SET PHI=.99 SINCE PHI=1 IS NOT DESIRABLE

IF (PMAS.EQ.1.0) PMAS=,933
WRITE (B,128) ARPS:PMAS

CALL FTMXL (XTEMP.IND,ARPS,PMAS,PMAC, UNU.GR, A+ IER)

HRITE (B,129) ARPS,PMAS, PMAC. HNU

COMPUTE SUM OF SQUARES OF RESIDUALS

S5v=0.
DO 111 JH=1,HMONTHS
SSYL=A(JH)#=2
S5SY=5SY+55Y1
HRITE (B.130) A(JH),SSYL,SSY
CONTINUE

FIND AUTOCORRELATION AND PARTIAL AC OF RESIDUALS THAT ARE IN

THE =A# UECTOR AS CUTPUT OF FTMXL.

CALL FTAUTD C(A.NMONTHS,24,24,7,AMEAN, ACU(1)» ACU(2)+RCC(23 s PRCUC2)5H

1KAREA)
AC(1)=1.
PACU(1)=1.

HWRITE QUT AUTOCORRELATION AND PARTIAL RC.
SUMMATION( CAUTOCORRELATION #=2) .,

S50=0.
D0 112 TH=1,25
IH1=TH-1

COMPUTE

rr»r»®»>®»r»0®»>r2»2»2»>r»>r»2>»222>»»2>»0»>»>2»2r2»2»2»2»0222222>2222222r>22222D2PTDPDT2TIDIIDPIDDIIDDIIDD
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1370
1380
1350
1400
1410
1420
1430
1440
1450
1460
1470
1480
1490
1500
1510
1520
1530
1540
1550
13560
1570
1580
1590
1600
1610
1620
1830
1840
1650
1660
1670
1680
1630
1700
1710
1720
1730
1740
1750
1760
1770
1780
1730
1800
1810
1820
1830
1840
1850
1860
1870
18B0O
1830
1900
1910
1920
1530
13490
1350
1360
1970
1980
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2030
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HRITE (8,131) IHL,ACCIH),PACUCIH)

5S50Q=

SSA+AC(IH) w=p

112 CONTINUE
S5@=5sG-1.
HRITE (6,132) 550

STOP

113 FDRMAT
114 FORMAT
11S FORMAT
116 FORMAT
117 FORMAT

(BA10DD

(2X+8ARL0-/10X, 3SHORIGINAL DATA FROM SALAMONIA SERIES,/~)
(121X, F5.3))

(20X, 31HLENGTH OF DIFFERENCED SERIES = ,I5)

(35X, SHTABLE 6-1,-28%, 33HFIRST DIFFERENCE OF SGQUARE RDO

1TS ,» 30HOF RAINFALL AT SALAMONIA, IND., /-7, 57%, SHMONTH)

118 FORMAT
113 FORMAT
120 FORMAT
121 FORMAT
1)
122 FORMAT
123 FORMAT
124 FORMAT
125 FORMAT
1S OF »
2RIES »
126 FORMAT
127 FORMAT
128 FORMAT

(22X,  4HYERR 4%, 12(3%y 12, 4X) )

(3%, 125 14X, 11(FB.3,2X))

(3K 12+ 5X» 12(F6.3:3%X))

(2X» 44HMEAN AND UARIANCE O 1ST DIFF OF SGRT SERIES,2F15.7

(5X, I2, 10X, F10.4, 10X, F10.4)

(s78X, 32HFTARPS ESTIMATE OF ARPS AND PMAC, 2F15.86)

(#7y2%s 30HFTHPS ESTIMATE OF PMAS AND HNU, 2F 15,6

(3X» 33X, 1OHTABLE €-2 , /25X, 31HSUM OF SQUARES OF RESIDUAL
26HIST DIFF. OF SQ. ROOT OF ,/,32X, 24HHONTHLY RAINFALL SE
L8HAT SALAMONIA, IND.s~- 7,52%, 3HPHI)

(SXy  SHTHETA, 2K, 11(3%X:F35.2, X))

(SX,F5.2, 3% 11(F8.2, 1%))

(7/7v2X» 42HUALUES OF ARPS AND PMAS LEADING TQ MINIMUM, 2SH

1SUMS OF SAUARES OF RESIDUALS.SX,2F15.5)

129 FORMAT

(2X, 34HFTMXL OUTPUT OF ARPS, PMAS, PMAC, HNU, 4F15.6)

130 FORMAT (3X, 30HRESIDUAL,SQUARE, SUM OF SQUARES, 3F15.8)

131 FORHAT
132 FORMAT

END

(2X+ 11HLRGsAC, PACY, 15, 2F15.6)
(2X» 3BHSUMMATION(AC*##*2)~NOT INCLUDING LAG 0,F15.8)

I:DID:D:DDI)D:D:D:DDD:D:DZDD:DDDJ}D:DIDDJ):D:D:D:D:D:D:D:D
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2050
2080
2070
2080
2090
2100
2110
2120
2130
2140
2150
2160
2170
218¢
2130
2200
2210
2220
2230
2240
2230
2260
2270
2280
2290
2300
2310
2320
2330
2340
2350
2360
2370
2380



(1)

(2)
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APPENDIX A6.3. PROGRAM UNESTM

Description

Purpose:

To estimate the parameters of the univariate time series

model by inputting the specified data and to do forecast-

ing after estimation by minimum mean square error
method.

Method:

(i) The Box-Jenkins Model ARIMA(p,d,q) is
NAR NDIFAC S] dj~ NMA
n ¢(B) 0 (1-B*JZ =9 + 0 8 .(B)A
=1 ! =1 to g KO

Zt =z - M if d=o

Zt = Zt if d#o
The NP parameters, from left to right, d)i, M, eo,
Bi, are squares of the residuals of random shocks
At‘ NAR, NDIFAC and NMA correspond to
MFAC(1), MFAC(2) and MFAC(3) in the param-
eter list given below.

(ii) Once the parameters are estimated, the foreeasting
can be achieved by the method of the minimum mean
square error forecasts. It is suggested to use the
program to estimate the parameters first, once these
are obtained the forecasts may be calculated.

Data Input Sequence

1. NOB, IEYON, IFYON; Format (1615)

2. FMZ(J); Format (20A4)

3. Z{d); Format as FMZ(J)

i. SERIES(J) Format (20A4)

itl, TLAM,TM,MFAC(J) Format (2F8.4,10I5)

i+2. If MFAC(2) = 0, (ND(J).IOD(J), J =1, MFAC(2));
Format (1615)
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i+3. INC(J); Format (16I5)
i+4. IOPA(J); Format (15I5)
ith. PA(J) Format (16I5)

i+6. EPS1,EPS2,MIT, ILDEST,IPDEST,IPRES,IPITER,
IPYYHR;

Format (2F8.4,10I5)

it7. NAC,NPAC,MCSE,NAPL,IWTPA ,NCHI;

Format (15I5)

it8. NF,NTO,NU,ICI,ILDFCA,IPDFCA,IWTPF;

Format (16I5)

i+9. NT

i+10. If

NU # 0, INPUT the update series; ZN(J) other-

wise neglect these.

Format as FMZ(J)

Where the parameters are defined as follows: (¥*means user

supplied)
*EPS1

*EPS2

*FMZ

*ICI

*IEYON

*IFYON

- MAXIMUM CHANGE IN RELATIVE SUM OF
SQUARES BEFORE ITERATION STOPS. SET =
.00, IF WISH SUPPRESSED

- MAXIMUM RELATIVE CHANGE IN EACH
PARAMETER BEFORE ITERATION STOPS. SET
= .00, IF WISH SUPPRESSED

- ARRAY OF SIZE 20. CONTAINS THE FORMAT
SPECIFICATION FOR INPUT TO PROGRAM OF
TIME SERIES TO BE MODELLED OR FORECAST

- CONTROL ON THE WIDTH OF THE CONFI-
DENCE LIMITS FOR FORECASTS. ONE OF
THE VALUES 1,2,3,4,5 FOR 50,75,90,95,99
PER CENT LIMITS, RESPECTIVELY

- SET = 0 IF WISH TO SUPPRESS THE ESTIMA-
TION STEP. ANY OTHER VALUE ESTIMATION
WILL BE DONE

- SET = 0 IF WISH TO SUPPRESS FORECAST-
ING STEP. ANY OTHER VALUE FORECAST-
ING WILL BE DONE



*¥ILDEST - SET = 0 TO SUPPRESS LISTING OF DATA BY
ESTIMATION ROUTINE. ANY OTHER VALUE
DATA IS LISTED BY ESTIMATION ROUTINE

¥ILDFCA - SET = 0 TO SUPPRESS LISTING OF DATA BY
FORECASTING ROUTINE. ANY OTHER VALUE
DATA IS LISTED BY FORECASTING ROUTINE

¥INC - ARRAY CONTAINING (MFAC(1) + MFAC(3) +
(2) NUMBERS OF EACH OF THE SPECIFIED
TYPES OF PARAMETERS IN THE MODEL TO
BE USED. MINIMUM SIZE 1S (MFAC(1) +
MFAC(3) + (2), MAXIMUM 25. (No. of ¢ ; W,
6, 8.'s) u
o’ i

*IOD - ARRAY OF MINIMUM SIZE MFAC(2). CON-
TAINS THE MFAC(2) ORDERS OF DIFFER-
ENCES OF EACH TYPE OF DIFFERENCE DE-
SIRED IN TIME SERIES MODEL, I.E., THE
VALUE OF S IN (1-B*S). MODEL WILL
CONTAIN DIFFERENCE FACTORS 1 -
B*XJOD (1) )**ND(1)*(1-B**IOD(2) )¥*ND(2)*. ...

*JOPA - ARRAY OF MINIMUM SIZE NP. CONTAINS
ORDER OF EACH PARAMETER FROM LEFT TO
RIGHT IN TIME SERIES MODEL TO BE USED
(POWER OF B OPERATOR), order of each ¢
and 6

¥IPDEST - SET = 0 IF WISH TO SUPPRESS PLOTTING OF
DATA BY ESTIMATION ROUTINE. ANY
OTHER VALUE DATA IS PLOTTED

¥IPDFCA - SET = 0 TO SUPPRESS PLOTTING OF DATA
BY FORECASTING ROUTINE. ANY OTHER
VALUE DATA WILL BE PLOTTED

IPDID - NO PURPOSE HERE

¥IPITER - SET = 0 IF PRINTED OUTPUT AFTER EACH
ITERATION IN THE NON-LINEAR LEAST
SQUARED ALGORITHM IS DESIRED. ANY
OTHER VALUE SUPPRESSES THIS OUTPUT

*[PRES - SET = 0 IF WISH TO SUPPRESS PLOT OF
RESIDUALS. ANY OTHER VALUE RESIDUALS
ARE PLOTTED

¥*IPYYHR - SET = 0 IF PRINTING OF THE DATA, FITTED
VALUES, AND THE RESIDUALS FROM THE
FITTED MODEL IS DESIRED. ANY OTHER
VALUE SUPPRESSES THIS OUTPUT
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*IWTPA -

IWTPF -

*MCSE -

*MFAC -

SET = 0 IF WISH TO SUPPRESS PLOTS OF
RESIDUAL AUTOCORRELATIONS. ANY OTHER
VALUE AUTOCORRELATIONS ARE PLOTTED

SET = 0 TO SUPPRESS PLOTTING OF
FORECASTS

SET = 0 DO NOT WISH STANDARD ERRORS
OF RESIDUAL AUTOCORRELATIONS. ANY
OTHER VALUE STANDARD ERRORS ARE
CALCULATED

ARRAY OF SIZE 3. MFAC(1) = NO. OF
AUTOREGRESSIVE FACTORS IN TIME SERIES
MODEL, MFAC(2) = NO. OF DIFFERENCE
FACTORS IN TIME SERIES MODEL, MFAC(3) =
NO. OF MOVING AVERAGE FACTORS IN TIME
SERIES MODEL

#*MIT - MAXIMUM NUMBER OF ITERATIONS FOR

*¥NAC

*NAPL

*NCHI

*ND -

NDIFAC -

*NF = -

ESTIMATION. MAXIMUM ALLOWED IS 999

NUMBER OF AUTOCORRELATIONS OF
RESIDUALS, MAXIMUM 150

NUMBER OF RESIDUAL AUTOCORRELATIONS
PRINTED PER LINE. BETWEEN 1 AND 12 IN-
CLUSIVE, MAXIMUM 150

THE NUMBER OF AUTOCORRELATIONS TO BE
USED IN CALCULATING A CHI-SQUARE
STATISTIC. SET LESS THAN OR = 0 IF NOT
WANTED. MAXIMUM VALUE IS NAC

ARRAY OF MINIMUM SIZE MFAC(2). CON-
TAINS THE MFAC(2) NUMBERS OF DIFFER-
ENCES OF EACH TYPE OF DIFFERENCE DE-
SIRED IN TIME SERIES MODEL. (SEE IOD)

NO PURPOSE HERE. IS SET =0 BY A
SUBROUTINE

NUMBER OF FORECASTS DESIRED. BETWEEN
0 AND 300 INCLUSIVE

*NOB - NUMBER OF OBSERVATIONS IN TIME SERIES

NP -

TO BE MODELLED OR FORECAST

NUMBER OF PARAMETERS IN THE MODEL.
MAXIMUM ALLOWED IS 50
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*NPAC - NUMBER OF PARTIAL AUTOCORRELATIONS
OF RESIDUALS. MAXIMUM VALUE IS NAC

NT - ARRAY OF MINIMUM SIZE NTO, CONTAINING
FORECAST TIME ORIGINS

*NTO - NUMBER OF TIME ORIGINS FOR FORECASTS,
MAXIMUM 5. SOME GRAPH TITLES NOT GOOD
IF EXCEEDS 9

*NU - NUMBER OF NEW OBSERVATIONS READ IN
FOR UPDATES OF FORECASTS, AND NUMBER
OF UPDATES PRODUCED. MAXIMUM VALUE
IS NF-1

*PA - ARRAY OF MINIMUM SIZE NP. FOR ESTIMA-
TION, CONTAINS INITIAL ESTIMATES OF
PARAMETERS (NON-ZERO). FOR FORECAST-
ING, CONTAINS PREVIOUSLY ESTIMATED
PARAMETER VALUES (AUTOMATICALLY
THERE IF ESTIMATION DONE FIRST)

*SERIES - ARRAY OF SIZE 20. CONTAINS TITLE
DESCRIBING DATA OR ANALYSIS

*TLAM - DATA TRANSFORMATION PARAMETER. IF
TLAM = 1.0, THE SERIES Z REMAINS AS
READ IN. IF TLAM = 0, THE TRANSFORMED
SERIES IS LN(Z+TM). FOR ANY OTHER
VALUE OF TLAM, THE TRANSFORMED SERIES
IS (Z+TM)**TLAM. (SEE TM)

*TM - DATA TRANSFORMATION PARAMETER. IF
TRANSFORMATION IS REQUESTED  (SEE
TLAM), THIS VALUE IS ADDED TO EACH
VALUE OF THE SERIES Z BEFORE TRANS_
FORMATION IS MADE

*Z - ARRAY FOR ORIGINAL TIME SERIES DATA.
MINIMUM SIZE 1S NOB+NF, MAXIMUM 500.

*ZN - ARRAY FOR NEW OBSERVATIONS USED IN
UPDATING FORECASTS. MINIMUM SIZE IS NU

Reference:

"Computer program for Analysis of Univariate Time
Series Models" by David J. Pack (1976).
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APPENDIX A6.4. PROGRAM UNESTM AND DATA INPUT FOR
MULTIPLICATIVE ARIMA MODELING, EXAMPLE 6.3.5

nQooaoB
0020518

0020518
0020518
002051B

0020S1B

0020518
0020518

0020518
0020518
002051B
0301558
030164B
030164B
0301748
0302048
0302048
030215B
0302268
0302368
0302468
0302468
0302508
0302638
0302738
030275B
302758
0302778
0303138
0303278
030331B
0303128
0303538
0303538
J3035EB
0303628
0303628
0303748
0304058
030416B
0304278
030427B
0304308
030444B
0304ECE
0304638
0304768
0305108
0305238
03052498
0305268

10

15

PROGRAM UNESTM( INPUT, OUTPUT, TAPES=INPUT, TRPEG=0UTPUT)
DIMENSION PACZ5), SCRATC{5000),RHO( 150, 1), STE(150.1),PHI(150,1}
1-ZP(300-5)-CLL(300-5)-CUL(SOO-S)-NT(S).U(BOB);ZN(ES)oFNZ(EO)
COMMDH - TSRES/R(B00)

COMMON-TSOBS-Z(800)
COMMON/TSPAR/MAX1 1, MBO,» NP+ NOBs MFAC{3), ND(30), I0NC30), INC1E)
1, 10PA(SD)
CUHNOH/EPQRIEPSL-EPSE.HIT-NDIHS,TLﬂH.TH-ILBEST-IPDEST.IPRES
1, IPITER, IPYYHR

COMMON/FPAR-NTD.NU. ICI, ILDFCA, IPDFCA, THTPF
EDHHDH/IDPRR/NDIFRCaHD(SJ;JOD(S),NRPL-HCHI-HCSE.ILDID;IFDID-
1MPR1INT s THTPA. ULAM. UM

COMMONNAMES-SERIES(20Y, TITL(20)
COMMON/TSONE-C(200),CF(200), MPROB

READ 2.NOB. IEYON, IFYON

HRITE(Gs2) NOB, IEYON, IF¥ON

FORMATC(1615)

READ 3.(FMZ(I),1=1.20)

URITE(E:3) (FHZ(I)s1=1,20)

FORMAT(20A4)

READ(S,FM2Z) (2(I),1=1.NOB)

WRITE(Bs+FMZ) (2(I)s I=1.NOB)

READ 3, (SERIES(I),I=1.20)

WRITE(E,3) (SERIES(I), I=1,20)

NMODEL=1

DO 20 NPROB=]1,MNM0DEL

READ ©. TLAM, TM (MFAC(1),I=1,3)

HRITEC(E,B) TLAM, THs (MFAC(I)\1=1,3)

FORMAT{(2F 8.4, 1015)

MAX=MFAC(2)

IF(MAX.EQ.0) SO TO B

READ 2. (NDCI), I0DCT). I=1. HAX)

HRITE(E,2) (NDC(I),10DCIY, I=1.HARXD

MAX=MFAC{ 1)+MFAC(3)+2

READ 2, (INC(I): I=1.HAX3

HRITE(E.,2) (INCCI)»I=1,MAX)

NP=(

DO 10 f=1.MAX

NP=NP+INC(J}

IF(NP.EG.0) GO TO 13

READ 2, (10PA(I). I=1.NF)

HRITE(E+2) (IGPACI),I=1.NP)

READ 7, (PR(ID, I=1.NP)

HRITE{E.7) (PA(I),1=1,NP)

FORMAT(10F8.4)

IFCIEYON.EQ.0) GO TC 15

READ 5.EPS1.EP32,MIT, ILDEST. IPDEST, IPRESs IPITER, IPYYHR
WRITE(G,6) EPS1,EPS2,HIT, ILDEST, IPDEST, IPRES: IPITER: IPYYHR
NDIMS=7sNP+NPiP+24NOB+NPH0B

READ 2+ NAC. NPAC, MCSE, NAPL, IWTPA, NCHI

HRITE(G+2) NAC, NPACs MCSE. NAPL, IHTPA, NCHI

CALL ESTIM(NPROB.NAC,NPAC, PR, RHO» STE, E+SH, PHI. SCRATC)
IF(MAX11.EQ.(~1)) G0 TO 20

IF(IFYON.EO.0) GO TO 20

READ 2, NF»NTO, MU, ICT, ELDFCAs IPOFCA. IHTPF



WRITE(E,2) NF+NTO,NUs ICI, ILDFCAs IPDFCRs IWTPF

CALL FCAST(NPROB.NF,NT,PA,2ZN, 2P, CLL,CUL,UySCRATC( 1), SCRATC(NDOB+1))

Ss2. 030541B
i S3. N30554B READ 2, (NT(I1), I=1,NTOD)
S4. 0305658 WRITE(Bs2) (NTC(1),1=1,NTO)
SS. 0305768 IF(NU.EQ.0) GO TO 18
S6. 030S77B READ(5,FM2) (2NC(I). I=1,NU)
57. 0306108 HRITE(BsFMZ) (ZN(I),1=1.NU)
S8. 0306218 13
S8, 03063638 20 CONTINUE
€0. 030640B STOP
Bi. 030E43B END
456 1 i
(12F6.0)
181. S07. 922. 2776. 1158. 613. ?755. 467. 308.
146. 538. 1132. 2675. 1093. 1819. 2185. 2163. 2l4.
128. 93. 225. 207. 7?g. 752. @263. 9l1. 120.
46. 23. S8. 385. 208. 2197. 952. 1563. B48.
5S. 92, 128. 293. 503. 709. 1126. 150. 41.
407. 761. @273. 6290. 1088. 386. 659. 1289, 247.
260. 114. SB3. 631. 1053. 1780. 1111, S72. 245.
28. 52. 3. 763. £185. 1973. 2050. 288. 483.
30. 28. 26. 173. 1098. 5S8. 1770. 453. 182.
18. 45. 74, 210. l4i. 71. 42l. 94. @26l.
68. 176. 320. 655. 1061. 115S5. 1106. 453. 8l6.
25. 396. B860. 486. S595. 2549. 680. 723. 4l4.
18. 23. 21. S7. 1086. 1132. 1543, £633. Il4S.
66. 53. 191. 667. 1969. 4293. 1379. 533, 8ss.
420. 485. S99. B830. 1898. 1197, 361. 1656. 4aS.
. 188. S32. 1415. 426. 275. 2422. 966. 882.
38. 65. S89. 353. 891. 1882. 2277. 336. 98.
38. 1209. 1267. 3178. 1693. 2334. 575. 423. 1545,
243. 86. 822. 4504, 3404, 1084. 1781, 973. 886S.
117, 1028. 109S. 2344. 1930. 2154, 1608. 37?5, 173,
41. SS7. 2066. 15i1. 1633. 1999. 841. =217. a36.
22. 33. 193. 1124, 488. 1214. 15. 1030. 1i6l.
15. 22. @24. 123. 170. 303. 84, 189. 1B1.
237. 89, 334, S53. 2155. 2061. B639. 382. 230.
S1S. 589, 230, 350. 3148, 1374. 639. E40. 334.
4S. 36. 109. S27. 1284, S60. 1978. 1771. 745.
37. 1337, 2417. 797. S27. 861. 824. 944. 133,
195. 258, 563. 2664. 1288. 889, 626. 437. 306,
69. 137. S20. 725. 1004, ?779. 477, 253, 1882.
24. 33, S6. 1B2. £03. 2302. 1368. 2933. 395.
49, 140, 616. 1490. 2019, 1471. B630. 253. 152.
76. 104. 110, 216. 200. 2575. 443. 246. 1&5.
18. 20. 18. 112. 151. 4058, 88S. 31&6. 553.
14, 28. 281. 583. 1279. 1153, 902. 248. 86.
247. 1i16. 99, 1389. 1557. 725. 1546. 1068. 137,
49. 161. 671. 383. 554, 1349. 543, 1583. 192.
S1. 140, 1308. 539. 646. 1237. 1463. 1511. 4a8.
30. g8. 1028. 2032. 1033. 376. 1127. 805. 35S8.
BLUE RIVER NERR WHITE CLOUD *
0 0 1 1 1
1 12
2 0 0. 1
1 2 12
.5000 .1000 .3000
.0040 .0040 SE 0 0 0 0 0
24 24 1 12 1 24
24 1 23 4 0 0 1
456
36. 138. 248, 407. 833. 1876, 2102. 86B. 753.
223. 408. SB1. 745. 2243. 80S. 433. B805. @5S.

216.
145,
302.

89.

910
121.
412.

139,
251,

306.
164.
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MULTIVARIATE MODELING OF HYDROLOGIC TIME SERIES

7.1 A
puuTaedaeas (Multivariate Model) ABLUUTIADINITOTIA0IDYNTUIAIHAIY)

9 v A Y AA [ wa 9 v o Y dy A
PFANIDU NU NUYDAADFINTDINHIAUTUUAATUAVTUWUDTIINATUIAWATATUNUN (Temporal and

. . Y 1Ay a A A, a s v ¥ 2 o g
Spatial Correlation) ﬂlﬁ]ﬂﬁ]ia!ﬂilllﬁaflﬂ UANUBIFYADUITUIUNITINAD TN ANUU iNllﬂcl"]fﬂ‘]JETJ

[ Y
L!UUﬁTaﬂ\‘]ﬁth"lfU‘%jﬂuiﬂﬂ 194 AR(1) ‘W%@ AR(2) tImMUU LALLUUADI AR ﬁWNTﬁﬂﬁﬂHWﬂmﬁMU@lﬁ}Tu
Y v

Short Term Dependence (NT1UU %?thilmmzﬂﬂ’e)lgﬂﬁ UANY Long Term Dependence

9 9
ﬂluﬂﬂ‘ﬁfﬂ%f‘l’sﬂﬂﬁﬂf‘lﬁWﬁlJ‘L!WLL‘U‘Uﬁﬂﬁ’f)x‘l‘ViﬁTfJ@]’JmJiﬂUGHﬂiMLQQTVIQLLUUﬁEﬁJ U YUY Periodic

7.2 upudraesriaeflsa 1 uNKHe (Multivariate Lag One)

Y o @ o o A ! . .
Matalas (1967) lataueunusiasdaralsanilssidunnianiuuuyed Markov (Multivariate

Lag-One Markov Model) %30 MAR(1) Fsaunsadoulugivouunsnldaauns

Zt = Alzt_l + B§t [71]
~ < ng
aung [7.1] mmmmaugmumugﬂ (Expanded Form) (R
-1 _ -r-1 .- relq
Zt a a2 . . . a"™[Ze-1]ptt b2 . . . ble:
z,_? a’t a?? . . . o ztz_1 p*t p?2 . . . p°" s,?
_1 - . . . . . . .o . . [7.2]
[zl Lla™ g™ . . . a™lz I pn2 . pdlel]
1
Z
4 Z? .
1o Z, = [“t | = Column Matrix ¥u1a [Nx1]
zy
all a12 . aln b11 b12 . bln
21 22 2n 21 22 2n
A, =% @ - @ [nan] B, = b= b b . [nxn]
o g2 g gt pm
1
[et]
2
& = lrtJl . [nxl]
&



&+ = Vector of independent normally distributed random variables with mean = 0 and standard
deviation = 1 (uncorrelated in time and space)

= e o0 o A

Tash g = UpnauiandiAyne

E(St(i)st(j)) = 0o [ #J [7.3]
E(gel) =1 [7.4]

7.3 Lag k Correlation Matrix

Lag k Correlation Matrix (M}, ) amnsont laanaums

[pi pi - P

21 22 2n ..
Mk=E(ZtZZ_k)='lp{< P Pi=1p/] [7.5]
P PR PR

M_, = M} [7.6]

Tagh p Tétieu1dagai 7.1

OF
Z,
t ¢ Py /+ 1 t  pJ=Correlation 52¥314 Z} uaz z)_,
Z(J')A ij Mi= Jj
t Py .
pij i i p;cj f1® Lag k Cross Correlation Coefficient
°Y Po = Po v
pl Mi = j
\ t pli(j Ao Lag k Autocorrelation Coefficient
t ii t+1
Py

d' a l]
31N 7.1 Henuves p;

AMTVUVVTI009 AR(1) 110AUNT (7.1)

Zy = A1Zy 4+ Bg

M, = AMy_1; k>0 [7.7]
Wio M, = A¥My; k>0 [7.8]
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FMTVUVUIIR09 AR(Q)
Zt = Alzt_l + A2Zt_2 + Bﬁt [79]
Mk = Ale—l + Asz_z; k>0 [710]

a d o Y
7.4 ﬂ15“r‘i1‘]/‘!"Ii13»1!ﬂﬂiﬂl@ﬁ!!ﬂﬂﬂ1ﬂ@ﬁﬁﬂ1ﬂﬂ?!!ﬂi (Multivariate Model)

a d
7.4.1 ﬂTiT‘ﬂfhWTﬂN!ﬂi’)’i“lli’)\‘i Multivariate AR(1)

= 1 Aa S Y A
NIal AR(1) %mmmmmwwmmaﬁ"lﬂmﬂﬁumi [7.8] tWd k=1

M; = A1 M,
A, = M, M;? [7.11]

dens1u BBTazanse B 1dTasnsmsinieand (Square Root) Vouuasn BBT Haaznanida

srvazdaluiidena 1y

Thus

M3 Derive MW3IA0DS5 A maz B ¥93uuud1a99 AR(1)

Zy =A1Zi_1 + Beg;

Post multiply @uN34UVINA0I AR(1) e ZtT_k

Zy Z{_y = AZ 1 Z{_} + B - &Z{_y

E(Zy - Z{_) = MAE(Ze1Z{_) + BE(&: - Z[_x) ; E(&0-Z{_1) = 0
M, = AjMy_1; k>0

1 k=1
Ml = A1M0
Ay = M1Mo_1

luueuReanu Post multiply #uMIHDUTIA09 AR(1) A28 ZT
Zy = A1Zi1 + Bg

ZZ{ = A\Zy 1 Z] + Be Z{

E(Z.Z{) = A\E(Z._1Z{) + BE(&:Z)

My = AyM_y + BE(&.Z7) [7.13]
mmaquﬁjwmmﬁnmiﬁ (7.13)

Z{ = (A1Ze—q + Be)"

Pre-multiply Z Z A &t

EtZtT = §t(A1Zt—1 + Bét)T

E(thtT) =E (Et(A1Zt—1 + Bét)T)

E(gZ.") = E(&2{_1ZA7 + £.&,"B")

E(gZ.") = E(&2{_1ZAT) + E(&:&")B"

E(thtT_leD =0

E(EtEtT) =1



Thus

E(ez.") = BT

wnue E(g2,") = BT asluaunsii [7.13]
M, = A,MT + BBT

BBT = M, — A,MT

a d A
MIMAUNAING B 1A8I5 Square Root
#1B = Lower Triangular Matrix

I a )
ez D = 1ua3NUUY Positive Definite 1 1AD

Ay, gy ai;; Aaq2 dg3
la;1| > 0; | | > 0;]|021 G2 A3 >0
21 22 az; dszz d4szs

1% BBT =D

Y
J a F
AT IMUDUNATN B hlﬂ \Tﬁ

b”=—b”;j—1,l= -
1i
1_94" . _
bt m,l 1, ,n

9
INAUNT [7.17] A INTDHIAT ptt 11@91} JU

_bll _ '_dll'
b2l = d_12
- pn
p31 = d_13
- pn
bnl _ dmn

L - p11

pi = \/dij - Z{;ll(bfk)z s J=2,.,n50=]

[ 9
MINEus [7.18] azamnsoma b iie i = jlAqsll

b22 — d22 — (bZl)Z

p33 = \/d33 — (b31)2 — (b32)2

n—-1
nn _ nn _ nk)2
b d Z(b )
k=1

dij_zf;ll bjkbik]
bJj

bij=[

j=2,mm—1;i=j+1..,n

[7.14]

[7.15]

[7.16]

[7.17]

[7.18]

[7.19]
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LA o 2
MINANMS [7.19] agamnsnvin b e i = j 4 11dasil

—b32 — (d32 _ b21b31)/b22
b42 — (d42 _ b21b41)/b22]
_anI — (an _ b21bn1)/.b22

—b43 (d43 _ b31b41 _ b32b42)/b33-|
b53 — (d53 _ b31b51 _ b32b52)/b33 |

_b;13 — (dn3 _ b31bn1 _ b32bn2)/b.33

[dn,n—l _2;{1;% bn—l,kbn,k]
bn—l,n—l

bn,n—l — [7.20]

d
7.4.2 MIMIAINNIAB5UDI Multivariate AR(2)

Multivariate AR(2) HanHaULAITUNIT [7.9]
Zy =A1Zt  +AyZi 5+ Be

1 a 4 9 o 1 dy

AWITIUEDTUDY Multivariate AR(2) mmsam‘lﬂmﬂﬁumsmm@'lﬂu

A, = [M, — M5 M7 [, — B, M5 IT] [7.21]
[, — M, M58, [M, — M7 Mg F, ) (7.22]

BBT = M, — [A,M] + A,MT] [7.23]

a d
113 Derive mdmnmmesmm Multivariate AR(2)

NANNIT [7.9]

Z, = Ay Ze 1+ AyZ,_, + Be,

ZeZi = MZeaZ g+ ApZ oZ]  + BeZl

E(ZZ{_1) = ME(Ze1Z{_i) + AE(Ze2Z] ) + BE(e:Z[)

M, = AiMy_1 + A, M, _, [7.24]
DINAuMS [7.24] tile k=1

M, = AyMy + AM_,

VNeums [7.6] e k=1; M_, = mT

M, = A, M, + A,MT

A My = My — A,MT [7.25]
MINerums [7.24] iile k=2

Mz = A]_Ml + AZMO [726]

7-5



FUN3 [7.26] X Myt
MzMo_l = AlMlMo_l + AZ
A2 = M2M0_1 - AlMlMo_l
unua1 A, adluaums [7.25]
AMy = My — (MyMg* — AyM; Mg )MT
AM, = M; — MoM7*MT + A\ M M;IMT
Ay (Mp — MlMo_lMD = (M, — MZMO_IMD
A1 = (Ml - MzMo_lMI)(MO - MlMo_lMI)_l
MINEuMs [7.26] 92 lan
A;M, = M — AyM;
UM [7.25] X Myt
Al = MlMo_l - AzMIMO_l
unuA1 A, a9 luanns [7.29]
AMy =M, — (M1Mo_1 - A2M1TM0_1)M1
A2M0 = M2 - MlMo_lMl + AzMIMo_lMl
Ay (M, — M1TM0_1M1) = (M, — M1M0_1M1)
Ay = (My — M;Mg*M,)(My_M{ My *M;)™!
Post-multiplying aumsii [7.9] 42 zr
ZtZ'tr = Alzt_l.Z;-T + Azzt_z.Z;-T + Bth;-T
E(Ze.2]) = ME(Ze_1.Z0) + AzE(Z_. 2]) + BE(&.2])
My = AM_; + A;M_; + BE(&. ZT)
My = A;MT + A,MT + BE (& Z1)

T
E(gZ{) =E (ét(A1Zt—1 + AyZ¢_; + Bey) )
10 (A+ B)T = (AT + BT) uaz (AB)T = BTAT

T

E(gZ{)=E [ét {(A1Zt—1)T + (A2Z )" + (Bét) }]
E(&:Z{) = E|edZ{_1 AT + Z{_, A} + e[ BT}]
1099 E (g.Z1_1A]) = Ouaz E(g,Z1_,A%) = 0
E(gZ]) = E(&. €l )B"
E(Et : §tT) =1
E(gZ{) = B"
unum E (.27 adluanns [7.32]
My = A\MT + A,MY + BBT
BBT = My — A\MT — A,MT

[ d
7.5 MITIAIIZHVoYAl MM (Generation of Synthetic Data)
9
dunDUMIFUATIZHOYNTUNA

(1) awwd Z, = [0]

[7.27]

[7.28]

[7.29]

[7.30]

[7.31]

[7.32]

[7.33]
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Q) o UNTIZH Standard Normal Variate &
(3) duaszvinm Z, 1naums
@ 2, =AZy  +Beit=1,. N’
N' =N, +N, [7.34]

A , o ) Y.
e N = MUIUTYANADITUNTIZH

d

=

= 1udoyaiideamsdunsey

Y
A

o [ o @ % <
N,, = $wandeyafidesdaunsiziie 13Fane (Warm-up Length) Falaeiialul
wmruald iy 50
7.6 Approximate Multivariate ARMA(p, q)
as 9 o A W = A
1INIBMIAINUDUTIA0I ARMA(p, q) ndiauilsiRerveseynsuna z, Tuuni 5 agamnso

o d v ~ o F dy
u’lll’lﬂfl'gQﬂﬁﬂﬂﬂﬁmﬂﬁ'lﬂﬁjllﬂihl@ﬂﬁu

@ _ yr@ L@ - ® HONFAO) (l)
Z; Z ¢ Zt—j + & 2 9 Zj [7.35]
1o i APTIUIUBYATUNA AN 1,......n
§t(i) = gy E;T' WU Time Independent e Space Dependent %30 Residual Series 1138 Cross

. 2 = . 2(i)
Series Dependence ¥4 Mean = 0 Lla¢ Variance = 0

£®

W ¢P= @,i=iL“,n [7.36]
S'g ) 4] U Mean =0 119Y Variance = 1
eV = B¢, [7.37]

& = awnls i:f U9 Independent in Time and Space (Standard Normal Variate)

BBT = 1, [7.38]

M Ao Lag-zero Cross Correlation Matrix U83404N3uLIA1 Z(l)

(% 4 ) LY d’}
MIAUATIZHTOYAAIY Approximate Multivariate ARMA(p,q) Jvuaouasao il

1) o ANTIEN Standardized Independent Normal Random Variate

(l) @ @ @ —

,E0,E8,,..., f_q(m_l,L =1,...,n

(2) "A1 Residuals £, o _ = B¢,
ey =BE,

1) _
€ qw+1 = Bé-q+1
mem—awdjizL””njzom_J—q
3) mz® = 2p<>¢0)za> an)9a>(o

t

TWdunswriveyat = 1,...., N’ o N = Ny + N,
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7.7 MINATDUANNHINSANVB VU 1809518055181 (Goodness of Fit Test for Multivariate
Annual Models)
MSNATBUANLIMINE AUV LT 10T UAD LNl
(1) 138uNeY Multivariate Correlation Matrices M,, M, 18 M, ¥0904NIUNIA A0 1N
punIUNATIduATIZH
@) wWisuifiey Correlogram Ye0uNINAIRIBE A VBNNTHNAIFUATIEH NEoUATIVAOL

Probability Limit @28@4n15 [3.49]

Taj2 = iZ‘;\,/Z
() NAADY Independence in Time L1 Space YD Multivariate Residuals Series (£¢) W30 (i t)
& =B Y(Z, —A1Z;_y) #1150 AR(1)
& =B N Zy —A1Zey — AyZe_y) @ WTU ARQ)
§=B7'g
o _ &

gy =it = 1,..,n (¢'; = Standardized ¢;)
&

(4) NAARUTNNAFTIUMILINUIWVUUNAVBI Multivariate Residuals Series (g,) 139 (§¢)

7.8 73961901359180990UN NN EVA I Multivariate AR(p)
Y 1
wahauusmesuuaedlsdmsueynsunaniniseTlves 4 @01l Strausburg,
1 ?,’ . 1 o {
Antietam, Point of Rocks 1182 Cumberland ¥03gu1i1 11 Tauun daiivoyaszninedl 1931-1960 asa15197
° Y =
7.1 Mmualnaai

Strausburg=1, Antietam=2, Point of Rocks=3 1181 Cumberland=4

M5197 7.1 Annual Flows (cfs) at the Stations Struasburg, Antietam, Point of Rocks and Cumberland

(1931-1960)

Station Strausburg (1)
282 675 344 325 804 330 742 741 745 500
1047 490 241 592 567 366 998 461 430 545
610 494 769 984 767 226 790 378 232 402
Station Antietem (2)
158 309 268 268 242 127 383 479 423 278
378 228 192 257 231 181 357 242 270 280
251 209 336 340 251 173 344 168 125 229
Station Points of Rocks (3)
4642 10100 7767 7056 11350 4665 10840 11010 13030 8543
13210 7867 5220 8828 8925 6849 13480 6744 7317 9108
9002 8692 12670 13440 10670 4856 12700 6920 4920 6190
Station Cumberland (4)
731 1314 1192 1344 1649 643 1237 1336 1609 1231
1440 1228 750 1172 1439 1134 1652 986 1087 1175
1113 1218 1574 1570 1356 760 1480 1060 852 799




a d 1 °
7.8.1 ﬂ15'3!ﬂ’i1$1’i!ﬁ93(3{‘1—!!!a$ﬂ]ii%ugﬂ!!ﬂ‘ﬂ‘lﬁ)ﬂ!!‘ﬂ‘ﬂ%]ﬁ@)@ (Preliminary Analysis and
Model Identification)
'
Naﬂ"li@]i’Ji]ﬁ’E]iJﬂ"lilH]ﬂlﬁ]\ilL‘]J‘]Jﬂﬂ@]ﬂlﬁ]ﬂ@lé!ﬂillﬂa"lwTJ’J"I ﬂ1ﬁ'3J‘lJi$ﬁ1/]‘ﬁﬂ’J1llL1j} (Skewness

Y

Coefficients) ¥9I0UNINIAIVBIAD LA UAIAIN

)Zl _ gigg N=30, 1INA15197 3.2
?ﬁ - 0.160 Y01(30) = 0.662
7, = —0.278 Y0.02(30) = 0.986

= Y g‘/ = a
mmmmﬁgﬂ"lmmuﬂsmamm 4 UMsuanuauulng
[ @ A = n
waamauﬂsmammgﬂﬂ 7.2 54 'l duaag Long-Term Memory 16¥ Long-Term Dependence Wa

o [ 1 1 I o [ 1
MsAIUIUAT Lag One ACF wuiiandesnn 3ailumsmivayudeasdainain

rM =—0.118

(2 _ A
r13 = —0.200 | 251 Multivariate AR(1)
r® = —0.058

a d
7.8.2 ﬂ1§ﬂ§$N1ﬂ!d1W1i1N!ﬂﬂi

v 1 Y H
Fhu’)ilm%ﬂaEJLLﬁ$ﬁ’J°L!L°1dJfJ\‘]HJ‘L!iJW]if@”I‘L!GU@Q@Hﬂiﬂl’)ﬁ?‘ﬂ\i 4 ﬂﬁLLﬁﬂQﬂQiU@ﬂﬁN’ﬁ 7.2

v [ v 9
3190 7.2 mmﬁﬂu,azmmﬁmmumm;@mmmmgﬂimamm 4

auUNINIAT (1) Mean (ﬁ(l)) Standard Deviation(ﬁ(i))
1 562.567 231.872
2 265.900 84.458
3 8,897.033 2,790.089
4 1,207.367 284.153
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]
1200f Mtt"

900}
600

300[

1}
soof ¥,(2) (

ars

250

125

14000} %(3) (2)

10500

7000

35001

2000} Y¥(4) (3)

1500

1000

S0

=]

5 10 15 20 25 30
(4)

51U 7.2 Annual Flows (cfs) at the Stations (1)Struasburg (2)Antietam (3)Point of Rocks and

U

(4)Cumberland (1931-1960)

AN Standardized Series 91NAUNT

i

M _ -0

Zt o)
' 1 282—-562.567
wu 2 = 28562567 g 910
231.872
1 675—562.567
2{D) = 85562387 _ 485
03-563867
1 402— .
28y = 222020 — 0,692
231.872

[

o ' .. . ! . . Y o~ Y vy
MUIUKIA ro”n,mz T1U Wo iwazj = 1,2,3,4 e ld M, way M, 991l
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[1.000 0.768 0.960 0.828
= _ 10.768 1.000 0.833 0.714
0.960 0.833 1.000 0.913
10.828 0.714 0.913 1.000

[—0.118 0.067 -0.079 -—-0.110
o —-0.129 0.200 -0.119 -0.242
—-0.148 0.121 -0.096 -—0.147
[—0.118 0.208 —-0.040 -0.058

~ltu,,VWN—k—1
N—k
—1+196V30—1—1

7,(0.95) = 01 = —0.39212,+0.32315

n(a) =

'y 9J 1 i T 9 Y 1 3’, 1 9 ~
My uaaalviiiug 7 Uanieeunn gegaminy 0.200 M1 uaaI1AIT 4R My lums
' a J ' <3 o T { as Y o . . !
Uszainammalines g9 lsnauludredelisznanidsmsaiuunusiaes Multivariate AR(1) s 11/

w1 A, nay BBToinaums

Al = MlMo_l
BBT = M, — A,M"

—0.598 0.328 0.504 —0.308
—0.233 0.860 —-0.035 -0.632
—-0.760 0.515 0.595 —0.429
—-0.851 0.673 0.385 —0.186

A1=

0912 0.610 0.835 0.691
BRT = 0.610 0.639 0.599 0.470 -D

0.835 0.599 0.820 0.716

0.691 0.470 0.716 0.765

Murum B 1agds Square Root

311
All:%:%;orﬁ”zﬁzo.%S
BZl_ﬁ—@—O639

~ p11 0955
B3l_ﬁ—@—0874
~ p11 0955
A41_ﬂ_@_0724
p11~ 0955

~35 d?3 — b?'p3t  0.599 — 0.639 x 0.874
b3? = F22 = 0481 = 0.084




7.8.3

0.955
0.639
0.874
0.714

0 0
0.481 0
0.084 0.222

0
0

0

0.061 0.367 0.325

MINAADdY Goodness of Fit Y2IUUVD1A0D9

(1) AUIUNI Residual Matrix Series & VINTAUNIT
— D-1 A
& =B""(Z; —A1Z;_4)

7-12

RESIDUAL SERIES NUMBER 1

-1.266 0.454 -0.961 -1.472 0.946 -0.259 0.908 0.484 0.190 -0.749
2.066 -0.022 -1.272 -0.257 0.112 -0.472 2.086 -0.010 -0.617 -0.289
0.036 -0.245 1.032 1.882 1.317 -1.069 0.754 -0.941 -1.383 -0.964
RESIDUAL SERIES NUMBER 2

-0.972 -0.144 1.188 1.419 -1.787 0.055 1.424 2.697 0.140 0.327
-0.258 -1.063 0.604 -1.181 -0.909 0.371 0.477 0.594 0.149 -0.217
-0.880 -1.080 1.472 0.077 -0.996 0.623 0.025 -0.963 -0.661 0.573
RESIDUAL SERIES NUMBER 3

-1.517 -0.099 1.572 0.003 0.065 -0.944 -0.340 -1.722 1.513 -0.589
-1.801 0.351 -0.037 -0.928 0.417 1.005 -0.071 -1.094 -0.438 0.209
-0.690 1.423 2.314 -0.092 0.361 0.204 1.607 1.607 0.156 -0.952
RESIDUAL SERIES NUMBER 4

-0.544 0.627 0.095 2.651 1.053 -1.271 0.093 0.550 -1.601 -0.129
-0.802 1.320 -1.477 0.156 2.316 0.505 0.848 0.498 0.504 -1.061
-0.940 -0.189 -0.243 -0.380 0.097 -0.465 -1.207 -0.174 -0.010 -1.091

(2) AUIUN Lag-Zero Cross Correlation Matrix M,(g)

1.000 —0.011
_|=0.011  1.000
Mo() =|_5'002 —0.010
0.003  0.011

—0.002
—0.010
1.000
0.002

0.003
0.011
0.002
1.000

(3) Probability Limit ¥84 Lag-Zero Cross Correlation 3¢f1UIMIINAUNT

ua/z
r(a) =+—
(@) VN
(0.05) +1'96 + 0.3578
(V. = —_ = .
/30

4) M Lag-Zero Cross Correlation roijlﬁ@ L #] fl?’h@fﬂu Probability Limit HEAIN &t Hudasy

nazagl'lan AR(D) mgaUAUIYNITNNAIAIDES

(5) MuIUN Correlogram 7 () (i = 1,2,3,4) Tagldaunis [2.5b] uagfuIn1 Probability

Limit 31NAUNIT rk(a) =

—1dug/VN—k—1

N-k

lawansga 7.2
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rk{E}
05| 95 ofn_'-___
K
A , A
“__‘\;/A\IJ )
-05t (1) o
r(€)
05| k 95 %L __
k
0 %. 1 1 1 L . ./; -
. I
_______ (2) — ———
-05F
rk{ﬂ
0.5 | 95 %L __
L N lm i i ; IlIIl--
0 l\/ A4 10
| 5
-0.5 LT T T ‘3] _-_r-_-_.-_-__‘_
r{€)
05 [ * __95%L__
K
o | —tm gty "\\’/ﬁ*
-Q5 - (4) o

gﬂﬁ 7.3 Correlogram rkii(s) (i=1,2,3,4) 18 95% Probability Limit

1 . % 1 1 v .. d a @
A1 Correlation 71110 i=1,2,3,4 1if10g 1 Probability Limit aae11 &£ iiluddszuazariveryu

foa3111 AR(1) M AUAUBYNTUNIAIAIOETS
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P2 [
NATOUN Residuals Imsuanuaanuvlng Iasldmsnaaeumdudszansanul $anans

nagoudanglums e wazamnsodgi 1471 Residual Series Imsuvnuvanuuilng

Residual Series (i) | Computed y; Critical y(0.02) Hypothesis of Normality
1 0.541 0.986 Accepted
2 0.601 0.986 Accepted
3 0.305 0.986 Accepted
4 0.689 0.986 Accepted

7.8.4  Optional Tests of the Model
[ 4 o
19 Multivariate AR(1) Tumsdans1zoyNIUNAT LANNMINATOUANUIHINZAUAIWIDNS
o 4 A 3 a . o X A v .
Tuiadie (3) HuAeMINAToUANNY UBHTZ VDI Residual NUNUTN Iaald Lag-Zero Cross Correlation
I a o ii

(M,(€)) HaznaaeUANUUDAILYDI Residual nuar lagld Correlogram 7' (€)

MotMIFInTIZHeYNTNIAT

9@ = 562.6 +231.9 2
O _ 40 |92 =2659 + 84527

i 9 -0 | Ve =20 +84.5 2,

o =77n — |9® =8897.0+2,790.1 2

9™ = 1,204.4 + 284.2 2%

Z;=AZ,_ 1 +Bg

&¢= Independent Normal Random Number 1 Mean=0 112 Standard Deviation=1

2@ = 059821 +0.3282%, + 0504 2% —0.308 2 +0.955 ¢

2@ = 023321 +0.8602%, —0.0352 —0.6322* +0.639 ™"
+0.481 2

23 = 076021, + 0515 2%, + 0595 2 —0.429 2 + 0.874 ¢V
+0.084 £ +0.222 ¢

2™ = —0851 2%, +0.673 2%, +0.385 2% —0.186 2, + 0.724 £~
+0.016 £ +0.367 £ +0.325 £

ot qmswﬁﬁw Standardized Normal Random Number St(l) 1319 t=1 AR5
t () D
1 1 -0.155
2 0.420
3 0.360
4 -0.595

] ) A o o @ o A(L §
nnm e idunneit Iddimseiiau dimuald 20 = 0o i=12.3.4 waunsa
[ L4 N o {
Faunnzima 20140l

2@ = 0.955(—0.155) = —0.148
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2® = 0.639(—0.155) + 0.481(0.420) = 0.103
28 = 0.874(—0.155) + 0.084(0.420) + 0.222(0.360) = —0.020
2 = 0.724(-0.155) + 0.016(0.420) + 0.365(0.360) + 0.325(—0.525) = —0.144

waﬂmﬂuummmmmm yt(l)mu

9 = 562.6 + 231.9(—0.148) = 528.3
9% = 265.9 + 84.5(0.103) = 274.6

92 =8,897.0 +2,790.1(—0.020) = 8,841.2
9 =1,204.4 + 284.2(—0.144) = 1,163.5

@ s

“lumummmnummswmm Standardized Normal Random Number & !,11?) =2 A4

t (i D

2 1 1.520
2 -0.050
3 -0.650
4 0.265

A ANMNTOFUAT I 2(i) uaz ¥ "(i) HE
2D = —0.598(—0.148) + 0. 328(0 103) + 0.504(—0.020) — 0.308(—0.144)
+0.955(1.520) = 1.608

2 = —0.233(—0.148) + 0.860(0.103) + 0.035(—0.020) — 0.632(—0.144)
+0.639(1.520) + 0.481(—0.050) = 1.162

23 = —0.760(—0.148) + 0.515(0.103) + 0.595(—0.020) + 0.874(—0.144)
+ 0.874(1.520) + 0.084(—0.050) + 0.222(—0.650) = 1.208

2 = —0.851(—0.148) + 0.673(0.103) + 0.385(—0.020) — 0.186(—0.144)
+ 0.724(1.520) + 0.016(—0.050) + 0.367(—0.650) + 0.325(0.265)
= 1.162

9 = 562.6 + 231.9(1.608) = 935.5

92 = 265.9 + 84.5(1.162) = 364.1

93 = 8,897.0 + 2,790.1(1.208) = 12,267.4
9™ =1,204.4 + 284.2(1.162) = 1,534.6

7.8.5  Reliability Yv@3m513imastuudiaes

A [ d' ) a 4 o 9 A o e’é’ 1
ADNTHIFNANUTOUUNIT NN DI VOUIVVTIa09INYaYaNT U 1EHUN vl

u
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7.9 ¥9317AVDI Multivariate Annual Modeling

LLUVI1909 Multivariate AR(1) ﬁﬂmﬁ HIANAIM Mean, Standard Deviation, Lag-One Cross
. . I o ' 1
Correlation 11a% Lag-One Autocorrelation #3011 11U 181809140 Short Memory 34 ia1150A9A1 Long
Y
Term Persistence H3© Long Term Dependence %4 Drought %30 Storage Related Characteristics 16 drariu
MADIMIUUVIIABINTINITOAIAT Long Term Persistence a0 1911UT1a099 1% ARMA(p,q)
A " Ya a A o a A
nsaineoynsunat luldaimsuwenuasunulng madenlumssiasedl 3 uuamsde
< I {
—  msutlaseyniunauy Non-normal 111 Normal TaeldWeadunmsulasimanzan udqva
o ° ~ vy
MmMastiaeeynsuaInulainig?
o o ) [ I
—  $1M3912099YNTUIA U Non-normal @11 1landumsuanuasnnutiegiluves
Uncorrelated Residuals
o v 1 P [l Aa o P
— wanudunius sz luuuan 1 uag 2 veseynsunawuy luUnd nuTuwuah 1 uag 2
| ) v P ] a
YosoyunsunaMULUna tiovz Idnm Tumudn 1 uaz 2 vesounsunawuyludnd aw
A A [ = v 9
5Nna109 U0 3.2.3
1 a 4 o Y o a ~ a I~ 55T 9 I a o
MIMANNMeTveUUaeUUrawa s Sutliimming My, BBT asuilumwnind
a o~ PPN I
11U Consistent (Positive Definite %30 Positive Semi Definite) Fuun3ne M,,BB 713111 Inconsistent
[ .. . A .. . . H ' a M ¥
(311 Positive Definite 1130 Positive Semi Definite) 9% l@13150M1AIMI5130A035 1A Crosby LA

a g~ PN {3 a 4
Maddock(1970) taupuuEITMINUNNIAG My, BBT MIUUNI Nk Consistent

J o Y (%
7.10 miﬂﬁzqnﬂﬁnmumaiz)amJuWmﬂmuﬂﬁnmgnsunmsmﬂ (Annual Multivariate Model) 14ma

U iia

o @ o (% 4
ﬂ1§16]951LL‘U‘UﬂWﬁ'f)\‘il,l'U'U‘Viﬁ'lfl@]')l,l,ﬂ3ﬂﬂ€)1§ﬂillnﬁ'l§18ﬂ Gluﬂ'l‘iﬁﬁlﬂi'wﬁ’f]‘lgﬂiiJL'JaT’U’ENWa'IEJ

A Ao S A v Y koA ~ . 1 ~
aonil IdnguseasAmienisnamusruuuraniideadins 15auduil (Over-year Regulation) tan3al
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PANE RIO CHILE
RESERVOIR SYSTEM

—<

"

L

CONDOROMA
RESERVOIR

®
ANGOSTURA

RESERVOIR
NEE Lo

] | MAJES -SIGUAS
o SYSTEM

d‘ . . =X g % J =
3‘].]1’] 7.4 sTUUvaUTTMU Majes-Siguas 1uﬂ33gﬂﬂgﬂgGummmimmi”lwmgﬂmn’mmm 591U
7.11 mﬁi‘imaa!mmﬁmﬂéfwﬂsﬁuagﬂsunm!mu Periodic (Multivariate Modeling of Periodic Time

Series)

[ 9
aNnad) misiasuuraealsnueyNTUNAMLY Periodic A1115071 1AATH
9 ) . . a 4
1%LL1J1J%1E1EN AR 11UU Constant 'H%’é] Periodic W131UI6109

o . . a 4
1%LL“U1J%1E1EN ARMA 111U Constant 'H%E] Periodic W131UIAD3T

7.11.1 msﬂsanﬁ‘lﬂi’fzmmﬁmm AR 1182 ARMA 1111 Constant W15 3tnasnunsaivaedinls
U [] 79 ¥ o a J v
A10819M3szgnd lFuuiiany AR(1), AR(Q2) ag ARMA(1,1) U1 Constant W13 11IAD5 N
Y
Astivianeas ansavldaail
¥ ® _ O

W zY=2z) [7.39]

o t=w—-—Dw+twei=1,....,n
ﬂiiﬁ AR(]) N Zt = A].Zt—l + B§t
ﬂiiﬁ AR(2) . Zt == Alzt—l + AZZt—Z + Bét

ﬂiiﬁ ARMA(l,l) . Zt = A].Zt—l + Bogt - Blét—l



7-18

7.11.2 uuua1899 AR Hanefnlsuuy Periodic Wﬁﬁlm@% (Multivariate AR Models with

Periodic Parameters)

YU,T = ET + gTZU,T [7.40]
[yu(lr)] uh
) T
(2) (2
thzlyu,rl 'ET_ Uz
[ylf,’? i
[c™ 0 0]
| 0 5@ 0 | _ _
or = | T | = Diagonal Matrix
lo o o™ ]

UUUS1889 AR(1) HUD Periodic W1513110195

Zypr = A1:Zy-1 + By [7.41]
A; ; = (n x n) Periodic Coefficient Matrix of Period T

B; = (n x n) Periodic Coefficient Matrix of Period T

&,r = (nx 1) Vector of Independent Normally Distributed Random Variable

E(Zy:) = E(ey:) =0 [7.42]
Var(Z,.) = Var(e,.) =1 [7.43]
E(iﬁ éz(;]r)) =0;0=J [7.44]
E(ey:. €';) =1 = Identity Matrix [7.45]

v . . a d
ﬂ]ﬁﬂi%u]mﬂ] Periodic 1310003

y D —u®

@ _
Zv,r = D [7.46]
O-‘L'
A _ 7 -1
Al,r - Ml,r MO,T—l [7-47]
B.BI =My, — My, My;_,M] 7.48
T2t — 0,7 1,7 o,t—-1"1,7 [ . ]
Moy, My ,_quee M], = Periodic Correlation Matrix
11 12 in
Irrk,T rk,‘r . rk,‘r
21 22 2n
Vi 1§ T, . N
Mk,r — | k,T k,T k,Tt | [7_49]
ni n2 nn
lrk,r rk,‘r . rk,‘r
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A
Wo kg =0,14ac7=1,...,w

rk”T =E [Z,SQZI(,]T)_,(] = Periodic Lag k Correlation Matrix [7.50]
msdunnzvieynsunadBnuUsassvaedlsuuy Periodic W151310035
Multivariate AR(1): Zyr = Ay 12y -1 + Br&y1

(1) dunsed &4

) auwd Z; o = [0]

(3) MU Zyy =A11Z10+ Bi&1s

@) FUnTIEH £,

(5) Z12 = A12Z11 + B

(6) ﬁw%wﬂ%’u 4025 ﬂuﬂizﬁ"a"lﬁjgl,wuaz Ziw=A10210-11 B1&1o

(7) AUATIEH &5,

(8) AWNA Zy0 = [0] = [Zy14]

O Zy1 =A11Z30+ B1821

(10) Zz,w = Al,wZZ,w—l + Bw§2,w
(1) MaunsenaV =N = Ny + N,

7.11.3 4uud1a89 ARMA viaenmlsuuy Periodic W1§1ﬁ!ﬂi’)% (Multivariate ARMA Models
with Periodic Parameters)

Multivariate ARMA(1,1)
Zy = A1Z¢q + Bogr — B1gr1 [7.51]
ﬂ"lﬁ‘lJigN]md]W]i"lﬁ!ﬂ@%
Zp.Z{ g = A1Ze 1. Z{_j + Bogr. Z{_ — B1g&r 1 Z{_,
E(Z.Z{ ) = A\E(Z,—1.Z] ) + BoE(&:Z1_}) — B1E(&c-1Z7 )
My =AMy + BoE(g:Z{_y) — B,E (§t_1ZtT—k)
1 k> q U k=2 uazg=1 4
M2 = AlMl [752]
k< q 19U k=1 uag =1
M; = A1 M, — B1E(€t—1ZtT—1)
E(et—1.Z{-1) = Ele;—1(A1Z—5 + Bogr—1 — B1&r_5)"]

= E(ge_1Z{_,A7) + E(Et—1€tT—1Bg) - E(it—1€tT—zB1T)

=BT

M; = A;M, — B,BY [7.53]

nnaums [7.52] w18 4, = M,M;?
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unua Al aqldlu [7.53] 2214
BlBg = Mle_lMO - M1 [754]
ByBl = M, [7.55]

7.12 AIveNIMIBIavwuUHawilsiueynsuIa Periodic

35UV Great Lakes 1/5 $ﬂﬂﬂllﬂﬁ)’m‘lﬂ$mﬁ 11 Superior, Michigan, Huron, Erie, Ontario t{ta1¢ St.Clair
Ng1aay Superior Wunziad i lnguasd1dyiiqavedszuy Great Lakes szuneiwumii1 StMary
a9gziaa 1y Huron NZtaa@ 1y Michigan 1102 Huron fiszutiuniu sufulumegnninesefinsanh
sanflunzaauiferiilaeBoni N2y Michigan-Huron Yhonaesnziaauiiazszuesmunivh
St.Clair a4gN1aeY St.Clair wazndanniuagszuteruith Detroit asguaii Erie gameeenves
Nneaay Erie ﬁauﬂfﬁ Niagara $058U1ﬂﬁmﬁéﬂmaﬁ1ﬂ Ontario éqgﬂuﬂﬂﬁwqmm Great Lakes @043
Anpfionaunumaszineihnes Great Lakes Sadosaanniiaosa Tauaadniio 19 lumsdansisy
DUATNATIBIADUYY Net Basin Supplies (NBS) 1{109010u11av04ngIaa 1 St.Clair Suinaidnunniile
eufun 4 ey daufunisfaesezutesndu 2 Yuaeude 1ui 1 uuusaewuuaeiauls
YOINTIAT®1Y Superior, Michigan-Huron, Erie 148 Ontario uaz%’u‘ﬁ' 2 3314 Multiple Linear Regression
dUA31Z1HOYNTUNAIUDI NBS ¥BaNzad 1y St.Clair 0YNTNIAT NBSTWIROUTBMAd U 4 1A

1 Y
pgTum519R 7.3()-(d) luunilaznannunme
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112.0
113.0

49.0
170.0
180.0
128.0

92.0
197.0
126.0

74.0
118.0
118.0

66.0

40.0

83.0
100.0

145.0
79.0
8.0
107.0
76.0
82.0
5.0
62.0
-43.0
36.0
76.0
47.0
164.0
43.0
66.0
100.0
-25.0
35.0
50.0
-7.0
75.0
73.0
4.0
59.0
190.0
-21.0
100.0
-38.0
131.0
29.0
-24.0
-56.0
46.0
-57.0
-33.0
8.0
71.0
47.0
81.0
91.0
127.0
-13.0
-12.0
84.0
-9.0
41.0
-15.0
53.0
-8.0
-49.0
60.0
102.0
100.0
67.0
40.0
-19.0
132.0
-11.0
27.0
170.0
100.0
62.0
64.0
64.0
32.0
92.0
14.0
45.0
129.0

78.0
-64.0
45.0
148.0
64.0
27.0
32.0
58.0
-45.0
20.0
56.0
78.0
125.0
-15.0
15.0
134.0
10.0
3.0
-30.0
24.0
65.0
55.0
46.0
83.0
22.0
-7.0
80.0
52.0
48.0
-35.0
-62.0
163.0
-58.0
-20.0
143.0
0.0
80.0
-1.0
29.0
-32.0
54.0
128.0
55.0
-34.0
77.0
82.0
-5.0
32.0
-81.0
-59.0
26.0
18.0
-61.0
-74.0
73.0
-127.0
-58.0
15.0
34.0
30.0
1.0
139.0
-2.0
0.0
32.0
204.0
-82.0
-15.0
16.0

73.0
35.0
-52.0
12.0
24.0
-60.0
3.0
-44.0
-71.0
109.0
24.0
83.0
39.0
21.0
-9.0
-73.0
42.0
-32.0
63.0
80.0
-5.0
-6.0
-95.0
10.0
-80.0
-34.0
60.0
3.0
198.0
1.0
-71.0
-25.0
24.0
-22.0
-55.0
-50.0
23.0
-6.0
-65.0
-51.0
-36.0
181.0
28.0
-36.0
-58.0
29.0
-30.0
19.0
136.0
-41.0
-17.0
151.0
193.0
-37.0
256.0
47.0
-34.0
2.0
-36.0
78.0
-58.0
26.0
-20.0
-29.0
-78.0
46.0
-52.0
57.0
29.0

56.0
-74.0
78.0
-51.0
-68.0
36.0
80.0
-7.0
-65.0
59.0
13.0
92.0
98.0
88.0
-56.0
80.0
25.0
28.0
76.0
40.0
-20.0
6.0
25.0
-45.0
-21.0
17.0
161.0
91.0
133.0
-8.0
-50.0
144.0
-16.0
-19.0
131.0
86.0
-80.0
33.0
-22.0
-38.0
72.0
128.0
54.0
59.0
14.0
70.0
-50.0
-20.0
134.0
-49.0
4.0
110.0
63.0
-57.0
53.0
-13.0
-13.0
69.0
-49.0
92.0
79.0
24.0
-60.0
-32.0
13.0
90.0
152.0
84.0
30.0

-61.0
48.0
-45.0
4.0
-40.0
13.0
41.0
40.0
-12.0
92.0
-60.0
95.0
44.0
-55.0
-49.0
7.0
114.0
-9.0
141.0
43.0
81.0
127.0
-34.0
42.0
-68.0
20.0
51.0
50.0
85.0
-37.0
-24.0
-50.0
94.0
42.0
54.0
-39.0
67.0
-32.0
15.0
-22.0
92.0
51.0
53.0
-67.0
-34.0
23.0
15.0
-89.0
-15.0
22.0
45.0
90.0
60.0
-17.0
23.0
-30.0
21.0
92.0
-43.0
114.0
-65.0
-2.0
-45.0
-70.0
5.0
138.0
139.0
152.0
129.0
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a d 1 o
€)) mi'sm‘nzmﬁmﬁmmzmsszugﬂu‘uwmsmmam (Preliminary Analysis and Model
Identification)

Ui 1a uag 1b A52970U Normality Tagly Smirnov-Kolmogorov Statistics NATNN 3.2 (N=69)

i | Lake Computed y; Critical y4¢(0.10) Critical y49(0.02) | Hypothesis of Normality

1| Ontario 1.005 0.462 0.679 Rejected at a = 0.10

2| Erie 0.648 0.462 0.679 Rejected at a = 0.10

3| Superior 0.489 0.462 0.679 Rejected at a = 0.10

4| Michigan- 0.597 0.462 0.679 Rejected at a = 0.10
Huron

i 1c 18z 1 vinasduumannsaailldheynsunarfimdudssans anurhHunani
a = 0.10 Jmsimsulaseynsunalmiulng uatidymiAea NBS vaimaaansh il
amnsoulasm1d lag1$35msuuudion ﬁ’q&uiuﬁ’aafJNZf:%ﬁmiwﬁ@iaIﬂﬂ”lajuﬂmmgﬂmnaﬂﬁﬂu
Un@
Fuit 1e Fumaundoardndoauunasgusefiouveseynsual NBS veansiamuna 4
IRaaanaluglii 7.5 waz Aunan D il in t=1.23 I8 waasluzili 7.6 i r il dueraagiuy

a U

T 14
Ta adeudinia1enngud vredon lidngud JaRnsann rkTuJumimmaiﬁﬁmmﬁ

100 7
20 7
20 7
FO
&0
S0
40
30
20
10

1 2 3 4 5 &7 82 %2 101112 1 2 2 4 5 &6 7 8 5% 101112
{1} Lalce Ontario (2} Lalce FErie
200

150

120 b a z00 |

20 ]
c A 200

v = 1
40 d 100

0 T

20123456?89101112 1 2 34 567 8 5% 101112

(a)=Fitted Monthly Mean (b)=Historical Monthly Mean

(c)=Fitted Monthly Standard Deviation (d)=Historical Standard deviation

‘lJﬁ 7.5 Fitted and Historical Periodic Mean and Standard Deviation of Monthly NBS of 4 Lakes
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I

Y 15 A~

\ f .
! [ -
ﬁl!!l}i!l!ﬁlli

3) Lake Superior 4) Lake Michigan-Huron

g1 =

(a)=Lag 1 (b)=Lag 2 (c)=Lag 3

311 7.6 Monthly Correlation Coefficients 1 Lag 1, 2, 3 Y¥04NZaa 1IN 4

=2 Y1 1o & £Y 9 . . A ' A K A
Hn 1f ﬂ\‘]l!ﬂJ'J’]"liJﬂ']lﬂu@]@\iﬂlslf Fourier Series fWOWIAURAYUAS AT IULIUDUNINTIU

1109910 w=12 uamsminunasuazdaudeuuunaigiu lagly Fourier Series v lnaadiu

See
=).

a 4 o
NWITTMUIABDTUBDIULDV BN

o A Y a d

Tun 2 mydszanammaniimnes

g o 1 A U A A ax . . ! .
2a mmmmmmaﬂuazmummmummgmsmmauiﬂmﬁ Fourier Series 11 Fourier

-

U

Vuh
Series Coefficients Y99 4 Harmonics 1aA408 114015199 7.4 tagmaundguas dudeuuuuaggiusg

{ o ' H a . . { < s
woundurn ldudasoglumsan 7.5 wamsiladie Fourier Series Tugii 7.5 szwiulanilalag naz

[ o a 4 J 4 1 { 4
mldumniimesvesannasuazaulownuinasgIuswaouanadnin 12 1iu 8 (4 A 1az4 B)
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@15191 7.4 Harmonics 110 Corresponding Fourier Coefficients §1%151UN13A1129! Fitted Monthly

Means 10¢ Fitted Monthly Standard Deviation Y83 NBS U84 4 neaay

Mean p, Standard Deviation o,
Lake - -
Harmonics A; B; Harmonics A; B;
1 -13.162 32.586 1 -0.166 6.608
Ontario 2 -3.048 -10.522 2 0.024 -2.987
3 6.398 -3.169 4 -0.312 1.238
4 0.398 5.079 3 1.213 0.160
1 -11.602 41.503 1 3.732 7.761
Erie 2 4.780 -2.611 3 0.721 2.681
3 -1.371 -5.022 4 0.023 2.329
4 4.250 2.751 5 -0.829 0.259
1 -94.327 -0.243 1 -11.270 -2.557
Superior 2 5.407 -23.493 2 -2.006 -9.090
3 2.930 10.799 4 2.404 -0.912
4 -8.776 -1.776 3 -0.343 2.487
1 -93.848 84.036 2 -2.364 -14.685
Michigan 2 8.191 -34.842 1 -6.062 3.574
5 -8.567 -9.185 3 3.638 1.990
3 9.792 -0.353 5 0.656 2.590

M13197 7.5 Fitted Monthly Means (1ai& Fitted Monthly Standard Deviation U84 NBS U984 4 neiaa1y

Month Lake Ontario Lake Erie Lake Superior Lake Michigan Huron
(1 ~(2 ~(3 ~(4

I ST S S SO S o N 5

1 29.248 | 21.813 20.580 37.200 -13.872 | 22.879 46.926 50.963
2 37.015 | 20.752 34.257 29.751 4.505 | 27.510 95.250 48.583
3 73.162 | 25.951 66.532 29.915 46.706 | 41.663 176.800 72.146
4 89.996 | 30.662 68.344 32.325 142.308 | 52.258 277.598 86.701
5 61.474 | 25.132 43.675 25.266 193.276 | 59.724 254.984 88.034
6 38.074 | 18.504 25.958 20.951 159.960 | 54.309 210.601 65.013
7 25.798 | 15.173 3.459 15.917 128.152 | 39.981 120.492 52.454
8 6.534 | 11.899 -17.006 15.297 105.113 | 42.523 55.786 59.561
9 1.652 | 13.055 -21.697 19.236 68.791 | 51.753 26.394 63.798
10 7.596 | 16.623 -24.165 20.791 42.542 | 46.104 -5.866 72.314
11 12.427 | 17.915 -11.767 19.782 8.540 | 37.787 33.129 66.254
12 24.546 | 20599 13.394 28.200 -22.834 | 31.083 25.355 61.476

v
g

Y ' A N .
Wi 2b 1Az Fourier Series Tuas1ad 7.5 Tumsuilag y @ dlu 28 Tagaums

. O_o 4
7D = 2 ijn i=1,2,3.4

ot
fe813a 2 yeanziaa 1y Ontario idmaw 1@

1 _

2 = 0.011
1 _

/D) = 1.011
O _ _

2D, = 0.658
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Aud 2¢ mlas 2 f Mo t = (v — 1)12 + Tudadunam 9 (2) e k=1.2.....40

waz i=1,2.3.4 Taeldauns [2.56] Fadion 9 (2) Tdwdeanslldnsmidsgin 7.7

3 --=-For series ¢ arl k -=-=-For series g

ozl o For AR(l) model L o For AR(l) model
wl —For AR(2) model
P

L —For AR(2) model

\

1) Lake Ontario 2) Lake Erie
T -=-=-For series ¢ rk
"k o For AR(l) model 1
al .NA ~——For AR(2) model as| —--;01" ::H;En;d
- o For el
QTR VALY R A K o1 — For AR(2) model

A\ AN avi A K

(ii)
3) Lake Superior 4) Lake Michigan-Huron

g‘l.lﬁ 7.7 Historical Correlogram U84 zt(i), AR(1) 182 AR(2) Model Correlogram 8% Residuals

Correlogram U934 AR(1) ttag AR(2)

Correlogram UY893INELAT1U Ontario 48 Erie LAY Short Term Dependence "Umz“ﬁ Correlogram
VYOINELATNIY Superior LLaE Michigan-Huron (L7A4 Longer Term Dependence Juaue M lFuuusians
AR(1) 150 AR(2) 1113910099 YNTUNIAIVOINSIATIY Ontario 11aY Erie wazlduuusiass ARMA lu
ﬂTiﬁ]Hﬁ’E’NE)lalﬂﬂJL’Ja1ﬂlflﬁﬂglﬁﬁ1ﬂ Superior 18 Michigan-Huron ﬂ%@fﬂsﬂﬁlﬁ\l%TﬂﬂTicl,G]gf}l,L‘lJ‘lJﬁTﬁ’E)\‘i
@115 Short Term Dependence (¥4 AR(1) 1t 82 AR(2) f'i’uﬁy’a 4 N@AUNOU ué”;@’imamimaau

anummnzaun 1 lanse i drldasenlasuuuusiana
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v
(Y4 [

v F4
Tuh 2d naaoald AR(1) NUeynINNAVBIANZIAA1Y 19A1 Autoregressive Parameter A4H

b = 0.256
$P =0.196
3 = 0.134
b = 0.299

AU AR(1) Model Correlogram 18 AR(1) Residuals Correlogram 91 g“t(i)!,ﬁlf) =2 D4 828 114
Wg’é]@lﬂiw\lﬁlﬂgﬂﬁ 7.5 G?'N’c’fgﬂllﬁjﬁ AR(1) Model Correlogram #1990 Historical Correlogram 1a& AR(1)
Residual Correlogram ?J‘Vimt’lﬂlmﬁ‘ju’é]ﬂ Probability Limits 9 7 1/'1dn AR(1) Tz ey (Inadequate) bR
A25NAARITIa0d Iag 1y AR(2)

1 a 4 o ] H
AN IO DIUDIULUUDIADI AR(2) LLﬁﬂQ@QiMﬂWiN“ﬁ 7.6

M15199 7.6 Serial Correlation Coefficients a1 Autoregressive Coefficients YDILUVINDDN AR(2)

B Lake Y Y 2% 2

1 Ontario 0.256 0.134 0.2375 0.0732
2 Erie 0.196 0.111 0.1809 0.0756
3 Superior 0.134 0.130 0.1183 0.1142
4 Michigan-Huron 0.229 0.135 0.2091 0.0870

namsif3euney AR(2) Model Correlogram 11 Historical Correlogram °1u§ﬂﬁ 7.7 WUM
uuTA0  AR(2) WaodANUaYNTNIAINBINIAdIY Ontario 1Az Eric HaRoud19ANUOYNIUNIA
VOINLIA 1D Michigan-Huron Ll@ﬂiﬁ\lﬁfT‘UfT’]J’e)“l}‘lﬂﬁﬂJL’mW’eNﬂzmﬁﬁJ Superior

AR(2) Residual Correlogram #af1maman £Pule =3 e 828 asglin 7.7 Tideagiliimes
ReINUAD AR(2) HABENANUBYNTUIAIVDINZIAATD Ontario Hag Erie HaRoud19ANUoUNTUNAI0

9
V218U Michigan-Huron 16 1iflanuAUeynsuna1ueIngtad 1y Superior A11IUO19ABIA0INATOUND
Ao w [ A [ < @ ] 9 o o
AR(p) NANALFINI2 130 ARMA(p,q) a1 15nauludregazlduuusiana AR(2) NUBUNTUINIVD
F

NLTIUNI 4

g A & Aq Y o ' g =2 Y a 7 s d

U 2e iiosnnoynsunai g lunsiiaes ludluuny Normal 3edesdinsizimiiendunis

] <3 ) v

LANUAIAINUIZIT UUDY Residuals égl)c?ﬁidj Mean=0 I8¢ Standard Deviation=1 QNI Log-Normal

a Iy [
HuuY 3 WIS UANY Residuals

{—[ln(st—so)—m]z}

2s2

1
f(&) = s Eap [7.56]
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1 a s A s ' {
A3 11RD5YDI Log-Normal 3 W131190511eA908 1140115197 7.7 Probability Density Function

1ng Empirical Frequency Distribution Y94 Residuals LIef magﬂugﬂﬁ 7.8 FINUN Log-Normal 3

a JIa o . . Y= = Y v oo A
W19 WAND Residual Series 14a uazuﬂmmmmﬂmﬂﬂumgﬂ‘n 7.9

H a 14 a J
M3 7.7 WITIUADIUDN Log-Normal 3 WITIUIADT

Parameters
(i) Lake m s £
1 Ontario 1.5969 0.1883 -5.0272
2 Erie 1.7454 0.1655 -5.8079
3 Superior 2.1801 0.1102 -8.9020
4 Michigan-Huron 1.7787 0.1608 -6.000
Four lakes combined 1.8016 0.1572 -6.1354
05 | "™ 05
04 04}
0.3 0.3
02 0.2
0.1 0.1
0 Lo 0 i
-3 2 -1 0 1 2 3 3 2 -1 0 1 2 3
(1) Lake Ontario (2) Lake Erie
) "e)
05} " 0.5
04 04
0.3 0.3
0.2 0.2
0.1 0.1
0 £ 0 £

o 1

= O L
(3) Lake Superior

-

w

-3 2 -1 0 1 2
(4) Lake Michigan-Huron

gﬂﬁ 7.8 Probability Density Function of Log-Normal 3 Parameters A1 Empirical Density U84 Residuals
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fle)
0s |-

04 |

02

51U 7.9 Empirical Density UD3 Residuals U943 4 naiad wfFeuneuny Probability Density Function

U

% ) 91 a 4 {
of Log-Normal 3 Parameters gﬂﬂWN?mIﬂﬂi%ﬂ?W?i’lNL@'ﬂiﬁlaﬂﬂ]@ﬂ 4 nNglady

' . A g a < q Y Y
M3u1)asn Residuals Y09 4 Nz1aa1y MU Log-Normal 3 W151iwes 141114 Normal Tagls

v 9 v
AMININ03 N TUDINIATIUNG 4 11NN 7.7 Tasauns

g = (e —eg)=m [7.57]
N

ie m=1.8016

s = 0.1572
EO = _61354‘

11199910 Mean V04 g’gi)“lajwhﬁ’u 0 118z Standard Deviation V94 g'gi) Tumdu 1 39d09ling

uae115)ua Standard Normal Taeaums

. i i
e = [7.58]
£t = BS; [7.59]
1o { ¢ 10 Variate Series Independent in Time and In Space Y94 4 NeLaa 1l

S N 5 n(i . o
wning M, = BBT waz Buese E”uﬁmagiummw 7.8 40 7.9

@1519 7.8 Cross Correlation Matrix M, U949 8"51)

Lake Ontario (1) Erie (2) Superior (3) Michigan-Huron (4)
Ontario (1) 1.000 0.608 0.246 0.541

Erie (2) 0.608 1.000 0.191 0.487
Superior (3) 0.246 0.191 1.000 0.444
Michigan-Huron (4) 0.541 0.487 0.444 1.000
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Lake Ontario (1) Erie (2) Superior (3) Michigan-Huron (4)
Ontario (1) 1.000 0.000 0.000 0.000
Erie (2) 0.608 0.794 0.000 0.000
Superior (3) 0.246 0.051 0.968 0.000
Michigan-Huron (4) 0.541 0.199 0.310 0.756

YUN 3 MINATOUVANNIKINZAN (Goodness of Fit) Y9 UUI 10049

Taana'ly ﬂﬁ’l’]ﬂﬁ@‘ﬂﬂ’NiJL‘ViiﬂZﬁJJGUENLL‘U‘UFﬁWQﬂﬂﬁﬁTﬂﬁj’JLLﬂiﬁﬁ)ﬂ?ﬁ@]i’)ﬁ]ﬁﬂ‘ﬂ’h Residual

Series ( @ )) doutludasy mmunmua ‘W‘Ll‘V] (Independence in Time and in Space) 40¢ Residual

Series Glﬁ]\“liJﬂ'liLLi]ﬂLLi]\‘lLL“]J‘]J‘]JﬂGl Lgmmiumamm”lmzu"l'ﬂumma 7.12(1) 31%3%1@0\‘101;@5110@1%

nm Ao ¥ a 3 a S
Ulhi@ﬁﬂ?ilﬁ]ﬂlﬁ]\‘lﬂﬂ@l ﬂ\“I‘Ll‘L!ﬂ151/]ﬂﬁ"ﬂ‘]Jﬂ313JLW3J1$ﬁ3J$\1Wiﬂ§m1mW1$ﬂ'JHJL‘]J‘L!ﬂﬁigﬁmuu

Correlogram w04 £ Tuz1lfi 7.7 aunsoagilld Residual Series (st(l)) fludaszaunar uadali1s

o ¢ o
mﬁaummmuaﬁizmuwum Lla3i]$1%ﬂ'l§‘1/]@’ﬁ’ﬁ]‘ﬂﬂWﬁ'ﬂﬁﬂl’ﬁlﬂ’ﬁluﬂihna1ﬁﬁlﬂ§1$ﬁl1ﬁﬂﬂlﬁ8ﬂﬂﬂ

v ] v
AMEADADYNIVIAIAI0819NTEN I Optional Test NU ALETAITUTUN 4

o a LY aa (Y] ¢
muﬁ 4 m‘mﬂaa‘uqmau‘uﬁmaanﬂmmagnmnmmmmw (Optional Test)

Lmuﬁmawmﬂﬁ’mﬂﬁlmmgﬂimamimﬁaumm NBS U949 Great Lake ?d'lf]

12 = 0 — 500212

A (D ~ (l)

a1 /Lr Iags o. Llﬁﬂﬂ’e)f]clu@ﬂﬁ\iﬂ 7.5 1%

2 = 023752 +0.0732 2, + 0.964 £
2@ =0.1809 2, + 0.0756 2%, + 0.978 6(2)
2® = 01183 2% +0.1142 z“t(”2 +0.984 5(3)
2™ =0.2091 2%, +0.0870 2, + 0.970 e(‘”

HAZNTUMNT [7.56] 92 191

£ = —6.1354 + Exp

A

18016 +0.1572&'(");i = 1,..., 4
UAZAINAUNIT [7.58] 92 Ul?‘%}

g'® =1.000 ™M

e® =0.608¢" +0.794 £

e® =0246 " +0.051¢P +0.968 ¢

e® =0541¢M +0.199 ¢ + 0310 £ +0.756 £

13 fgl) AD Independent Normal Random Variables %93 Mean=0 1@ Variance=1 1122 i=1,2,3.4
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Fuuusraeanatedaunlsil AT HoYNTUNAITIBABUYDI NBS Y94 4 NI $1UU 20
ya udazgaiinamen 503 dundsmaumaes mandsuunasgu sazidulszing
At dauaaalumiseii 7.10 (Lake Erie) tag 7.1 (Lake Superior)

wamsfFeuifioumadanneunsunamieiezeynsuNMFuATIZE nuNAIRAsIazA
AT ILINATIUVRIOLNTUNAFUATIZHVRINZIA A 1Y Erie 1Ay Superior HAnauiRadiondaiy
FUDIYNTUNIAINIDEN LIaEN@a T Superior Imdutlszansnimtindiend iy usnziaany Erie
mdulszansveseunsunmduanzimnnmdulseansvesounsunaidiedis sanasliy

) Y
nputaeueudlymiiiaelal

4 o aa o v { o 4
Gﬂ‘ﬂﬂ‘ﬁ 7.10 ﬂmﬁllllﬁ‘l/]wﬁﬂG’IGU’O{I’O‘L%ﬂilll,’m1518@’0‘“@'}@fJ'NLLa3’rﬁ‘lgﬂillL’Jaﬁ'lilla@uﬁﬁ\uﬂi1$ﬂ 20

PO YOI NBS U03INztad1U Erie

Mean (y) St . Deviation (s) Skewness Coeff.(g)
Historic Sample 16.797 40.122 0.648
Generated Sample
1 16.898 41.875 0.546
2 16.417 40.398 0.652
3 17.268 42.357 0.647
4 17.157 41.401 0.414
5 16.558 39.237 0.721
6 17.090 40.467 0.473
7 16.557 39.598 0.490
8 16.994 39.979 0.541
9 17.019 40.175 0.604
10 17.060 42.238 0.670
11 16.842 40.100 0.628
12 16.932 40.849 0.558
13 16.994 41.152 0.464
14 16.692 39.771 0.469
15 16.818 39.750 0.553
16 16.924 39.048 0.511
17 16.305 38.920 0.614
18 16.690 39.460 0.614
19 17.027 40.701 0.465
20 16.731 39.721 0.631
Mean of 20 values 16.849 40.360 0.563




7-34

M5190 7.11 A aNiANNAAYeI0YNTUNANTIRDUAI0E 1AL DYNTUNAITIBADUNTUATIZH 20

PA VDI NBS U9INSIae1U Superior

Mean (¥) St . Deviation (s) Skewness Coeff.(g)
Historic Sample 71.932 82.160 0.489
Generated Sample
1 71.861 82.534 0.523
2 71.429 80.368 0.465
3 71912 83.005 0.482
4 72.828 84.521 0.602
5 72.181 84.933 0.466
6 71.546 79.440 0.483
7 72.481 82.042 0.416
8 71.800 81.416 0.496
9 71.511 80.457 0.419
10 72.357 82.478 0.436
11 71.560 81.160 0.451
12 71.922 83.157 0.484
13 72.029 83.011 0.544
14 72.406 83.493 0.403
15 72.519 85.262 0.649
16 72.343 84.889 0.599
17 71.711 78.496 0.431
18 71.973 83.051 0.589
19 72.212 82.151 0.482
20 71.243 80.263 0.507
Mean of 20 values 71.991 82.206 0.496

@ 1 { o 4
081 Lag Zero Cross Correlation Matrix (M,) Gummqmsmamﬁmmiwﬁ 1 %@ Ao

1.000 0.622 0.272 0.516
0.622 1.000 0.232 0.505
0.272 0.232 1.000 0.415
0.516 0.505 0.415 1.000

M0=

Faaaauialndifeatn Myveteunsunamiesialumsii 7.8
$uit 5 Reliability vouuusiaes

funmmmninefnneunsunmdunnzidazys (eunsunmfidunasizd i 20
ya)  uagdnnzimmanenuasanmingiiuvesmmaiine;  Feawsaiunsunamaaenny

A & ' a S
L“]f’f]i]u‘ﬂ@ﬁﬂ']w'ﬁ'lﬂlﬁﬂiﬁaulﬂ
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7.13 Yo inaveamsdiavauuraredmlsiueynINIA MUY Periodic

(1

2

3

o (3 (4 9 [ g’;
LL“]J“IJﬁ]Tﬁf)\‘lLHJUﬁﬁWt’Jﬂ’JL!ﬂﬁﬂU@HﬂﬁNl’]ﬁW Periodic #1943N¥1 Dependence Structure %4
Y A 4 = oqya A s v Y A Aa YA °
mMemunawaziun  semlaiwnidmesnnuazsudeou muaonnteulsnonisiiasy

Y ° ' . . = Yy 1 = A
ALV VIADILVVLENTIU (Disaggregation Model) %Qﬂ%qﬂﬂa'nﬂ\iﬂlu‘ﬂﬂﬂ 8

° < o o o
HUUIIR0d AR Wuuuu@euy  Short Term Memory tazuuuIaeIrateals

o Aa v & 4 ' A '
Taga luiienls AR(1) nag ARQ) mniu iesnnanugeennlumsdszaunamiimes
dmsunuuasaratedulsnia g

v

HUUsand ARMA Lv0AARa1MNTasAYING Time uaz Space Dependence uams1e

o (Y o A ' a s o & asf
HUUNaIHaea Il siuy  ARMA EJ\HJ‘]jilulﬂ'laluﬂWiﬂigﬁiﬂmﬂWWWiqu@i aaulnAY
a 9 A o o . ' Y K as o
‘L!fJiJGl"]f‘V]NmeﬂGluﬂWiiﬂﬁﬁ)\“liﬂfliﬂ‘]eﬂ Time Dependence NBU LUAIWNHIITINYT Space

[ 1 Y o o o A oA 9 v g’;
Dependence 1189 1ATIY0911A5NH Space Dependence Tunmsfuaasldawiz M, mniu

d Y] (Y]
7.14 ﬂ‘lﬁﬂ'ﬁzEJﬂﬂ!!U‘U‘Viﬁnﬂﬂ"]!!ﬂﬁﬂﬂ@ﬁﬂﬁu!?ﬁ‘l!!ﬂﬂ Periodic

o J . . o U [ 79 v 3 A
LLTJ‘]J%’IQE]\?W@’IEJ@'JLHJ?LL‘UU Periodic llﬂSl“lfalufﬂ5’fNLﬂf!'1S/’WGU'E]llvaiWﬂLa'ﬁ]umﬁNigﬁﬂﬂllﬂaﬂu'lﬁﬁ

= o 7 EO ¥
nanee Uil o1 lFlumsduaiievilSuanimnafeu nisduadsuudwlauiinihmiagly

° 2 1 dyy A Y o PR Y oy o 3YY a
ISINENGIRN PJ‘L!-‘L!TVH ﬂU],@ mamﬂﬂumimmswwmvluuazuwnwmm ﬂuﬂvlﬂ L“l)’uﬂ‘imiﬂ‘i\‘lﬂTi

. . L . . o 4 3 A ~ A o
¥a152N1U Majes-Siguas 1% Multivariate AR(1) TumsduasizvdSunaihmssie@ou nsanuudiaed

vaeawalsuuy  Periodic  lummnsodiaesnmauiianedls  endedlduuudiaswendiu

(Disaggregation Model) Tuum 8 unu

7.15 19NA1501909

Salas, J., J.W.Delleur, V.Yevjevich and W.L.Lane. 1980. Applied Modelling of Hydrologic Time Series.

Water Resources Publications, USA. 484p.
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N13318090 YNNI ILHLUS 10D WU VBLNTIY

DISAGGREGATION MODELING
8.1 AN

o U o { o 2 4 Y . a 4
puuHaewendIufeIUDTIAeINNANNY UL NNy Parsimony  ¥0IW1IINDT VDY
o @ . . S o L o o . . X Ao
puuiiaesratas (Multivariate) n3aith 114 lumsdunsizieynsunamuy Periodic Falis1mn
ao1iiun upuiaswendiudimelia oSNy InuAUIANIEIANINNI | 52AY IFUAINT05NET

AUANIAN DAY NINNAE] tazsIengnIa LUUTIARIENTIUHANINAUNAT NS

q Q

o v

Navduiusiraduy

Harms 1183 Campbel (1967) fuauusniiauenuiaalumsiuusiasaendiu Tagwannae
NUVVIIA0IUOY  Thomas UAE  Fiering(1962) uumﬁ’mmuﬂﬂdauﬁgﬂﬁmumamﬂuﬁﬂauf?uﬁ’u
Taoi liflunsusnAonuus1anaves Valencia 1z Schaake(1973) éqﬁmﬂuﬁmﬁ'uﬁ’uﬁﬁmﬂ%’
puuTanenaILed193 9T lumsdunT 1L eyNTNNAININENNINGT 1aY Lane(1979) Slunuusndi
weneuiannouinaed Tsunsuieselumsadsunusassna Taunadnuuunendu

ppUSIeEndINaITaNINeenity 2 dnvazAe (1) MIuENaINAINNET (Temporal
Disaggregation) u,ﬁmwﬂwﬂimamiwﬂyﬂmwnama (Annual to Seasonal Disaggregation) 0% (2) N3
Hena UL (Spatial Disaggregation) Lﬁmwﬂmgﬂimaaﬁwﬂmmamﬁwﬁﬂlﬂuauﬂmnaﬁwﬂ
Vouan ey (Key to Sub-station Disaggregation) Tuumniiignanaauuasaend 3 uuy Ao
LLUUﬁTﬁ@QLL‘UUﬁTﬂj@TH (Basic Model) LU0 UV (Extended Model) 1azuuuIIaoduuLe

(Condensed Model)

8.2 nuudasauenaIunaly (General Disaggregation Models)

[

' 9
ppuraewendrun lzeglugivesuusiaeudaudu Wi Linear Dependence Model #141)

Y = AX + Be [8.1]
A 1 o R v o 1 o
e Y=Column Vector vo3iagiiuvesoynsunaasduiusnumlgiuvesoynsy
1781 X 130 Dependent Series
X=Column Vector ¥94A11991/U¥DI0YNTUNIATMANHI0OUNTNIAWLUDATZAINIAT

(Key 1130 Time Independent Series)
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&= Column Vector mmmﬂwﬂ'umm Completely Random Series 130 Stochastic Term

a o a o 1
A, BZLNVIﬁﬂ%ﬂI@QWWi'DJLﬂ@%GUﬂQLLUUﬂWa@QLLt’JﬂﬁQH

k4
auauiAleIdUYeY X 1By Y A

E(X)=0
E(Y)=0

Y 9 ° 1 A 1 ~ =~ < A
E]"IG]’ENﬂ"Iﬁ]"Ia@QLLEJﬂﬁ’JHLW’E]L!EJﬂﬂTE]HﬂillL’JaﬁWEJTJ"U@Q 2 ﬁmuaamﬂumgﬂimamswmau
a 4 o =\ [ dy
LZJ‘V]iﬂ%"’IJENL’JﬂLG]E]SiUﬁiJﬂﬁ [8.1] azuUUIAAIU
1 @ < a o
Y=Column Vector GUENﬂ"Iﬂﬁ]ﬂﬂumﬂﬁﬂuﬂﬁﬂl’mﬁ"mlﬁ@u G?iﬂmﬂﬁﬂﬁliﬁsllu"lﬂ 24x1)
1 @ o R a2 I
X=Column Vector "’UfNﬂTﬂﬁ]ﬂﬂuﬂl@ﬂ@uﬂﬁm’mﬁWﬂﬂ FIUNNTOFUUUIA (2 x 1)
&= Column Vector ﬂl@ﬂﬁ?ﬂ%ﬁgﬂ/uﬂlm Completely Random Series %30 Stochastic term
= a I
FIUNNTOFUUUIR (24x1)
a A s = A Ja
A=LUNTNFUDINITIUNDT A FIAUUNITALUUUIA (24 x 2)
a 4 a 4 = a I
B=lUNINFUDINITIUNDT B FIUUNTOFUUUIR (24 x 24)

[

AA o A 2 o J < Y A
ATUNIIUIUADIUINI n ﬂz’mmimmﬂumJumamuﬂﬂmmmumugﬂ% ﬂ\ﬁ‘ﬂ“ﬂ 8.1

U

I T i 11 w] | 11 ]
}..1(1) 11 Mz e k(l) b].l blz . . bl.l:n 3:1
(1 (1)
vt 21 P2 2 =(2) bap by, by 52
(2
¥ (1)
12 12
. (2) 8(1_')
e _ &3
= (1) .
" - )
Y2 | = + 2
() .
Y b(il)
ygn) _ : 0y
;_(ll) ) b - b . . . ]_)1 .12 :—‘(11‘2
12 20171202 ¢ - 200 12n.1 "12n.2 snlznf =12

gﬂﬁ 8.1 Full Form of Basic Disaggregation Model
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Y ~ [ Y] 4 o Y = a 4 a 4

AUNALYR X tazy himhnugud nuudraesluauns [8.1] vzdeslimsiimesuning C
INNATNNIT

Y =AX +Be+C [8.2]

A a 4 a SR o 1w a 4
(19 C = W5HNDITIUNI NG 31 Column Vector UHIAMIANUNNTNE Y
8.3 HUUDIADIUSNTIUAMNIA VY Single Site (Single Site Temporal Disaggregation Model)

MIIABUINTIUANIA MUY Single Site ABUVVTIABIFILENOYNTUNIAITIOTIV09 1 A0l

I ' = ~ Ao o A
LﬂlJ’E]igﬂiiJL’JﬁiﬁEJi}@ﬂiﬁLf’lfuiwmau Mgﬂllﬂﬂﬂﬁ’lﬂﬂlu 3 UUAD

(1) upuTaoINugIU (Basic Model) (Valencia and Schaake, 1973)
Y =AX + Be [8.3]
(2) BUVMADIUVVYY (Extended Model) (Mejia and Rousselle, 1976)
Y=AX+Be+(CZ [8.4]
d’ 1 A =) Y é =
1U® Y=Column Vector ﬂl@ﬁﬂWﬁWﬂLﬂ@uﬂl@ﬁﬂﬂﬁ]ﬂqﬂu FINYUIA (12x 1)

X=mJagtiuvetounsua1sell (1 x 1)

¥ X a

Z= Column Vector ¥99A5 180D UTIUIU W’ (AUl nouniiiy Faluuna (w’ x 1)

&€= Column Vector sll’e)ﬂ?‘hﬂ%fgﬂ/usllﬂﬁ Completely Random Series %30 Stochastic Term

= a LS
FUUNTNFUYUIA (12 x 1)

a 4 a 4 =
A=MN151UADITIUNTNY FIUUUIA (12 x 1)

=
°¥
L
§i)

a I'4 a 4
B=1151003UNITNY BIUUU1A (12 x 12)

A s A IR A
C=M191UIOBIUNITNG FEIUVUIA (12 x W)

AA o a1 w 1 o = o 1 I~
ATUNVIUIUADIUNINY n LA w’ ININD 12 T TVIULUUINADILYN T IULUUVULAY



. ) [ [PC N I P : W]
.\,.1(1) N1 M2 n -\(l) b11 blj o b1.1211 21 “11 L]: o LL]:n '\\-‘-Ll(l)
;1 (1) . 5 . )
-\yé ! A1 Ay - A x(2) bap by, by, €2 €21 %, Coon [PRerz
S : - i ' i W
'\:12 : 8(11% _'\\‘-le

BN -(2) 2
'\\'_1(_) F(lﬁ) \Y-l.l
y. @ &5 ¥ lgl)
V.2 X(n) . v-1.2

] @ .
72| = €12 ;o2
Y| = + + MLz

'\_"'.l(n) ) 8(1") : y\'—l J(n)
; . . ; (m)
ol | | @l -y
. . l .(n) . - ;o n
}Vfé) 120191202+ - 200 blllLl blllLZ <o bimaol | s12 “lanl L121142 © 0 Clmlm '\'\'-1-52)

= . .
gﬂ‘n 8.2 Full Form of Extended Disaggregation Model: Y=AX+BE&+CZ
o ' Yo P~ . v =
(3) HUVD@BWVVYD (Condensed Model) (Lane, 1979) 1¥91a099Nag 1 Period 15U 1 AU
Y, =A4X+ B + C.Yr_q [8.5]

o T=mouagiiu o T=10912(w=12)
1 ao' ! = %
Yr= mumwmmauﬂ%@uu T
1 aoj 1 Gl v
X = anhmesliagiiu
3 A ' v &
Y1—1 = MUINMUDIUADUND U UIUU T-1
&€ = Column Vector sll’e)ﬂ?‘hﬂ%fgﬂ/usllﬂﬁ Completely Random Series %30 Stochastic Term

Art,Bt, Cr= Amsdimesveufou T
2 L . s s . .
8.4 LUV UNTIUAINLINNVY Multisite (Multisite Temporal Disaggregation Model)

o ' .. o % J I
HUUVADILYNTIUATNIAUIUY Multisite ﬁﬂllllllflna@Q@\Tllﬂﬂﬁju@ﬂﬂiuljaqiwfﬁjlﬂuim

S A

° 1 3 .. { < . .
fen1a ﬂ’]ﬂﬁ‘ﬂﬂﬁmﬂﬁﬂuﬂiﬂna’]ﬂ’]ﬂﬂﬂ’l 1 ga W%ﬂ!ﬂull‘ﬂﬂ Multisite Llﬂuﬁﬂglﬂu&ﬂﬂ Single Site
v Y
awinandaluiade 8.2 suvuvewuuTiaesazad1en UL Single Site 1FU HUUNUFIV (Basic)
] 1 a J. ] 1
Huvvee (Extended) tiagiiued (Condensed) Llﬁlll‘ﬂ5ﬂ%ﬁmu1ﬂ1ﬂmﬂﬂ’]ﬁ’]umu’]ﬂmﬂ\i Multisite

9
Tusrdipiiaznande HuUsaeendIULLVVE8E M UNT Al Multisite Temporal

Y = AX + Be + CZ [8.6]

118 Y=Column Vector ¥93A1119911100904N 51151000 U FaU11A (nw x 1)
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X=Column Vector ¥94A1199111v030UN501215181) F9huuia (nx 1)

(=P 9 g’/ A 2 A
Z= Column Vector mmmﬂﬂ@uwmuummauﬂimamiwmau FINUYUIA (nw’ x 1)
&= Column Vector ﬂl@iﬁiﬂ%ﬁgiﬁ!‘llﬂi Completely Random Series %30 Stochastic Term

2 A
FINVUIA (nw x 1)

R A

a 4 a
A=N151UADTLUNTOY FINUVYUIA (hw X n)

a 4 a SR A
B=M1510005UNITNY BINVYUIA (nw X nw)

a 4 a SR A
C=N151UADTLUNTNY BINUVYUIA (hw X nw’)
n=31U2U Sites NN1TAN

o =
w=a1auggnalu 13
8.5 HUUIBDWENTIUAMNNUT (Spatial Disaggregation Model)

o 1 dy d' A o d' 9 = =\ [

HUVADILYNTIUATUNUN ﬂ’f)LL‘U‘Uma’fNVIGLGD'LLEJﬂ’E)lgﬂﬁJL’Jﬁﬁmﬂﬂl’ﬂﬂﬁﬂ”IL!‘Viaﬂ (Key

. I ~ = . 2 o = 1% ' agdy v

Stations) L‘iJ‘L!ﬂlgﬂii]nﬁﬁmﬂﬂlﬂﬂﬁﬂ”luﬂﬂﬂ (Substation) SHITUIUADIUNANDIININNI | ﬁﬂ"luﬂulﬂ
s = dtd'd [ v Jda 9 [ = [
HAasaDIUIDYAD D IUNUTHAUNUTIFUTUNUTDIUNAN

Y '
gﬂuumaumuﬁmmLwﬂmumuﬁuﬁ ﬁ]xﬁiﬂuwﬂﬁ’wﬂmmuﬁmamaﬂmummam IFU

L1

9
uuuﬁuj;m (Basic) HuUve1y (Extended) tiazuuug® (Condensed)

A [
Lane(1979) t@uonuziyusasuendiuauiuin Iaslduuudiaoauuuvensved Mejia and

Y
Roussele A9U

Y = AX + Be + CZ [8.7]
A’ 1 = s 1 = [ l& =
18 Y = Column Vector Y9313 16ypsan1tigosundi/ifogaiy dalvuia (nx 1)

o l&

X = Column Vector ¥94M15181)vpsarortinanvyest)fagiiv dadvuia (mx 1)
9 9

! =) =R I Y t& =
Z = Column Vector VoI 318U V0901 NY08VIU N UK UYL FINVUA nx1)
&€ = Column Vector ﬂl@ﬂ?‘iiﬂ%ﬂﬂ/usllﬂﬁ Completely Random Series 130 Stochastic Term

& o
FINVUIA (nx 1)

a2 =

a 4

A = WITUADILUNTNY G]Nf]"lllﬂ@ (nx m)
a 4 a ~

B = W5 1m0 nd dailuiung (nxn)
a 4 =

C = MTmeSunInd Falluing (nxn)

n = 31u7u Sites NN15AN
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8.6 HUUABILATIUMNAHAMaTMUNN (Spatial and Temporal Disaggregation Model)

Y v

‘]JNﬂﬁif!f)'lﬂ(gllﬂﬂﬁWﬂ'lﬁ‘ﬂoWaﬂ\ﬂﬂ‘t’Jﬂ'lﬁEﬁ'lafNLLEJﬂﬁ"J“LJ@niJﬁl!“ﬁWﬁ'iJﬂ‘Uﬂ'lﬁﬁ'lﬁ’é]\illﬂﬂﬁﬁuﬁnm’mW
! v v o ¢ A Y 44 ) v o3 ¥ & ad o
LYY mﬁmmsmmﬁwe1§ﬂsm’smsmmaummumm”lwamsmumqmum mﬂimum%m"l?ﬁﬂa

o % (% 1o a 4
THuuusiassatedulsiueynsunainomoulasnss uatiuIumsilwesizun uazeraiidym

. a 414 A A 9 ° ! A A
Parsimony "’IJ@QW"IinJmﬂihlﬂ 'V]NLa’E]ﬂﬂ’E]fﬂich]ﬂ,HJTJﬂ1ﬁ®ﬂllﬂﬂﬁﬁuﬁiuwu‘mm$@13JL’JEH
) o P A Y A D) \ 3 ¥ XA

LYY ﬂW]@Qﬂﬁﬁ\ilﬂ51$Wﬁl‘l§ﬂilllﬁa1i"lﬂtﬂﬂHGUENHTVHTIVI,WQL"’IJ"I§$1J1J’E]1QLﬂ1J‘1!"I FIWITUIU n+1
g ¥ v g A a =T A o o W Y
DNINUUN ﬂ'l‘ﬂuﬂi‘ﬂ 1 amﬂuﬁmuwaﬂ ILAEDN n E]NLﬂiJ'lﬂL‘]JLlﬁﬂTL!EJE]EJ ﬂﬁiﬂﬁﬁ]\‘ﬁ]%ﬁnﬂiﬂ‘ﬂflﬂ

Y

S GRLS IR

uuUN 1-Multivariate Periodic Time Series Model

uuui 2-AR/ARMA + Spatial + Temporal Disaggregation Model

Y
c%

~ o A o 4 EO] ~ ~ @ . Y o
VUN 1-mammammfnzwﬂ?mmumﬁwﬂmmﬁmuwaﬂ (Key Statlon)Iﬂ‘(’JGl,"]ﬂLU‘]Jiﬂa’EN

AR %38 ARMA

A A o 4

d' o ! dy 4 ao' 1 =~ S 1
UN 2-a0VVLINTIUMBNUN Woduns1eHlSuaimsetves n aatigey

ee

2

ao‘ 1 = =\ %
Mnnfsuanimsigtlvesantivian
g‘/ ~ o 1 A [ J A aol 1 A 1 3 %
JUN 3-120UVULENFIUANNAT B FUATIEHUT U MTIeRDUUDI nt+1 D1UNVUN
E ~ J <3 H
1nsuamsetved nt+l 1unu
uuuh 3-Multivariate Annual Time Series Model + Temporal Disaggregation Model
Z 4 ¥ o . R g g q
YUN 1-19 Multivariate Annual Time Series o FUATIZHUTWINIT18]
1 < g
V94 n+1 91UNVUN
9

{ o 1 4 @ I A ? 1 I 3
VUN 2-D100WVVLINTIUAINIA Lﬁ@ﬁﬁmﬁzﬁﬂSJJ”I‘EI!HWI”ISWEJL&@HGUBQ n+1 1NV UN

?:’ 1 = 1 < g
9105 uaiImsetues n+l 91U UU
v a d o
8.7 Mm3UszanamIn e SvauuIang

d o &
8.7.1 fniﬂigN1mf’!l1w151ﬁ!ﬂ@§maﬁlluu§]1aﬂﬂ!!ﬂﬂd’)uﬂ1u!3a1ﬁu§TH (Basic Model)

LL‘}J‘}Jiﬁammmd’;mmuﬁugm (Basic Model)
Y =AX + Be
(mwx 1)=(mwxn)(nxl)+ (mowxnow)nwx 1) ........ VAN N
E(Y)=0uag E(X)=0
fmmsﬁm%uﬁmammﬁmnwﬁma%mmgmuii’mmuﬂﬂdmmmamﬁugm Ao
A= SyxSxs [8.8]
BBT = Syy — SyxSx#Sxy = Syy — ASxy [8.9]

1o Syx = B(XX") = Variance-Covariance Matrix of X



Syy=E(YY") = Variance-Covariance Matrix of Y
S,y = E(YX") = Covariance Matrix of Y and X

Sy, = E(XY") = Covariance Matrix of X and Y

- a d o \ &' -
M3 Derive #11siiimasveauuudlasauenadumunalwug v (Basic Model)

Y = AX + Be
E(YX") = E(AXXT + BeX") = AE(XXT)

Yo Xy
W E(YXT) = Syx = Zho1

XpxT
E(XXT) = Sxx = Zg=1 N—1

Syx = ASXX
A= SYXS)?)}
E(YYT) = E(AX + Be)YT
= E(AXYT) + E(Be)(AX + Be)
= AE(XYT) + E(BeXTAT + Bee"BT)
= AE(XYT) + E(Be£"B")
Syy = ASyy + BBT
BBT = Sy, — ASyy

o o d
8.7.2 THABUMIMUINMNIAINISINIABS (Calculation Procedure)

v X

o g o 1 a 4 o ' ¥
ELUW'JGU’E]UFﬂ&Lﬁ@QGUuGI@uﬂ']iﬂ']u'ﬁﬂ!W']ﬂ'lW'l‘i']iJm@i"U’ENL!’]J’]Ji]'lﬁ’E]Qllﬂﬂﬁ'ﬁu@'m!’)ﬁ'lﬁuﬁ'lu

Tasmmualid
i=1,.n WoswuIuaain=2
T=1,..0 1T 11IUHgN1a (No. of Periods) Tuitlet) @ =3
A A o ~
v=1,...Niio N detwuilveseynsunm
9 ' H
x(i,v) = Ysuanimiset) 1uin v vesaanll i
Y ' H -
y(i,v,T) = Pimanhmseneulwpou T YN v vesanil i
S, = E(XXT) = Variance-Covariance Matrix of X

S = 28 | L) x@)]

1 Y x%(1,v) 2 x(L,v)x(2,v) [8.10]
XTNIY x(2,v)x(1,v) Y x*(2,v) ‘
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=l =2 =1 i=2
T=1 T=2 T=3 T=1 T=2 T=3
v y(1,v,1)| y(1,v,2)| y(1,v,3)| y(2,v,1)| y(2,v,2)| y(2,v,3) x(1,v) x(2,v)

1 X X X y y y Zy(l.l.r) Zy(Zl 7)
T T

2 X X X y y y Z}’(LZ,T) Zy(ZZ 7)
T T

N X X X y y y Z}’(LN 7) Z}’(ZNT)
T T

Mean 0 0 0 0 0 0 0 0

Var 1 1 1 1 1 1 Var(x(1)) Var(x(2))

[

Tu e URINUITAINITAMUINUNI Syy, Syy 130 Syy 1A

y(1,v,1)]
L y(1,v,2)
S =TT 2 oo | (L D, ¥(1,0,2), ¥(1,9,3), Y29, 1,920, 2), 32,0, )]
y(2,v,2)
[y(2,v,3)]

=Dle

v=1

[8.11]
v(1,v, 1)
y(1,v,2)
0[Ot FICHORYCRS) 8.12]
y(2,v,2)
ly(2,v,3)]
Syy =S¥y [8.13]

1 Sxx, Svy 1Az Sxy DA Variance-Covariance 404 X 11ag Y Feannsadiuin1dTaeld
el Excel Havi14 dail

1IAUYLNSIAen DATA+DATA ANALYSIS + COVARIANCE tas04911321a1 Variance-
Covariance 711114 1au 331 A0 Biased Variance-Covariance doa1/5undTasmsqumiis a1 Tag

(N/N-1) 5819 Function {=SUMPRODUCT(A,B)/(N-1)} #a¢1981311a1513% 8.1



M1519% 8.1 A219819M13FA1UIY Variance-Covariance Matrix @38 1uga COVAIANCE Tu

DATA ANALYSIS uazﬂﬁsﬁu SUMPRODUCT

8-9

v y(1,v,1) y(1,v,2) y(1,v,3) |y2,v, D] y2,v,2)| y22,v,3)| x(L,v) | x(2,v)
1 -13.3 -11.7 0.8 -4.7 1.4 5.4 -24.2 2.1
2 -11.3 -1.7 2.8 -1.7 -2.6 -4.6 -16.2 -8.9
3 -10.3 -5.7 3.8 1.3 -0.6 -3.6 -12.2 -2.9
4 -16.3 -2.7 -4.2 20.3 0.4 -2.6 -23.2 18.1
5 -14.3 -13.7 -3.2 1.3 1.4 -1.6 -31.2 1.1
6 -13.3 -11.7 -2.2 12.3 -2.6 -0.6 -27.2 9.1
7 69.7 6.3 -1.2 -6.7 -1.6 0.4 74.8 -7.9
8 -16.3 10.3 -0.2 -5.7 -0.6 1.4 -6.2 -4.9
9 36.7 28.3 0.8 -1.7 2.4 2.4 65.8 -2.9
10 -11.3 8.3 2.8 -8.7 2.4 3.4 -0.2 -2.9
Mean 0.000 0.000 0.000 0.000 0.000 0.000 0.000 | 0.000
Use function SUMPRODUCT(A,B)/(N-1)
Sy 850.68 212.54 -2.29 -111.46 -1.76 16.13 | 1060.93 -97.08
212.54 175.12 7.18 -60.77 9.87 15.76 394.84 -35.14 Syx
-2.29 7.18 7.29 -15.71 0.20 0.64 12.18 -14.87
-111.46 -60.77 -15.71 89.34 -5.58 -15.91 -187.93 67.86
-1.76 9.87 0.20 -5.58 3.60 3.60 8.31 1.62
16.13 15.76 0.64 -15.91 3.60 10.27 32.53 -2.04
Sy | 1060.93 394.84 12.18 -187.93 8.31 3253 | 1467.96 -147.09 | Sy«
-97.08 -35.14 -14.87 67.86 1.62 -2.04 -147.09 67.43

Use COVARIANCE 11 DATA ANALYSIS 9%'1@ Biased Covariance @041/5utidne (N/N-1)

y(1,v,1) y(1,v,2) y(1v,3)  y@v1l) y2v2) y@yv3) | x(@v) x(2)Vv)
y(1,v,1) 765.61
y(1,v,2) 191.29 157.61
y(1,v,3) -2.06 6.46 6.56
y(2,v,1) -100.31 -54.69 -14.14 80.41
y(2,v,2) -1.58 8.88 0.18 -5.02 3.24
y(2,v,3) 14.52 14.18 058  -14.32 3.24 9.24
x(1,v) 954.84 355.36 10.96 -169.14 7.48 29.28 | 1321.16
x(2,v) -87.37 -31.63 -13.38 61.07 1.46 -1.84 | -132.38 60.69
Syy 850.68
212.54 175.12
-2.29 7.18 7.29
-111.46 -60.77 -15.71 89.34
-1.76 9.87 0.20 -5.58 3.60
16.13 15.76 0.64 -15.91 3.60 10.27
Syxy 1060.93 394.84 12.18 -187.93 8.31 32.53 | 1467.96 Sxx
-97.08 -35.14 -14.87 67.86 1.62 -2.04 | -147.09 67.43
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VUV Variance-Covariance Matrices UDI X Las Y uazwwiwﬁmagmﬁﬂc}?ﬁa
Sxx = (nxn)
Syy = (nw x nw)
Syx = (nw x n)
Sxyy = (nxnw)
Sy = (nxn)
A=S,xSxs ...nwxn) (nxn) = (nwxn)
ASyy = (nwxn) (nxnw) = (nw x nw)
BBT = Syy — ASyy ...(nw x nw) — (nw x nw) = (nw x nw)

Y
° [l I
L!ln_ﬁ]"laE]QL!EJﬂﬁ’JuﬁuiﬂluL!UUlﬁllgﬂ

Y = AX + Be

v(L,v, )] ray; ag b1y b1z b1z biy bis bie][e(Lv, 1)
y(1,v,2) az1 Az by bay bz by bys byel||e(1,v,2)
y(L,v,3)[ _ a1 as [x(l, v) n b3y bz bzz bz bzs bsgl||e(1,v,3)
v(2,v,1) As1 Q2| [x(2,v) byr byy buz by bss buglle(2,v,1)
y(2,v,2) as1  ds2 bsy bsy bsz bsy bss bsel|le(2,v,2)
y(2,v,3)] te1 Qo2 Lbe1  be2 bez bes bes Dbeelle(2,v,3)]

a d °
8.7.3 ﬂ'lﬁ‘l]'i%?ﬂmf’i'lw1i'l3~|!ﬂ®§sll®ﬂ!!ﬂﬂﬂ1a9\1!!ﬂﬂd?ﬂﬂ]ﬂ!?ﬁ]l!ﬂ‘ﬂﬂlﬂ]ﬂ (Extended Model)

HUUTIADILENTIULDUVENEY (Extended Model) (Mejia and Rousselle, 1976)
Y =AX +Be +CZ
(nw x 1)= (nw x n)(n x 1)+(nw x n)(n x 1)+(nw x n)(n x 1) ... VAN N

E(Y)=0
EX)=0
E(Z)=0

ﬁllﬂﬁ?ﬁﬁgﬂﬁﬂl’m‘!ﬁT?’iTWTSTﬁM@%ﬂJ@QLLUU%Hﬁ@\illﬂﬂ?hﬂl!ﬂﬂﬂ]fﬂﬂ Ao

A = (Syx = Sv2577S2x) (Sxx — SxzS77Szx) ™ [8.14]
BET == SYY - ASXxAT - ASXzéT - CA‘SZxA\T - CSZzéT [816]

BET :SYY_ASXY_CSZY [817]
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M3 Derive mmﬂﬁma%mm!muﬁmmufjnd’mmunmu‘uummﬂ (Extended Model)
Y = AX + Be + CZ

E(XYT) = E[X(AX + Be + CZ) | = E(XXTAT + X£"BT + XZ"CT)

Sxy = SxxAT + SxzCT

E(ZY") = E [2(AX + Be + CZ)' | = E(ZXTAT + Z&"BT + 2Z7C")

Szy = SzxAT + SzzCT

E(YZ")=E(AX +Be+CZ)ZT

E(YZr) = E(AXZ" 4+ BeZ™ + CZZT)

Syz = ASXZ + CSZZ

¢ = (SYZ - ASXZ)SZ_ZI
E(YX") = E(AXXT + BeZ" + CZXT)

Syx = ASXX + éSZX = ASXX + (SYZ - ASXZ)SEZISZX
= ASxx + Syz577Szx — ASx2S77 Szx

A = (Syx = SyzS77S2x) Sxx — Sxz572S2x) ™"

E(YYT) = E(AX + Be + CZ)YT = E(AXYT + BeYT + CZYT)
= E(AXY" + B£(AX + Be + CZ) +CzZY")

Syy = ASyy + BBT + S,y

BBT = Syy — ASyy — CS,y

d o
8.7.4 fnﬁ']J53N1mf’]'1W151ﬁ!ﬂf’)§"lﬁ’)ﬁ!!ﬂﬂ‘iﬂaﬂﬂ!!ﬂﬂé?“ﬂ]“!’;ﬁ]!!ﬂﬂfj@ (Condensed Model)

(Lane, 1979)
Y. =A X+ Be+ (Y4

(xD=mxn)@xD+@xn)nx)+@xn)nxl)...... VWANT AR
Ar = [Syx(T, 1) = Syy (1,7 = DSy (T — 1,7 = DSyx (7 = 1,7)]

(5. (6:7-1) S (s~ 1-) Sy (e-1.7)] .13
C, = [Syy(1, 71— 1) — A Syy(r, 7 — DSyt (t — 1,7 — 1) [8.19]

N

BBl = Syy(1,7) — A:Sxy (1, 7) — C;:Syy(z — 1,7) [8.20]




8-12

M3 Derive MINNDITVD VU100 IBNTIUMNNIAMVVED (Condensed Model)
Y, = A X + B;e + C,Y,_;

E(YY 1) = E(A XY + BreVly + CoYo 1Y)

Syy(1,7—1) = A Syy(t, 71— 1) + C.Syy(r1— 1,7 — 1)

Co=(Sw(tt— 1 - ASy (T - 1)) St -1, - 1)

E(Y,X") = E(A.XX" + BreXT + C,Y,_,XT)

Syx(T, T) = AATSXXA(T, T) + éTSYX(T - 1, T)
= A Syx(1,7) + Syy (1,71 — DSy (t — 1,7 — DSyx(t — 1,7)
— A Syy(t, T — DSy (t — 1,7 — 1)Syx(t — 1,7)

Ar = [Syx(1,7) = Syy (1,7 — DSy (T — 1,1 = DSyx(r — 1,7)]
[Sxx (T, 7) — Sxy (1,7 — 1)51;1} (t—1,7—DSyx(r -1, T)]_l
E(Y, YD) = E(AX + By + CY, YT
Syy(1,7) = A Syy (T, 1) + BLE(eXTAT + £e"BT + VI CT) + C.Syy(r — 1,7)
= A.Sxy(1,7) + B,BI + C.Syy(t — 1,7)
§T§TT =Sy (T, 7) — ATSXY(Ti T) — CTSYY(T -1,7)

d o 1 ¥ (%
8.7.5 ﬂ"li‘iJi%N1&!?;1‘W1§"Ifl!ﬂf’)§ﬂlf’)x‘i!!ﬂ'i.l‘i]1@?)ﬂ!!EJﬂd]uﬂ1uﬁuﬁ!!ﬂﬂﬂlﬂ1ﬂﬂﬂﬂ§if! Multisite
Y = AX + B + CZ

NSAUNUADINYaN(Key Station) m #9131 Lazd01Ug0d n q01
xD=@mxmmxD+@mxn)nx)+Oxn)nxl) ... VAN N

a J o 1 [ o v
“INTEWMGI’E]iBIIGQUJJ“Uiﬂ’d’E]\‘lfliwﬂfaﬁﬂﬂ’ULL’]J’]J%TGE]QLLEJﬂﬁ’JuGHSJL’mHL“lJ“UGUEﬂElﬁﬁ)

A = [Syx — SyzS77Sxz1[Sxx — SxzSviSxz] ™t
¢ = [SYZ - ASXZ]Sle
EET = SYY - ASXY - C\S;Z

A A LI Y g’l A =\ a 4 " 9
WONN Z A Y "U’f]\i‘]Jﬂﬁ)Ll“ﬁ‘Lﬂuu nIoZ=Y(\1) ﬂgﬁ']ll']iﬂl"l]EluﬁiJﬂ']iW'lﬁ']iJm’E)iGlﬂiJklﬂ

A = [Syx = Syy (D Syy Sty (D1[Sxx — Sxy (D Syy Sy (D172 [8.21]
C = [Syy(1) — ASxy (D]Syy [8.22]
EET = SYY - ASXY - ésgy(l) [8.23]

[
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8.7.6 I5MIAUIUAT Variance-Covariance Matrixes §1¥5UUUU 100 IMUNTIUANIA MUY

elo (Condensed Model)

MIMUIUMWITIADS VoI UTIa0eNd UL LU UE IuauNT 8.18-8.20 92N 1V04
AUMTUI2NUAY Variance-Covariance Matrices Y09 Syy(T,T), Syx(T,T), Sxx(T,T), Sy (T, T-1),
A A ' A
S\x(T-1,T) 110 T AD §gnI1a U 1hoY
[ 4
UKD TUUUA

9y
Syy(t—1,7—1) = Syy(7 2) vouABUADUNTIINY LA
Sxy(T,T—1) = S{x(r - 1,7)

NIUn=2
1 7.7 | N @
V7 1 2
Syy(T,7) = EZIJ:l 2) [yv,r yv,‘r] [8.24]
_y‘U,T_
1 o2 |1 1 @]
v,T 1 2
Syx(TD) =201 | | %o % [8.25]
Yoz |~ )
L v [P o
Sxx(T0) = 5= 2v=1| | |%v %o [8.26]
Eaad s -
1 -3’ o (1) )
v,T
SYY(T!T - 1) = Ezgzl ) yv,-,_-_l yv,_[_l] [827]
|V, T
) [y
,T—1 1 2
Syx(r=1,1) = =3, [V [ 2P| [8.28]
_yv,‘r—l

A A o A A A ~
Sxx (T, T) UAUnNUNUNNADY 119910 X ADAIY0IBYNTUNIAITIE
8.7.7 35M3AUINUA Variance-Covariance Matrixes §1%5UULL 100 38N T IUMUNUN
(Spatial)
o [ o 1 4’4’ d‘ A a2 Y o Y A =\ [}
AUTULD VTN IUMUNUN X, Y, Z Avaynsua1sell oxmvuald Taoitivan (X)
10U m=2 @013 Lazan1lens (Y) 11101 n = 4 @011 92 @1015AIUIUNIAT Variance-Covariance

9
Matrices Syy, Syx Syxs Syy(1) 1A Sy (1) laaail
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[ (M7

@
I [y 5@ 3 5]
e
L]
v

Syy = —ZN

— [8.29]

1 ERCme

1
7"
Loy (W[ @
s =]

SYX = E V=1 (3) [831]

4
K

1
%."]

(2)
1 Y 1 2 3 4

Syy(1) = ——X¥=1 y’g) [345 Doy vy )] [8.32]

v

4
K

- (1).
1 X 1 2 3 4
Sxy(1) = No1 Yv-1 x1(:2) [3’15 )1 3’15 )1 3’15 )1 y‘lg )1 [8.33]

8.8 NINATDUANMHINZTNVDIUVUD 10D (Goodness of Fit Test)

IBMINATOUANVMNIZ ANV UTIABULEATIY 3HTBUNUITNMINATIUANUHUIZ AN
YIIUTIA09 AR, ARMA, ARIMA 1182 Multivariate Mufina11u1ud 315noudae

(1) MsnagevauuaguaNudaszuarmMILIALILUYNAVE4 Residual Series

2) MmafSeuney Model Correlogram, Generated Correlogram A1 Historical Correlogram

a 4
(3) MINATDU Parsimony VYDINITINNDT

8.9 A298194NID AV IVVLEINAIU

4
QWU Yakima @Ni‘ﬂ‘lfl 8.3 muﬂimammmswmau 4 ganiine (1) Keechelus Lake (2) Kachess

Lake (3) Incremental Flow (ta& (4) Easton Diversion Dam muﬁﬂﬂumswm 8.2 M1uAH Easton L‘iJ‘L!
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1% . I ' .
anunan (Key Station) 48& Keechelus, Kachess, Incremental Flow Wuaartiges (Sub-stations) #DIM3

o § o d ' H . o A
afuuasunedunsizieyniunaremouve 4 ao1iluguii Yakima Al

Y] 4 1%
(1) ’e’fﬂl,ﬂﬁwﬁf)la!ﬂimﬂmﬁ”lﬂﬂﬂlmﬁmﬁﬁﬁﬂ Easton Diversion Dam

o J y { . . . 4 [ 4
) aauusaeaendiumuinui (Spatial Disaggregation Model) Lﬁaﬁmﬂiwwwmunm

3161 u09a0111608 (Keechelus Lake, Kachess Lake 1% Incremental Flow) 91N01A3417a1

VOIADIUNAN

° ' .. . . y o L4
3) aauusasaend NN (Multisite Temporal Disaggregation Model) R TRGRIGERER

DUNTUNIAT VRO UUDIADIUGDININOUNTNIATT 1)

H ) = g s 1 1 ?)I . ' =)
M3190 8.2 UNTUNAINIDYNUBITDIUNANUASTDIUIDIVDIGUUTY akima 5219 1926-1940

Increamental flow [3]

Keechélus Lake[1]

51N 8

U

East

150 sq.mile

m (Key station)

Kaclfess Lake[2]
y2

[ 1 gol .
3 anunanuazaniigoslugui Yakima

Year
1926 1927 1928 1929 1930 1931 1932 1933 1934 1935 1936 1937 1938 1939 1940

Annual data
Keechelus (1) 183.1 2344 2512 1562  160.4 1766 2785 3457 3216 2488 2197 2011 2159 2136  186.1
Kachees Y(2) 158.1 2203 2336 1347 1348 1520 2402 3037 3045 2235 2073 1743 1923 1832 1535
Difference Y(3) 126.1 1846 2271 1317 1321 1085 1881 2646 2755 2332 2071 1423 1905 1703 1106
Easton X 4673 6393 7119 4226 4273 4371 7068 9140 901.6 7055 6341 5177 5987  567.1  450.2
May Data
Keechelus Y5(1) 24.7 7.9 215 11.3 18.2 21.9 322 8.4 47.7 14.5 15.1 12.0 9.7 14.1 228
Kachees Y5(2) 23.3 7.1 20.9 11.9 19.1 21.8 34.0 7.4 46.9 15.7 15.9 113 10.3 15.0 20.2
Difference Y5(3) 22.2 12.0 22.4 11.5 20.5 13.6 28.9 10.4 39.3 17.8 47.6 11.8 133 14.8 15.4
Easton X5 70.2 27.0 64.8 34.7 57.8 57.3 95.1 262 1339 48.0 16.6 35.1 333 43.9 58.4
June Data
Keechelus Y6(1) 30.3 19.1 21.0 15.3 36.9 26.1 32.4 18.1 48.2 15.0 34.9 22.4 34.7 29.2 3.4
Kachees Y6(2) 29.3 224 22.1 16.0 345 24.3 34.4 20.0 47.6 16.8 38.1 21.0 33.0 30.1 30.4
Difference Y6(3) 19.8 25.4 22.5 15.4 36.7 24.6 35.9 19.5 29.2 19.7 42.7 21.4 28.9 26.7 20.0
Easton X6 79.3 66.9 65.6 46.7  108.1 75.0  102.7 57.6  125.0 515  115.0 64.8 96.6 86.0 83.7

v | Vv

v A o o J I ?J = v . . T

YUN 1 MIFUATICUDYUNTUNIAUIMTYUVDITDIUYAN (Easton Diversion Dam) lag

LUV1009 AR(1)

yt = 0-568yt—1 + 132€t
o y, = Annual Flow — Mean Annual Flow



(4 v
v A

W 2 m3dunszioyn
[ 9 o
vian laglguuudiaoaue

auNg [8.7]
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Z ~ A 2 ~ =
'illL’Ja”lu11/]15181']Jﬂ]@\1ﬁﬂ”|1!868iﬂﬂ61§ﬂ'ﬁJL'JaTH”ITI”ITIEJTJ"IJ@QﬁEﬂu

AFIUAINNUNUVVVEE (Extended Spatial Disaggregation Model) Tu

Y = AX + Be + CZ

=
INNI)

H 1 o )
Y=Column Matrix ﬂlﬂﬁ@igﬂﬁm’qu'm']i']ﬂt‘]:Jﬂ%%q‘ULl‘UEN 3 A01lEg0Y

Y 1 % o
X= Column Matrix ¥9494n 318 111M et agiiuvesdnriivan

Z= Column Matri

%)J 1 = = 1 9} gl.l =S 1
x Y930 YNINAINMNGvestneunintuved 3 anligey

fmnammmnnimesuming A, B, Conaums [8.14], [8.15] ua [8.17]
A = (Syx = Sv2577S2x) Sxx — SxzS77Szx) ™

¢ = (SYZ - ASXZ)SEZI

BBT = Syy — ASyy — CS,y

(4 . . . 1 a 4
NANI1IA1UIN Variance-Covariance Matrices LASATWITIUIRNDT ﬁa

|

3101 3002 2701
3002 2977 2762

Syy = [
2701 2762 2877

1844 1609 861.5
Syy(1) = (1967 1760 1038
2168 2037 1416

8803]
8741

Syx = [
8340

Syx(1) =[5980 5407 3316]
10.3532]
A =10.3372]; column sum of A = 1.00
10.3096
[ 0.5112 —0.6510 0.03759
C=1|01707 -0.1734 —0.02162] scolumnsumof C=[0 0 0]
|—0.6819 0.8244 —0.01597
6429 1550 —79.79
BBT =| 1550 21.10 —36.60]
-79.79 -36.60 116.4
8.018 0 0
B=|(1933 4167 0];Column sumof B=[0 0 0]
—-9.951 —4.167 0
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@ ' ° . . . 5 {
AIDYWNITAI1UINU Variance-Covariance Matrices ﬁ"wﬁaﬂw SUMPRODUCT lu@1519% 8.3

v 9 v
M15191 8.3 Variance-Covariance Matrices @115 UHUUI1A0 AT IUMUNUNUUUUE

Annual data(t) Annual Data(t-1)
Keechelus  Kachees Difference  Easton Keechelus  Kachees Difference  Easton

Year (t) Y1(t) Y2(t) Y3(t) X(t) Y1(t-1) Y2(t-1) Y3(t-1)  X(t-1)
1926 -43.1 -43.6 -52.7 -139.4 -40.1 -48.2 -68.2  -156.5
1927 8.2 18.6 5.8 32.6 -43.1 -43.6 -52.7 -1394
1928 25.0 31.9 48.3 105.2 8.2 18.6 5.8 32.6
1929 -70.0 -67.0 -47.1 -184.1 25.0 31.9 48.3 105.2
1930 -65.8 -66.9 -46.7 -179.4 -70.0 -67.0 -47.1  -184.1
1931 -49.6 -49.7 -70.3 -169.6 -65.8 -66.9 -46.7  -179.4
1932 52.3 38.5 9.3 100.1 -49.6 -49.7 -70.3  -169.6
1933 119.5 102.0 85.8 307.3 52.3 38.5 9.3 100.1
1934 95.4 102.8 96.7 294.9 119.5 102.0 85.8 307.3
1935 22.6 315 447 98.8 95.4 102.8 96.7 294.9
1936 -6.5 5.6 28.3 27.4 22.6 315 447 98.8
1937 -25.1 -27.4 -36.5 -89.0 -6.5 5.6 28.3 27.4
1938 -10.3 -9.4 11.7 -8.0 -25.1 -27.4 -36.5 -89.0
1939 -12.6 -18.5 -8.5 -39.6 -10.3 -9.4 11.7 -8.0
1940 -40.1 -48.2 -68.2 -156.5 -12.6 -18.5 -8.5 -39.6
Mean 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Y1(t) Y2(t) Y3(t) X(t) Y1(t-1) Y2(t-1) Y3(t-1) | X(t-1)

Y1(t) 3101 3002 2701 8803 1844 1609 861 4315
Y2(t) 3002 2977 2762 8741 1967 1760 1038 4765
Y3(t) 2701 2762 2877 8340 2168 2037 1416 5621
X(t) 8803 8741 8340 25884 5980 5407 3316 | 14702

v
U

3 o J ¥ I =~ =
6ll°|r!ﬁ 3 ﬂ1§t’f\‘llﬂ‘§'lZ’ViEJ‘Lq!ﬂilll,’)ﬁ'lu'W]'liWEJLaf]‘L!i]'lﬂ@‘lgﬂiﬂﬂﬁWu?Vﬂi?ﬂﬂ"U@\?ﬁi‘l'luﬁl’f]ﬁl Iﬂﬂslﬂsfj

HUVTIA0UENTIUAINIAUIVVED (Condensed Form Multisite Temporal Disaggregation Model)
Y. =A X+ Be+ (Y4

~

Muraanimesuming A, B_, C_anaums [8.18], [8.19] uag [8.20]

Ar = [Syx(,7) = Syy (1,7 = DSy (r — 1,7 = DSyx(t — 1,7)]
A

S (1, 7) Sy (1, 7-1) S (t-11-1) Sype(1-1,7))
A . 1
C—,_— = [Syy(T, T — 1) - ATSXy(T,T - 1)] SYY (T_l,f_l)
B B = Syy(1,7) - ATSXY(T' T) — CTSYY(T -17)
WANI3AIUI Variance-Covariance Matrices uazﬂ'Tw151ﬁmaiﬁauﬁqmﬂu(gﬁ@uﬁ 6) Ao

174.3 1719 174.0

Sxy(6,5) = [175.0 173.7 182.2
1113 119.1 163.7




[67.49
Syy(6,5)= 62.46
[18.92
[110.7
Syy(5,5)= 109.3
176.57
37.56
Syx(6,6) = [91.86
28.21
3101
SXX(6’6): 3002
2701
87.56
Syy(6,6): 79.81
45.08
A=
¢ =
BT =
6221 0
B =15.884 1.103
5.059 1.697

67.13 48.38]
63.01 47.61
23.44 21.12]

109.3 76.57]
109.4 47.61
77.23 60.76]

96.61 95.29

38.15 33.47]
37.76 63.73

2977 2762

3002 2701]
2762 2877

76.27 47.87

79.81 45.08]
47.87 58.20

0.12260 —0.2549 0.12860

[ 0.22130 —0.4229 0.17680]
|—0.05735 0.7423 —0.02786

[1.4160 —0.8238 0.2171
0.5396 —0.1149 0.3167
[—3.133 2.9610 0.5494

36.61 35.84 31.64

38.70 36.61 31.47]
3147 31.64 37.07

0
0
2.934
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AIDYWNI1TAI1UINU Variance-Covariance Matrices ﬁl’lﬂﬁﬁﬂ‘m SUMPRODUCT lu@1519% 8.4
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Annual data May Data June Data
Year ) [ Y1) [ Y2() [ Y3® [ X®O [ Yiws [ Y25 | Y35 [ X(t5) | Yi(t6) | Y2(t6) [ Y3(t6) | X(16)
1926 -431  -436 -527 -139.4 5.9 4.6 4.2 14.6 2.5 1.3 61 -24
1927 82 186 5.8 32.6 -10.9 -11.6 60  -28.6 -8.7 -5.6 -05 -14.8
1928 250 319 483  105.2 2.7 2.2 4.4 9.2 -6.8 -5.9 34 -16.1
1929 700 670 -471 -184.1 -75 6.8 65  -20.9 -12.5 -12.0 -105  -35.0
1930 658 -66.9 -467 -179.4 0.6 0.4 25 2.2 9.1 6.5 108 264
1931 496  -49.7 -703 -169.6 3.1 3.1 -4.4 1.7 -1.7 3.7 -13 67
1932 523 385 9.3 1001 13.4 15.3 10.9 39.5 4.6 6.4 100 210
1933 | 1195 1020 858  307.3 -10.4 -11.3 76 -294 97 -8.0 6.4 241
1934 954 1028 967 2949 28.9 28.2 21.3 78.3 204 19.6 33 433
1935 226 315 447 98.8 -4.3 -3.0 0.2 76 -12.8 -11.2 62  -30.2
1936 6.5 56 283 27.4 3.7 -2.8 -1.4 8.0 71 10.1 168 340
1937 251 274  -365  -89.0 6.8 7.4 62 -205 5.4 -7.0 -45  -16.9
1938 -10.3 94 117 -8.0 9.1 -8.4 47 223 6.9 5.0 30 149
1939 -126  -185 -85  -396 47 3.7 32 -117 1.4 2.1 0.8 43
1940 -40.1  -482 -68.2 -156.5 4.0 15 2.6 2.8 5.6 2.4 5.9 2.0
Mean 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Use SUMPRODUCT(A,B)/(N-1)
Yi [ Y2 ] Y3® [ X® ] Yiws5 | Y2t5 [ Y35 | X5 | Y1(t6) [ Y2(t6) | Y3(1,6) | X(16)
Y1(1) 3101 3002 2701 8803 | 1743 171.9 1740  520.2 37.56 91.26 2821 157.6
Y2(t) 3002 2977 2762 8741 | 175.0 173.7 182.2  531.0 38.15 95.95 37.76 1725
Y3(t) 2701 2762 2877 8340 | 111.3 119.1 163.7  394.1 33.47 94.42 63.73 1925
X(t) 8803 8741 8340 25884 | 460.6 464.7 519.9 14452 109.2 281.6 129.7 522.6
Yi(t5) | 1743 175.0 111.3  460.6 | 110.67  109.34 76.57  296.6 67.5 62.5 189 1489
Y2(t5) | 171.9 1737 1191 4647 | 109.34  109.41 7723 296.0 67.1 63.0 234 1536
Y3(t5) | 1740 1822 1637 5199 | 7657 77.23 60.76  214.6 48.4 47.6 211 1171
X(t5) | 5202 531.0 3941 14452 | 296.6 296.0 2146  807.1 183.0 173.2 635 419.6
Y1(t6) | 376 382 335 1092 | 67.49 67.13 4838  183.0 87.56 79.87 4508 2125
Y2(t6) | 913  96.0 944 2816 | 6253 63.05 4762 1732 79.87 76.32 47.78  203.9
Y3(t6) | 282 378 637 1297 | 1892 23.44 21.12 63.5 45.08 47.78 58.20 151.1
X(t6) | 157.6 1725 1925 522.6 | 148.9 153.6 1171 419.6 212.5 203.9 151.1 567.6
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NUIUTD 1ﬁ(n) fﬁ’maqu]ma(w) Basic Model | Extended Model Condensed Model
1 12 156 168 36
1 24 600 624 12
1 52 2,756 2,808 156
2 12 624 672 144
2 24 2,400 2,496 288
3 12 1,404 1,512 324
20 12 62,400 67,200 14,400
n w n2w+n2w? 2n°w+n2w? 3n%w
n 12 156n2 168n2 36n2
1 w WAHW?2 2W+W? 3w
2 w 4w+4w? 8w+4w? 12w
n Small w Large ~W? ~W? ~W?
n Large w Small ~n? ~n? ~n?
MI19T 8.6 UHAMINMITRI15007 Parsimony Y04W15 1119193
é’mﬁauﬁm’Ju%yaﬁaashwiaﬁm’Juw151ﬁm®§ (R) JoNTan
R<1 Impossible
1<R<3 Foolish
3<R<5 Poor
5<R<10 Fair
10<R<20 Good
20<R Very Good
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8.13 MANUIN

APPENDIX A8.1 ESTIMATION OF COVARIANCES

The main object of this appendix is to illustrate the
estimation procedure for the covariance matrices used in the
disaggregation models presented in this chapter.

Two approaches may be taken to estimate covariance
matrices. One is to estimate the elements of the matrix
individually using standard estimation techniques. The
second is to use a matrix approach which estimates all of the
covariances at one time. This second approach will be used
here. The estimation of covariances will be illustrated for the
three temporal disaggregation schemes and for one spatial
disaggregation scheme presented in this chapter. A simple
example will be used to clarify the procedure.

For the temporal disaggregation models, the following
notation will be used. Consider the periodic (seasonal) data

in question to be denoted as yél)I , =1, ..., n: v =
1, ..., N;and 1t =1, ..., w; with i referring to one of

the individual sites or time series, v being the year, and
1 being the interval (season) of the year. The limits n, N
and w are respectively the total number of times series, the
total number of years of data, and the total number of inter-
vals (season) in the year. The annual data is denoted as

x(l) with 1 and v taking on the same meaning as before.
Further consider that the means have been subtracted from
the original data so that the data now have zero means. Note
that this is done on a season by season and site by site
basis. There are therefore n annual means and w seasonal
means involved. For ease of presentation, the estimation pro-
cedure for the temporal models will be illustrated for the case
of n=2 and w= 3.

COVARIANCES ESTIMATES FOR THE BASIC TEMPORAL
DISAGGREGATION MODEL

The estimation of parameter matrices A and B as
given by Eqs. (8.14) and (8.15) require the sample covari-
ance matrices SXX’ SYX and SYY‘ The population value

corresponding to SXX may be expressed as

LD

) v (1) (2 .
E(XX") = E x(z) [Xv X ] (A8.1)
v

where E(.) 1is an expected value operator. The sample
estimate SYY-‘ is obtained from



Suw = i bzI (x X1 (A8.2)
XX "N _° vty -
v=1
or
(1)
N | x
-1 v (1) _(2) '
Sxx TN 2 ["v Xy ] (A8.3)
v=1 J{52}

Equation (AB8.3) is adjusted slightly to correct for the bias
introduced in the covariance because of the need for estimat-
ing the means. The adjustment amounts to reducing the de-
nominator of Eqs. (A8.2) and (A8.3) by one, resulting in

Sue = 3 X xT
xx * R 2 (KXG) (48.4)
v=1
and
(1)
N X
_ 1 v [(1) {2)]
Suw = o= I X (A8.5)
XX~ N-1 2, 2) v v

)%_

These "unbiased" forms are used in this chapter. The reader
should note that many authorities use the biased estimation
equations. The alternative approach, estimating the indivi-
dual elements of S}{X separately, may be written as

N . .
) W

Z X X (AB.6)

v=1 V v

where Sx_x(l,]} is the element of SX_X from the i-th row
and j-th column.

The cowvariance matrix SYX’ made up of the covariances

between the seasonal and annual series, is given by

N
] s ow T
Syx TN 2, A (A8.7)

ar
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(1)
v 1
(1)
v 2
(l) , o
Yu.3 [x(l) x(z)] . (A8.8)
(2 v

v 1
(2)
v 2
(2)
L v,3

w
It
Ir—-ﬁ
g

Again, the individual elements can be equivalently estimated
as .

N o
zl yékt) x‘(rj) (A8.9)
v= ?

T |
Syx(h1) = g

where

izwk +1 . (A8.10)

Having illustrated the individual element estimation technique
for both SXX and SYX’ only the matrix approach will be

covered for the remaining covariance matrix estimates. In-
dividual element estimation equations are fairly easy to deter-
mine and that task is left to those interested readers.

The covariances among the seasonal series, SYY is
estimated by

> (YVYVT) (A8.11)

or

(l)
v 1
(1)
v 2

N (1) |
Yv,3 (1) (1) ) o(2) (2) (2)
YY T N1 2 @ Yv,1¥v,2 9,3 « Yv,1 Yv,2¥v,3

v 1 (A8.12)
(2)
V 2
(2)
v,3
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COVARIANCE ESTIMATES FOR THE EXTENDED TEMPORAL
DISAGGREGATION MODEL

The parameter estimates for this model are given by Eqgs.
(8.16), (8.17), and (8.18). These equations require sample
estimates for SXX’ SYX‘ SYY’ SZZ’ SEK’ and SYZ‘ The

first three of these are the same as those given for the basic
temporal model. To determine the covariances involving Z,
consider the case where Z contains two seasons of the pre-
vious years data. For this example it has dimensions of
(2n x 1) or (4 x 1) and has the form

(1)
3"'n:'-1,2
Y{li 3
v-1,
A (A8.13)
(2)
o
2
| Yv-1,3

Before presenting the estimation equations, it 1is
appropriate to point out that there are two basic types of
moment estimators, open series and circular series estimators.
For the preceding equations, there are no differences between
the two approaches. For the circular series approach, the

series is taken to repeat itself so that values of yéﬂt and

(

xvﬂ for v=0 or v=n+1 have meaning and may be

(i) (1)

used in calculations. In this approach ¥ equals y )

B uals Dy D e v Ol @
Xy~ equals X, Vygp o QU s vy, and xygn
xgl}. For the open series approach the assumption of con-
tinual repetition of the sample series is not made. In actual-
ity the value of the estimates are only changed a negligible
amount. The estimation procedure is made slightly more
complicated for the open series approach. For this approach,
the summations no longer always go from one to N as they do
for the circular series approach; they go only over all pairs
of values for which both elements of the pair are defined. In
addition the mean wvalues (to subtract from the series) are
usually calculated only over the values used in the covariance
calculation. For this chapter, only the circular series
approach is used.

equals

Thus the covariance matrix estimate, SZZ’ may be
calculated as



Spg =
or
s =Ll 3
ZZ N1 o,

If all of the seasons are included i Z, then S

identical to SYY'

The covariance matrix estimate,

as
SZX=

or
SZX:
Likewise, SZY
Szy =

or
N
Sou = e 3
ZY N-1 =
v=1

" yV-1,3 _

(1) (1)
[Yv-1,2 Yy-1,3

N
1 ; T
T <2 (Z.X7)
N-1 v=1 vy
(1) ]
Yy-1,2
(1)
1 N Yelig (1)
-1 2| o] %
v=1 (2)
y_v-1,2
(2)
Yv—1,3
may be calculated as
N
1 , T
N-1 51 (Z,Y,)
(1)
Yv-1,2
ey
Yv-1,3. [y(l) (1) (1)
(2) v,1 Yv.2 Yv.3
yv-1,2
(2)
L_yV-l,?) -
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(A8.14)

(2) (2)
Yv-1,2 yv—l,S]
(A8.15)
would be

YN

SZX’ may be calculated

(A8.16)

@]
X, ] (A8.17)

(A8.18)
(2)  (2) ,(2)]
}v,l Ye .2 -\\7,3

(AB.19)
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COVARIANCE ESTIMATES FOR THE CONDENSED TEMPORAL
DISAGGREGATION MODEL

The parameter estimates for this model are given by
Eqs. (8.19), (8 20) and (8 21). The required moment esti-
mates are Y('C 1), X(t 1), SXX(I,'E), SYY(I,I'—l),

SYX(T-I,I) using the notation des¢ribed in Sec. 8.3.4 and
where 1 is the season. Moment SYY(I"I,I-l) of Egs.
(8.19) and (8.20) is simply SYY(T,I) of the previous season
and moment SXY(I,'[-l) is simply the transpose of SYX(T-I,I)

so these moment estimates will not be illustrated separately.
For this model there are a separate set of moments and pa-
rameters for each season. The required moments may be
estimated as )

L PSR ;2
Suu(1,T) = v = Y.t [ ] (A8.20)
YY N-1 .5 (2) Yvr Vvt
VT.
;N B (1) (2
SoolT,1) = v 3 Y.t [x X ] (A8.21)
YX N-1 v=1 (2) v v
VT_
(1)
N X
ST =g 2| I:xél) xéz)] (A8.22)
v=1 | (2)
v
(1)
N y :
ey - L vl [ @
Syy¢trh) = xm 2 e [yv,t—l V,t—l] (A8.23)
VT
and
(1)
N Vo 1.
Syy(1-1,0) = gy 3 v,t-1 [xél) xéz)] (A8.24)
v=1 | (2)
yv,t—l

S“(I,I) has the same value for all seasons of the year.



COVARIANCE ESTIMATES FOR THE SPATIAL
DISAGGREGATION MODEL

this model, both Y and X are annual time series,
the I;or column mat;:-ix composed 0+f annual values for the sub-
stations and the X column matnx_cnmpnsed of annual valuﬁs
for the key stations. For illustrative purposes, consider the
case of four substations and two key stations. Tdhe Iéequﬁfsd
moment ea_t:imates, SYY’ SXX’ SYK’ SYY{I) an xy 1)
may be estimated as

(2)
N y
1 v 1) (2 (3 {4)]
Syy = N-1 2 - [3* y y Yo
YY N-1 v=1 1‘;_1::;3) v v v (A8.25)
(4)
RETES
- A
(1)
N % (1) _(2)
SKX:ﬁl_—l 3 [xv X§ (A8.26)
v=1 (2)
| v
(2)
N y
= v (1) {2}] A8.27)
Syx = N-1 vfl F::}a} [xv Xy (
Ly?
' (2)
N y (1) _(2) _(3) (&)
Syy(l) :14%1 : ?3} [Yv-l Yoo1 Yyo1 Yy-1| (A8.28)
v=1 Vo
(4)
I.-yV -

and

N BN (1) (2) (3) )
1 w , . y
Syvll) = w5 2 [F_ Veo1 Yo-1 Ye-1
AY N-1 =1 x{‘z) v-1 v-1 v-1 v

W

] (A8.29)
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Chapter 10
Markov Chain Modelling

10.1 Definition

Let X = a discrete random variable which can be described by a probability
distribution function, f(x), where Zf(x) =1.0.

{Xo, X1, Xz, ....... ,Xn } = a sequence (set) of N+1 random variables

A stochastic process (in time domain) is a description of the relation between the random
variables in {Xo, X1, Xo, ....... Xn }.

10.2 States of the system and theirs probabilities

Let {a1, a2, .....,Q, &), cvereree , as} be the states of system or all possible outcomes of the
random variable. In this case, there are s states. Assuming that X is a random variable
representing the weather conditions on any day. The states of weather conditions in any day
can be defined as {ai=sunny day, a,=rainy day} or s equals to 2.

At any time t, assume that t=0 is the initial time period(period=0) for Markov chain,

the probability that the random variable (Xo or Xt=o) falls into any state which can be defined
as follows:

P(Xo=a,) = Pio) \

P(Xg =ay) = pﬁo)

P(Xo = @) = p” > (10,1

P(Xo =a;) = p](,o)

P(Xo = a;) = p{” J

p@ 4 4 4 =100 (10.2)
0 0 0 0 0

Letﬁ = (pi ),pg ), ....,pi( ),p](. ),. .....,ps( )) (10.3)

= An initial probability vector or a probability vector for initial time period, t=0.

ﬂ = (pin)r pgn): [EEREEIED) pi(n)l p‘gn)’ et pgn)) (104)

= a probability vector for time period n.
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10.3 Conditional probability and transition matrix

Let “a;”” be the state of system at time period t which changes to the state “a;” in time

period t+1 as shown in Figure 1. The conditional probability of state change from “a” to “a;”
is defined as shown below.

Time period t Time period t+1
aq aq
a a
a; a;
9 a;
aS aS

Figure 10.1 Transformation of state of system from one time period to the next time period

One step transition

P(XHl = aj|Xt = al-) = pl.(jl) (10.5)

n steps transition

P(Xern = q|Xe = @) = p}” (10.6)

P(Xeun = qj|X. = a;) = P(X, = qj|X = a;) = p’ (10.7)

Where pi(jl) and pi(}‘) are one step and n-step conditional probability respectively.

Equation 10.7 is valid only if a steady state condition exists. Under the steady state condition,
the conditional probability does not change with time

Transition matrix is the matrix of conditional probabilities for changing the state of

system from period t to period t+n. n is the number of steps in transition.

For one time step (t=1), the transition matrix is given below
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P11 P12 - P1i Pij - Pis
P21 P22 - P2i P2j - DPa2s

P=|Pi1 Pin - Pi DPij - Pis (10.8)
Pj1 Pjz - Pji Pjj - Djs

Ps1 Ps2 - Dsi psj - DPss
Where P = one-step transition matrix
pij = 1-step conditional probability of changing from state i to state j.

Assume a steady state condition, the transition matrix for multi-step can be derived below.

P2=p.p (10.9)
pP3=p2p (10.10)
pr=pr-ip (10.11)

Where P" = n steps transition matrix
Example 10.1 If the 1-step transition matrix of weather conditions is shown below:

_ P(ala;) P(azlay) _ [0.9 0.1
P(aila;) P(azlaz) 0.5 0.5

The 2-step transition matrix is calculated below.

pz — 09 0.17709 0.1]_[0.86 0.14
0.5 0.5110.5 0.5 0.70 0.30

Figure 10.2 shows the derivation of n-step transition matrix from 1-step transition
matrix under steady state condition using Tree diagram.

t=0 | t=1 | t=2 =0 t=2

0.9 -{sunny| 0.81
0.9 sunny<
T iy

sunny 0.09

0.5 -sunny| 0.05
0.1 ralny<

ralny 0.05

0.9 -sunny| 0.45
0.5 {sunny 0.7 _4{sunny
0.1 rainy
.5 -sunny| 0.25

0.5
U2 |rai"”< 0.3 | rainy

0.5

Transition from t=0 to t=1 and to t=2 Transition from t=0 to t=2
Figure 10.2 Transforming the transition matrix by Tree diagram.
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10.4 Markov chain model

Markov chain model is a discrete stochastic process in which the probability
distribution of the state in the current stage or time period(t) is conditionally dependent of the
state in the past time period(t-1, t-2, ....). This characteristic is called the Markov Property.

p™ = p(r=Dp — p© pn (10.12)
ﬁ = ﬂp (10.13)
p@ = pWp = O p2 (10.14)
p® = p@p = p©p3 (10.15)
Where

p©@  p@® p@ pB and p™ = probability vector for time period 0, 1, 2, 3and n
respectively.

P, P2, P*and P" = transition matrix for time step 1, 2, 3 and n respectively.

10.4.1 First order Markov chain model

First order Markov chain is the method for modelling a stochastic process which the
outcome at time t (xt) depends on the outcome at time t-1 (1), but independent of Xt-2, Xt-3,
...., Xo. According to this assumption, the conditional probability can be written as,

P(Xt=aj | Xt1=ai, Xt-2=ak, Xt-3=a, .... , X0o=8q) = P(Xt=3j | Xt-1=ai) (10.16)

Equation 10.16 above is one step conditional probability.

Let {ai, gj, ...., as} = the states of system

piiY = P(Xi=ayj| Xr1=a)) (10.17)

If the Markov chain is a homogeneous process or a steady state,

P(Xt=aj| Xr1=ai) = pii® imply that p;® is independent of time period(t).

Let P = 2 states-one step steady state transition matrix

__[P11 P12
P=| pzz] (10.18)
Z§=1 Pij=1.00 (10.19)

where s = No. of states
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The transition probability matrix P can be determined from historical data.

Let ni; = no. of times the state of system changed from state i at time t to state j at time
t+1. The sample estimate conditional probability can be calculated by equation below.

9] §=1 nij ]
where

pij = sample estimate conditional probability

(10.20)

Example 10.2 Estimate the conditional probability from the records of daily weather
conditions are shown in Table 10.1.

Table 10.1 Observed daily weather conditions

Day | Weather condition | Day | Weather condition | Day | Weather condition
1| rainy 11 | sunny 21 | rainy
2 | sunny 12 | rainy 22 | rainy
3 | sunny 13 | rainy 23 | sunny
4 | sunny 14 | rainy 24 | sunny
5 | rainy 15 | sunny 25 | rainy
6 | rainy 16 | sunny 26 | sunny
7 | sunny 17 | rainy 27 | sunny
8 | sunny 18 | sunny 28 | sunny
9 | sunny 19 | sunny 29 | rainy

10 | sunny 20 | sunny 30 | sunny

Counting the no. of change from state i to state j is shown in Table 10.2.

Table 10.2 No. of times the state of system change from i to |

N s
J j=1"j
i sunny rainy total
sunny 12 6 18
rainy 7 4 11

From Table 10.2, the sample estimate conditional probability is calculated as shown in Table

10.3.

Table 10.3 Sample estimate conditional probability

Dij
j
i sunny rainy total
sunny 0.667 0.333 1.0
rainy 0.636 0.364 1

Steady state Markov Chain
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Let p™ = (™, p, p{”, ..., p™, ., ™) (10.22)
p].(n) = probability that the chain is in state j and time period n.

p® = initial probability vector

p® = p©p

p® = pMPp = p(@p2

p™ = pt=Dp = p©@pn (10.22)

p*m = pOpn = p@ptin (10.23)
Where P"=n power of P

Forlarge n, p™ is less dependent on p‘®showing that the chain is in steady state.
Thus

p® = (e (10.24)
and pi(;l) = p](.n) or p](.") is independent of initial state (i). (10.25)

Thus under steady state condition and n is large

p™ = pE+m — p (10.26)

p =pP (10.27)

10.4.2 nt" order Markov chain model

State j in time period t depends on the state of the system of n previous time periods.
The conditional probability for n time period can be written below.

P(X=3j | Xt-1=ai, Xt-2=ak, Xt3=al, .... , Xo=aq) = P(X=3g; | Xt-1=ai, Xt-2=ak, Xt-3=al, .... , Xt-n=ap)
(10.28)

10.5 A Simple Weather Markov Chain Model

Let assume 2 states Markov chain for the weather conditions prediction, i.e.

State Weather conditions
0 Sunny day
1 Rainy day
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The conditional probabilities of weather conditions based on a given the weather on
the preceding day can be represented by a transitional matrix as follow.

09 0. 1] [P (sunny|sunny) P(rainy|sunny)
0.5 0.5 P(sunny|rainy) P(rainy|rainy)

The graphical representation of the above transition matrix is shown in Figure 10.3.

(@I@b

Figure 10.3 Graphical representation of transition probability matrix

The matrix P represents the weather model in which a sunny day is 90% likely to be
followed by another sunny day, and a rainy day is 50% likely to be followed by another rainy
day. The columns can be labelled "sunny" and "rainy" respectively, and the rows can be
labelled in the same order.

pij is the probability that, if a given day is in state i, it will be followed by a day of
state j.

Notice that the rows of P sum to 1.00.
10.5.1 Predicting the weather condition

If the weather on day 0 is known to be sunny. This is represented by a vector in which
the "sunny" entry is 100%, and the "rainy" entry is 0% or

P =00

Where p© is the probability vector representing the current weather condition.
Thus, the weather on day 1 can be predicted by:

09 0.1

@ — Op —
p=pP=01 O)[o.s 0.5

= (0.9 0.1)

Thus, there is a 90% chance that day 1 will be sunny.
The weather on day 2 can be predicted in the same way:

09 0.1

@ — ,Wp =
p@ =p®P =09 0D |:

= (0.86 0.14)
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or

0.9 0.17?
0.5 0.5

0.86 0.14

@ — ,O)p2 —
po=p7P =0 0)[ 0.70 0.30

=1 0| = (0.86 0.14)

General rules for predicting the weather on day n are

p(n) — p(n_l)P — p(O)Pn

10.5.2 Steady state of the weather condition

In this example, the predictions for the weather on more distant days are increasingly
inaccurate and tend towards a steady state vector. This vector represents the probabilities of
sunny and rainy weather on any day which is independent of the initial weather condition.

The steady state vector is defined as:

p = lim p" (10.29)

where p = (p4, p,) = steady state vector or the probability vector of weather
condition on any day.

p1= the probability to be sunny day
p2=the probability to be rainy day

But only converges to a strictly positive vector if P is a regular transition matrix (that
is, there is at least one P" with all non-zero entries).

Since the p is independent from initial conditions, it must be unchanged when
transformed by P. This makes p an eigenvector (with eigenvalue =1), and the vector p can be
derived from the transition matrix P. The example on weather condition prediction, let

P=los 03
pP=p
pP= EI
p(P-D=0

»(los osl-lo 1)=0

@ 2[5 Soe=0

0.1p1 +0.5p2 =0


http://en.wikipedia.org/w/index.php?title=Steady_state_vector&action=edit
http://en.wikipedia.org/wiki/Regular_matrix
http://en.wikipedia.org/wiki/Eigenvector
http://en.wikipedia.org/wiki/Eigenvalue

10-9

0.1p1-0.5p2=0
and since pzand p2 are the probability vector we know that
pr+p2=1

Solving this pair of simultaneous equations to obtain the steady state vector, p

0.1(1-p2)-0.5p2=0
p2 =0.1/0.6 = 0.167
p1=1-0.167 =0.833
(p1 p2)=(0.833, 0.167)
In conclusion, in the long term, 83.3% is sunny day and 16.7% is rainy day.

Prove that the p is independent of the initial conditions, it must be unchanged when
transformed by P (BP = B) as shown by Equation (10.27) or transformed by n time steps

(p = lim p™) as shown in Equation (10.29).
e il

Prove 1: pP=1p

pP = [0.833333 0.166667] 0.9 0.1

p 05 05 = [0.833333 0.166667]

Prove2:p = lim p™ = p(Op"
p=_mp =p "

_ 109 0.1

b= 0.5 0.5

pz _ [0-86 0.14
[0.70 0.30

ps — [0-8376 0.1642

10.8120 0.1880

p8 — [0.8334426 0.1666674]
10.8327872 0.1672128

0.8333334 0.1666666

P16 —
0.8333330 0.1666667

0.8333333 0.1666667

P32 —
0.8333333 0.1666667

— n(0)p32 — 0.8333333 0.1666667
p=pF 1 0][0.8333333 0.1666667
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p= [0.8333333 0.1666667]

10.6 The Cola Example

Example 10.3: Suppose the entire cola industry produces only two colas (cola 1 and
cola 2). Given that

e aperson last purchased cola 1, there is a 90% chance that her next purchase

will be cola 1.
e aperson last purchased cola 2, there is an 80% chance that her next purchase
will be cola 2.

Answer the following questions

Question 1: If a person is currently a cola 2 purchaser, what is the probability that she will
purchase cola 1 two purchases from now?

Question 2: If a person is currently a cola 1 purchaser, what is the probability that she will
purchase cola 1 three purchases from now?

Question 3: Suppose 60% of all people now drink cola 1 and 40% now drink cola 2. Three
purchase from now, what fraction of all purchasers will be drinking cola 1?

Solution

Two-state Markov chain due to two types of Cola available in the market (s =2).
State 1 = person last purchased cola 1

State 2 = person last purchased cola 2

Question 1: If a person is currently a cola 2 purchaser, what is the probability that she will
purchase cola 1 two purchases from now?

Determine P(Xz=colal|Xo=Cola 2) =px1®
Let X; = the type of cola purchased at any time period (t) with the transition matrix

109 01
F"[0.2 0.8

cje



10-11

Given Xo=cola 2, thus p© = (0 1)

p@=p®P =(0.2 0.8) [82 821;] =(0.34 0.66)
P(X2=cola 1|Xo=cola 2) = 0.34 Ans

Alternative 1
9(2):9(0)P2

p2= [0.9 0.1] 09 0.1 =[0.83 0.17
0.2 08110.2 0.8 0.34 0.66

0.83 0.17

(2 = nO)p2 =
p@=poP==[0 1] [0.34 0.66

=[0.34 0.66]

Alternative 2

Transition

colal

p21=0.

cola 2

p11=0.9  0.2x0.9=0.18

matrix P(X2=cola 1|Xo=cola2)=

cola 1
_ [0-9 0.1 p21?-0.18+.016=0.34

p22=0. 0.2 0.8

p21=0.2 0.8x0.2=0.16

Figure 10.4 Solve Question 1 by Tree diagram

Question 2: If a person is currently a cola 1 purchaser, what is the probability that she will
purchase cola 1 three purchases from now?

Determine P(Xs=colal|Xo=cola 1)=p11®
Given Xo=cola 1, thus p© = (1 0)
9(3):9(0)P3

p3=p2p= [083 017”09 0.1 _0.781 0.219
0.34 0.66110.2 0.8 0.438 0.562

p®@=pOpP3=[1 0] [0.781 0.219

0438 0562) — 10781 0.219]



P(Xs=colal|Xo=cola 1)= pn®=0.7

81

Alternative: Solve Question 2 by Tree diagram
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09 _colai

colal 0.9

0.2 .colal

0.1
cola 2<
cola 2

0.8

cola 1< 0.9
0.3 0.1 cola 2

cola 1

0.2

Transition
Matrix P

109 0.1
~10.2 08

P(Xs=colal|Xo=cola 1)= p1®

=0.9x0.9x0.9 +0.9x0.1x0.2+
0.1x0.2x0.9 + 0.1x0.8x0.2
=0.781

Figure 10.5 Solve Question 2 by Tree diagram

Question 3: Suppose 60% of all people now drink cola 1 and 40% now drink cola 2. Three
purchase from now, what fraction of all purchasers will be drinking cola 1?

Determine P(Xs=colal| p©@)=p; &

Given p©=(0.6 0.4)

P =10.781]0.219
0.438 | 0.562

9(3) = Q(O) P3

p®=p®p3=106[04] [0.781

0.219

=1 0.6438 | 0.3562 |

0.438

0.562

P(Xs=colal|p@®) = p; ®=0.6438

Alternative: Solve Question 3 by Tree diagram




10-13

P(X3=cola 1)|P(X3=cola 2)
0.9 cola1 0.6x0.9x0.9x0.9
cola 1<
0.1~cola 2 ?
cola 1 <§’9/
09 {cola 1 0.6x0.9x0.1x0.2
cola 1 cola ~ cola 2 ?
01 cola 1S;t\.tcola 1 0.6x0.1x0.2x0.9
6 cola 2< "\cola 2 |l »
: cola 1 7?
cola2 i 3
cola
. cola 1 c oail ? .
cola 1 cola 5 5
; 0 2/cola 1 ?
cola 2 cola 2 <gg_ cola 5 5
0 cola 1§\q\cola 1. 3
cola 2 cola 2 2
a2-cola1l ?
cola 2
cola 2 0.4x0.8x0.8x0.8
0.6438 0.3562

Figure 10.6 Solve Question 3 by Tree diagram

Example 10.4 From Example 10.3, suppose that each customer makes one purchase
of cola during any week (52 weeks=1 year). Suppose there are 100 million cola customers.
One selling unit of cola costs the company $1 to produce and is sold for $2. If the cost of
advertisement is $500 million per year, the advertising firm guarantees to decrease from 10%
to 5% the fraction of cola 1 customers who switch to cola 2 after a purchase. Should the

company makes cola 1 hire the advertising firm?

Solution

The advertising firm guarantees “to decrease from 10% to 5% the fraction of cola 1
customers who switch to cola 2 after a purchase”. The transition matrix with and without

advertisement can be defined as follow:
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Existing transitional matrix New transitional matrix (with advertisement)
(without advertisement) Advertisement cost = $500 million/year
_ (09 0.1 r_ (0.95 0.05
b= (0.2 0.8) b= ( 0.2 0.8)

At steady state: p=pP
Let the steady state probability vector, p = (p1 p2)
Without advertisement case

09 0.1

@1 p2)= @1 P75 o3

] = (0.9p1 + 0.2p2 0.1p1 + 0.8p2)

p1=0.9p1+ 0.2p2
p2=0.1p1+ 0.8p2
Then 0.1p1=0.2p2
p1=2p2
Since p1+p2=1

Thus p2=1/3 and p1=2/3

Steady state vector p= G %)

Cola sell profit =$1/unit

Total Cola sell profit =52 weeks/year x 100,000,000 customers x $1/unit
= $5,200,000,000 /year

Total Cola 1 sell profit = (2/3) x 5,200,000,000 = $3,466,666,667 /year

Total Cola 2 sell profit = (1/3) x 5,200,000,000 = $1,733,333,333 /year
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With advertisement case

0.95 0.05

@1 2= @1 2750 ggq

= (0.95p1 + 0.20p2 0.05p1 + 0.80p2)
p1=0.95p; + 0.20p2
p2=0.05p; + 0.80p2

Then 0.05p1=0.2p2
p1 = 4p2

Since p1+p2=1

Thus p2=1/5 and p1=4/5

Steady state vector p= (g %)
Total Cola 1 sell profit = (4/5) x $5,200,000,000 -500,000,000
= $4,160,000,000-500,000,000 = $3,660,000,000
Total Cola 2 sell profit = (1/5) x $5,200,000,000
= $1,040,000,000
Cola 1 sell profit increase = Profit with advertisement - Profit without advertisement
= $3,660,000,000 /year - $3,466,666,667 /year
= $193,333,333 /year

Therefore Cola 1 company should hire the advertisement agency since the company will gain
net profit by $193,333,333 annually.

10.7 Classification of State of Markov Chain
10.7.1 State Classification - Population distribution example

Each American family is classified as living in an urban, rural and suburban location.
During a given year, 15% of all urban families move to a suburban and 5% move to a rural
location; 6% of all suburban families move to an urban location, and 4% move to rural
location; finally 4% of all rural families move to an urban location and 6% move to a
suburban location.
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Urban | Rural | Sub-urban | Sum
Urban 0.80 | 0.05 0.15 1.00
Rural 0.04 | 0.90 0.06 1.00
Sub-urban | 0.06 | 0.04 0.90 1.00
Graphical representation of transition Transition matrix (P)
probability matrix

(a) If a family now lives in an urban location, what is the probability that it will live in an
urban area two years from now? or A rural area ? or A suburban area ?

(b) Suppose that at present, 40% of all families live in an urban area, 35% live in a sub-urban,
25% live in a rural area. Two years from now, what % of American families will live in an
urban area?

(c) What problems might occur if this model were used to predict the future population
distribution of the United States?

Solution

(a) 9(2) = Q(O)PZ

9(0):(100)

0.80 0.05 0.15
P=10.04 090 0.06

0.06 0.04 0.90

0.80 0.05 0.15]7[0.80 0.05 0.15 0.6510 0.0910 0.2580
P? =(0.04 0.90 0.06]/[0.04 0.90 0.06]=]0.0716 0.8144 0.1140

0.06 0.04 0.90110.06 0.04 0.90 0.1036 0.0750 0.8241

0.6510 0.0910 0.2580
p@=pOP2=[1 0 0][0.0716 0.8144 0.1140|=1[0.6510 0.0910 0.2580]
0.1036 0.0750 0.8241

P(X2=Urban|Xo=Urban)=0.6510
P(X2=Rural|Xo=Urban)=0.0910
P(X2=Sub-urban|Xo=Urban)=0.2580

()  p©=(0.40, 0.25, 0.35)



Q(Z):Q(O)PZ

p?=p®P?=0.40 0.25 0.35][

[0.3510 0.2590 0.3900]

(c) Determine the steady state vector

P =

p? =

p* =

P8 =

P32 —

P64- —

[0.457045
0.116733

10.157911

[0.288341
0.164898

10.199707

[0.217434
0.196744
10.210184

[0.208005
0.206764
10.208042

[0.207653
0.207644
10.207653

0.20765

P28 = 10.20765

0.20765

[0.6510 0.0910
0.0716 0.8144
10.1036 0.0750

0.04 0.90 0.06

0.80 0.05 0.15]
0.06 0.04 0.90

0.152701
0.678313
0.132113

0.224928
0.505011
0.207524

0.279455
0.360628
0.272735

0.298758
0.305754
0.298119

0.300533
0.300586
0.300528

0.300546
0.300546
0.300546

0.6510 0.0910 0.2580
0.0716 0.8144 0.1140
0.1036 0.0750 0.8241

0.1140

0.2580]
0.8241

0.390253]
0.204954
0.7099771

0.486731]
0.330091
0.592769.

0.50311 ]
0.442628
0.517081.

0.493237]
0.487482
0.493838.

0.491814]
0.491771

0.4918181

0.491803
0.491803
0.491803
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It takes too long time to reach the steady state. Therefore the future population distribution of
USA may not be predicted by Markov chain.

10.7.2 State Classification - Coin tossing example

Attime 0, | have THB 200. Attime 1, 2, 3, ...., | play a game (coin tossing) in which
| bet THB 100 with probability p(=0.5) that | win the game, and with probability (1-p) that |
lose the game. My game is to increase my money to THB 400, and as soon as | do, the game
is over. The game is also over if my money is reduced to THB 0.
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If we define X: to be the state of my money after t game is played, then Xo, X4, .....
Xtmay be viewed as a discrete time stochastic process. Note that Xo=200 is a known
constant, but Xz and later X¢'s are random. Given that there is a probability p=0.5 that
X1=300 and a probability 1-p=0.5 that X1=100. Note that if X=400, then the game is over or
Xt+1 and all later Xy's will also equal to THB 400. Similarly, if X=0, then the game is over or
Xt+1 and all later Xi's will also equal to THB 0.
What is the transition matrix?
Solution
X={0, 100, 200, 300, 400} = State of Markov Chain (=5 states)
No. of states = 5

Tree diagram

t=0 t=1 t=2

P_~-X2=400 Game over
x1=300<
1-p

X2=200 Game continue

1- P_-X2=200 Game continue
P x1=100<
1-p™X2=0

Game over

X0=200

Graphical representation of transitional matrix

Transition matrix

0 THB 100 THB 200 THB 300 THB 400 THB
0 THB 1 0 0 0 0
100 THB 1-p=0.5 0 p=0.5 0 0
200 THB 0 1-p=0.5 0 p=0.5 0
300 THB 0 0 1-p=0.5 0 p=0.5
400 THB 0 0 0 0 1
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Questions
(1) What is the probability vector after playing the game twice?

Solution

p® = pOp?

p9=[0 0 1 0 0]

[1 0 0 0 0”1 0 0 0 0]
|0.5 0 05 0 0”05 0 05 0 0|
P2=l0 05 0 05 ollo 05 0 05 0
lo 0o 05 o os{lo o 05 o0 o5
l0 0 0 0 1“0 0 0 0 1J

[1 0 0 0 O]

|05 025 0 025 0 |

=025 0o 05 0 025]

llO 025 0 025 05J|

0 0 0 1

=[025 0 05 0 0.25]

From Tree diagram

a=0 a=100 a=200 a=300 a=400
P(X2=a|X0o=200) | (1-p)*=0.25 0 2p(1-p)=0.5 0 p?=0.25

(2) From the coin tossing problem above, after playing the game twice, what is the
probability that I will have THB 300?

Solution P(X2=300]|X0=200)= 0

(3) After playing the game twice, what is the probability that | will have THB 200?
Solution P(X2=200]|X0=200)= 2p(1-p) =2*0.5*0.5=0.5

(3) After playing the game three times, what is the probability that I will have THB 200?
Solution P(X3=200]|Xo=200)= 0

(4) What is the probability vector after playing the game three times?




Solution

From Tree diagram

10-20

a=0 a=100 a=200 a=300 a=400
P(Xs=a|Xo=200) (1-p)? 2p(1-p)? 0 2p2(1-p) p2
p((132)00 0.25 0.25 0 0.25 0.25

Markov model

p= pp?
1 0 0 0 o1 0 0 0 O
[0.5 025 0 025 0 ”05 0 05 0 0]
PP=1025 0 05 0 025/l0 o5 o0 05 0]
[ 0 025 0 025 0.5H0 0 05 0 osJ
0 0 0 0 1dlo o o o0 1
r1 0 0 0 0
[0.625 00 025 0 0.125]
=025 025 0 025 025]
l0.125 0 025 0 0.625J
0 0 0 0 1
1 0 0 0 0
10.625 00 025 0 0.125|
p®=0 o0 1 o 0]lo25 025 0 025 025]

[0.125 0 025 0 O.625J
o 0 0 0 1

=[0.25 025 0 0.25 0.25]

10.8 Steady State Probabilities and Mean First Passage Times

Mean first passage times is the expected number of transitions from the current state
“1” to reach the final state “j”. Mean first passage times can be calculated by the following

equation.
Mij = Pij + Xz pik(l + mkj)
Dij + XizjPik = Lj=1Pij = 1 (foranyiand j=1tos)

My; = 1+ Yy j DiMuj

(10.30)
(10.31)

(10.32)

(10.33)
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" nen

m;; = the mean first passage times from a state I"to a state "j

my; = the mean first passage times from a state "k"to a state "]

”r men

m;; = the mean first passage times from a state "i"” and return to a state "i

mner nen

pij = transition probability from a state I"to a state"j

pix = transition probability from a state "i"to a state"k"

n”

p; = steady state probability for a state i

Example 10.5 From the example 10.3 (Cola industry problem),

Transition probability matrix = P = (8; 851;)

Steady state vector = p = (py,p;) = (2 1)

3’3

Solution
_1_1 =1.5
Ty T
1 1 3
m =—= =
22 P2 1
3

my, = 1 + P11Mqp = 1 + 0.9m12
0.1m12 = 1

= ! =10
M2 =01~

m21 = 1 + p22m21 = 1 + O.8m21

O.zmzz = 1

=—=07§5
mj; 0.2

1
10.9 Types of States in a Markov Chain

Mathematicians classify the types of states of a Markov Chain according to theirs

properties and relationship among the states in the transition probability matrix.
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Let (A, B, C, D, E) be 5 states in Markov Chain with the transition probability matrix

P as follows.
04 06, 0 0 O I
_0_5___0_5_1_9___9___9_\ 51, 0
P=|"0 0103 07 0 P = ommmapimmmmne
0 0 105 04 0.1/ o ! S2
0 0.0 08 02 |

The graphical representation of P is shown below.

0.5

Definition of Terms

1. State E is Reachable from State C and a vice versa. Thus States C and E are said to

be Communicate States and so are States A and B.

2. Set of states (S1) in a Markov Chain is a Closed Set, since any state in S is not
reachable from any state outside Si. Similarly S is a Closed Set.

3. State i is an Absorbing State if p,; = 1. This indicates that once entering the

absorbing state, leaving is impossible. Therefore the absorbing state is a closed set

containing only one state, see Figure below.

teololic
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4. From the figure above, State k is a Transient State if there exists State i that is

reachable from State k, but State k is not reachable from State i.

5. Recurrent State is the state that is not transient state. States A, B, C, D, E are all
recurrent states.

6. Recurrent state is periodic if all paths leaving from State i and transition back to

State i within a multiple of k transitions (k>1) as shown in the Figure below.

S0S =(1, 2, 3)
01 0

P= (0 0 1)
10 0

State 1, 2, 3 are periodic with k=3.

1

If a recurrent state is not periodic, it is called Aperiodic.
7. If all states in a Markov Chain are recurrent, aperiodic and communicate wuth each

other, the chain is said to be Ergodic.

1/3 2/3 0 1/2 1/2 0 0
P, = (1/2 0 1/2) p_(1/2 1/2 0 0
0 1/4 3/4 "™t o o 2/3 1/3
0 0 1/4 3/4
Ergodic Non-ergodic

Example 10.6 The state college admissions office has modeled the path of a student through
state college as a Markov Chain. There are 6 states of the system namely Fresherman(F),
Sophomore(So), Junior(J), Senior(Sen), Quit(Q) and Graduate(G). The transition probability
matrix is given below:

F. So. J. Sen. Q. G.

F 0.10 0.80 0 0 0.1 0

So 0 0.10 0.85 0 0.05 0

J. 0 0 0.15 0.80 0.05 0
Sen. 0 0 0 0.10 0.05 0.85

Q 0 0 0 0 1 0

G 0 0 0 0 0 1

Each student’s state is observed at the beginning of each fall semester. For example, if
a student is a junior at the beginning of the current fall semester, there is an 80% chance that




10-24

he will be a senior at the beginning of the next fall semester, a 15% chance that he will be a
junior, and a 5% chance that he will have quit. (We assume that once a student quits, he never
reenrolls.) You are asked to answer the following questions.

(a) If a student enters State College as Freshman, how many years can he/she expect

to spend as a student at the State College?
(b) What is the probability that a freshman graduates?

Solution

Let partition the given transition matrix (P) into 4 sub-matrices as shown below.

_1Q|R
P= Ol
01 08 O 0 0.1 0
0= 0 01 085 0 R 005 0
0 0 015 08 005 0
0 0 0 01 0.05 0.85
0 00 O /1 0
0_(0 00 0) 1_(0 1)
09 -0.8 0 0

[_o=[0 09 -08 0
0 0 085 —020
0 0 0 09

1.1111 0.9877 0.9877 0.8779

(I—0Q)!= 0 1.1111 1.1111 0.9877
0 0 1.1765 1.0458

0 0 0 0.1111

From the inverse matrix (I-Q) above, we can concluded that if a student enters the State
College as a freshman:

the expected time as Freshman = 1.1111 years
the expected time as Sophomore = 0.9877 years
the expected time as Junior = 0.9877 years

the expected time as senior = 0.8779 years

Thus, the expected time as a student = 3.9643 years




10-25

1.1111 0.9877 0.9877 0.8779 0.1 0
(I—Q) 'R = 0 1.1111 1.1111 09877 |[ 005 O
0 0 1.1765 1.0458 [} 0.05 O

0 0 0 0.1111/ \0.05 0.85

Q G
F 0.2538 0.7462

I-Q)'R=| So 0.1605 0.8395
J 0.1111 0.8889
Sen 0.0556 0.9444

The probability that a freshman graduates = 0.7462
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10.11 Exercises

(1) A Company has two machines. During any day, each machine that is working at the
beginning of the day has a 1/3 chance of breaking down. If a machine breaks down during
the day, it is sent to a repair facility and will be working two days after it breaks down.
(Thus, if a machine breaks down during day t-1, it will be working at the beginning of day
t+1.)

Let the state of the system be the number of machines working at the beginning of the day,
formulate a transition probability matrix for this situation.

(2) Consider an inventory system in which the sequence of events during each period is as
follows: (1) We observe the inventory level (call it i) at the beginning of the period. (2) If i <
1, 4-i units are ordered. If i > 2, 0 units are ordered. Delivery of all ordered units is
immediate. (3) With probability 1/3, 0 units are demanded during the period; with probability
1/3, 1 unit is demanded during the period; and with probability 1/3, 2 units are demanded
during the period. (4) We observe the inventory level at the beginning of the next period.

Let a period of state be the period at beginning inventory level. Determine the transition
matrix that could be used to model this inventory system as a Markov chain and determine
the steady state vector.

(3) An urn contains two unpainted balls at present. We choose a ball at random and flip a
coin. If the chosen ball is unpainted and the coin comes up heads, we paint the chosen ball
red; if the chosen ball is unpainted and the coin comes up tails, we paint the chosen
unpainted ball black. If the ball has already been painted, then (whether head or tail has
been tossed) we change the color of the ball (from red to black or from black to red). To
model this situation as a stochastic process, we define time t to be the time after the coin has
been flipped for the t" time and the chosen ball has been painted. The state at any time may
be described by the vector [u(unpainted), r(red), b(black)], where u is the number of
unpainted balls in the urn, r is the number of red balls in the urn, and b is the number of
black balls in the urn. We are given that Xo=[2,0,0]. After the first coin toss, one ball will
have been painted either red or black, and the state will be either [1, 1, 0] or [1, O, 1].
Hence, we can be sure that Xt=[1, 1, 0] or Xi=[1, 0, 1]. Clearly, there must be some sort of
relation between the Xi's. For example, if X=[0, 2, 0], we can be sure that X:+1 will be [0, 1,
1]. Please determine the transition matrix of this process.

(4) From Problem (3), after the two balls are painted, what is the probability that the state is
[0,2,0] ?

(5) Consider two stocks. Stock 1 always sells for THB 10 or THB 20. If stock is selling for
THB 10 today, there is a 0.80 chance that it will sell for THB 10 tomorrow. If it is selling for
THB 20 today, there is a 0.90 chance that it will sell for THB 20 tomorrow. Stock 2 always
sells for THB 10 or THB 25. If stock 2 sells today for THB 10, there is a 0.90 chance that it
will sell tomorrow for THB 10. If it sells today for THB 25, there is a 0.85 chance that it will
sell tomorrow for THB 25. On the average, which stock will sell for a higher price? Find and
interpret all mean first passage times.

(6) At the beginning of each year, my car is in good, fair or broken-down condition. A good
car will be good at the beginning of next year with the probability 0.85; fair with probability
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0.10; or broken-down with probability 0.05. A fair car will be fair at the beginning of the next
year with probability 0.70 or broken-down with probability 0.30. It costs THB 600,000 to
purchase a good car; a fair car can be traded in for THB 200,000; and a broken-down car
has no trade-in value and must immediately be replaced by a good car. It costs THB 100,000
per year to operate a good car and THB 150,000 to operate a fair car. Should I replace my
car as soon as it becomes a fair car, or should I drive my car until it breaks down? Assume
that the cost of operating a car depends on the type of car on hand at the beginning of the
year (after a new car, if any, arrives).

(7) Three balls are divided between two containers. During each period a ball is randomly
chosen and switched to other container.

(a) Find (in steady state) the probability that a container will contain 0, 1, 2 or 3
balls.

(b) if container 1 contains no balls, on the average how many periods will go by
before it again contains no balls?

(8) Work-Force Planning. An engineering firm employs three types of engineers: junior
engineers, senior engineers and partners. During a given year, there is a 0.15 probability
that a junior engineer will be promoted to senior engineer and a 0.05 probability the he or
she will leave the firm. Also there is a 0.20 probability that a senior engineer will be
promoted to partner and a 0.10 probability that he or she will leave the firm. There is a 0.05
probability that a partner will leave the firm. The firm never demotes an engineer.

There are many interesting questions the firm might want to answer. For example, what is the
probability that a new hired junior engineer will leave the firm before becoming a partner?
On the average, how long does a newly hired junior engineer stay with the firm?

(9) Payoff Insurance Company charges a customer according to his or her accident history.
A customer who has had no accident during the last two years is charged a THB 3,000
annual premium. Any customer who has had an accident during each of the last two years is
charged a THB 12,000 annual premium. A customer who has had an accident during only
one of the last two years is charged an annual premium of THB 9,000. A customer who has
an accident during the last year has a 10% chance of having an accident during the current
year. If a customer has not had an accident during the last year, there is only a 3% chance
that he or she will have an accident during the current year. During a given year, what is the
average premium paid by a Payoff customer? (Hint: In case of difficulty, try a four-state
Markov Chain.

(10) The state college admissions office has modeled the path of a student through state
college as a Markov Chain. There are 6 states of the system namely Fresherman(F),
Sophomore(So), Junior(J), Senior(Sen), Quit(Q) and Graduate(G). The transition probability
matrix is given below:

F. So. J. Sen. Q. G.
F. 0.10 0.80 0 0 0.1 0
So. 0 0.10 0.85 0 0.05 0
J. 0 0 0.15 0.80 0.05 0
Sen. 0 0 0 0.10 0.05 0.8




0

0

0

0

1

0

Q.
G.

0

0

0

0

0

1

Each student’s state is observed at the beginning of each fall semester. For example,
if a student is a junior at the beginning of the current fall semester, there is an 80% chance
that he will be a senior at the beginning of the next fall semester, a 15% chance that he will
be a junior, and a 5% chance that he will have quit. (We assume that once a student quits, he
never reenrolls.) You are asked to answer the following questions.

(a) What is the probability that a freshman graduates?
(b) What is the probability that a freshman quites?

(c) What is the probability that a Sophomore graduates?
(d) What is the probability that a Sophomore quites?

(e) What is the probability that a Junior graduates?

() What is the probability that a Junior quites?

(9) What is the probability that a Senior graduates?

(h) What is the probability that a Senior quites?

(11) A newspaper has obtained the following information about its subscribers: During the
first year as subscribers, 20% of all subscribers cancel their subscriptions. Of those who
have subscribed for one year, 10% cancel during the second year. Of those who have been
subscribing for more than 2 years, 4% will cancel during any given year. On the average,
how long does a subscriber subscribe to the newspaper?

(12) A forest consists of two types of tress: those that are 0-1.5 meters and those that are
taller than 1.5 meters. Each year, 40% of all 0-1.5 meters tall tress die, 10% are sold for
THB 700 each, 30% stay between 0-1.5 meters, and 20% grow to more than 1.5 meters. Each
year, 50% of all tress taller than 1.5 meters are sold for THB 1,650, 20% are sold for THB
1,050, and 30% remain in the forest.

(a) What is the probability that a 0-1.5 meters tall tree will die before being sold?

(b) If a tree (less than 1.5 meters) is planted, what is the expected revenue earned
from that tree?

(13) An important machine is known to never last more than four months. During its first
month of operation it fails 10% of the time. If the machine completes its first month, then it
fails during its second month 20% of the time. If the machine completes its second month,
then it fails during its third month 50% of the time. If the machine completes its third month,
then it is sure to fail by the end of the fourth month. At the beginning of each month we must
decide whether or not to replace our machine with a new machine. It costs THB 50,000 to
purchase a new machine, but if a machine fails during a month, we incur a cost of THB
100,000 (due to factory downtime) and must replace the machine (at the beginning of the next
month) with a new machine. Three maintenance policies are under consideration:

Policy 1: Plan to replace a machine at the beginning of its fourth month of operation.
Policy 2: Plan to replace a machine at the beginning of its third month of operation.

Policy 3: Plan to replace a machine at the beginning of its second month of operation.
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Which policy will give the lowest average monthly cost?
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Appendix A
Random Variable and Probability Distribution Functions

A.1 Random Variable
Random variable is the variable that one cannot predict its value confidently. The outcome of
the random variable can only be described by the probability distribution function.

There are two types of random variables.
(1) Discrete random variable
(2) Continuous random variable
Let X = Random variable with f(x) as probability distribution function
f(x) = Probability mass function(pmf) for discrete variable or probability density
function(pdf) for continuous variable.
F(x) = Cumulative probability distribution function(cdf)

F(x) = YrinfX) for discrete random variable (AL.1)
F(x) = f;in f(x)dx  for continuous random variable (AL.2)

A.2 Probability Distribution Functions of Random Variable

The probability distribution functions of the random variable are shown in Figure A.1 and
A2

1.00 1.00
f(x) F(x)
- 1 —
X X
f(x)= Mass function f(x) F(x) = Cumulative distribution function

Figure A.1 Discrete probability distribution function of discrete random variable

1.0
£(x) F(x)
X X
f(x)= Density function f(x) F(x) = Cumulative distribution function

Figure A.2 Continuous probability distribution function of continuous random variable
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Table A.1 Discrete Probability Distribution Functions and their properties

No. Distribution Range of X f(x) v o’
. 1 1 Kk 1 k
1 Uniform s Koperenns )= — - = 2_ 2
(Xl X Xk) u(X N k) k Kk |§1 Xi k |§1 Xi M
2 | Binomial 0,1,2,....0 b(x;n,p)= np npq
N x n-x
( jp (1-p)
X
3 Multinomial x,=0,1,2,...,n (X, Xgpee05Xi5 Pis Pose-ooPpol) np, np,q,
n!
x,=0,1,2,...,n =11 P p X2 p Xk| np, np,q,
X POLx P 2 k
"""" 1o XXt A%, =n
x,=0,1,2,...n P prttpy = 1.0 np, np,qy
4 | Bivariate 0,1,2,..Min(k,n) | h(x;N,n, k)
. . k N-n) k K
Hypergeometric K)(N-k NN (mjn'ﬁ(l'ﬁ)
XJ\n-X
N
n
B a a
5 | Multivariate x,=0,1,2,......, (X[, XgpeeeeesXy 3 @psBenrenndy, N1 n% (H)“Wl(l'ﬁl)
Hypergeometric Min(a,,n)

a N-n) &, a
X2:0,1,2, ...... . al 3.2 ak nWZ (N_-r]jnwz(l-wz)
Min(a,,n) B X1 )\ X2 XK .

& a N - a a
X =012, |0 x+x,+...+x, =n an [N_E)“-Wk(l'wk)
Min(a,,n) ata,*..ta, = N
. e X
6 Poisson 0,12, plx ; H) = V) K
. k k (1-p)
£ . — J—
7 | Negative kKk+1,.oen.. b*(x ; k, p) 5 _pz_
Binomial x-1 pk (l-p)X_k
k-1
8 | Geometric 1,2, g(x;p)=p (1-p) L p
p p2

The various types of probability distribution function and their properties are presented in
Table A.1and A.2.

u=EX)=Xxf(x) (A3)
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0’ =EX —p)?=EX?) —p? (A4)
E(X?) =X x*f(x) (A5)
Table A.2 Continuous Probability Distribution Functions and their properties
No. Distribution | Range of X f(x) 3 Gz Remark
. 1 1 1
1 Uniform a<x<b g > (atb) I (b-a)’
2 | Normal -00< x <00 1 -l(M) 2 1l o’
i
3 | Standard -00< 7 <00 1 -%22 LL,=0 o=
\/27 e z z
Normal
X
4 | Gamma 0 < x <00 ; a;a) (@ e_ﬁ aB aBz
(>0, 3>0)
X
5 Exponential 0 < x <00 % e- B B> 0) B B2 Gamma with Ol=1
6 | Chi Square 0<x<00 1 X%'l e% L 2V Gamma with OL=% ,
o) 2012 1y 12) B>
(VU =n-1)
. 1 - 1 2
7 | Weibull x>0 ofxPt B 1| -5 2 |1 Bt
BX € a ﬂl‘(l+3) a ,B{l"(l_l_ﬁ)_ B
(o> 0, B> 0) F(l 1 )}2 Weibull=Exponential
Pl
g If B> 1;
Weibull=Normal
u=EX) =[x f(x)dx (A4)
0’ =EX —w)? = E(X?) — p? (A5)
E(X?) = [x*f(x) (A6)

The Microsoft Excel is a good tool for learning about the probability distribution functions.
Table A.3 shows common probability distribution functions.
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Table A.3 Probability distribution functions in Microsoft Excel

BETADIST AanauManFuMIHINIR MU DILAaZ 8 (Beta Cumulative Distribution Function)
BETAINV danﬁuﬁmnﬁummﬂaﬁﬂif”ummi]mmmzamﬁmé’unmmmmuuumﬁ’wﬁizu
BINOMDIST desnduanuinzduvesmsuenuawuninudmivugazye

CHIDIST danduaanuistludu@ervoamsuanuaanuy la-auaaf (Chi-squared Distribution)
CHIINV dandummaRuvesn Nz udu@sIveamsunuaanuy la-auads

EXPONDIST AANFUAIMILINUIWVUBAF IWUUToa (Exponential Distribution)

FDIST AandUA F veamstanuadnnutiiegily

FINV AINFUAHNAUVBIA F ¥0am3Laniadnuiizily

GAMMADIST AINAUAINTUINUIILVVUANL (Gamma Distribution)

GAMMAINV AINAUANARUVDINTUINLIWU VLAV AL AN (Gamma Cumulative Distribution)
HYPGEOMDIST dandummstanuauu lameseemasn (Hypergeometric Distribution)

LOGINV AINAUAMARUYDINITUINLAULLY Lognormal

LOGNORMDIST AINAUAINTLUINUIITL TULLVY Lognormal

NEGBINOMDIST || dangusmmsuonuasuuuniumiiiuay

NORMDIST FanauaIMsanuulnAgs ay (Normal Cumulative Distribution)

NORMINV AINAUAWIAUVDINMTHINLALU VU DA T T

NORMSDIST f'mﬂﬁummiui)mmgmuﬂﬂammgmazﬁu (Standard Normal Cumulative Distribution)
NORMSINV AINAVAWDFHUYDINTUINUILLVUNART T IS T

POISSON AINAUAINTUINUIITIBDQ (Poisson Distribution)

WEIBULL AINAUAINTUINUIIVY Weibull

Remark: C = continuous, D = discrete
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ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062487.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062488.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062497.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062498.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062499.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062505.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062506.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062511.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062515.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062516.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062523.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062524.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062525.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062526.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062527.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062532.htm
ms-help://MS.EXCEL.12.1054/EXCEL/content/HP10062555.htm
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A.3 Properties of Random Variables and Related Theory
A3.1 gamadndngiinasnsiwnernusimlsgulaineriios (Discrete Random Variable)
(1) f(x) =0 forallx

2) fx) Ao Probability Mass Function (pmf) nIviTeNaY 9 7 Probability Function
3) 2 fx)=1
X
(4) P(X=x) = f(x)
(5) Fx)=PX < X)= t§X f(t) = Cumulative Probability Distribution Function
Wieisuneau %] 71 Cumulative Distribution Function (cdf) Adttel ﬂﬂug Ui 1
Fx)=P(X<x) = t§ f(t) = Non-exceedence Probability
<X
(6) P(X>x) = 1-P(X <x) = Exceedence Probability
(1) Pa<X<b) = 22022 £(x) = Fb)Fa)
A.3.2 paandadngiinisnaudeanuiulsguneiios (Continuous Random Variable)
(1) f(x) =0 forall x (Probability Density Function, pdf)
J‘ (0.8)
(2) Jopflx) dx=1
(3) Fx)=P(XZ<x) = I_)éo f(X) dx = Cumulative Probability Distribution Function (cdf)
= Non-exceedence probability
J' b
(4) P(a<X<b)=J; fix) dx =F(b)-F(a)
A.3.3 M3tanuaannuu19ztiusIn (Joint Probability Distribution)
9 tg [ o 1 @
DIWaMINAaIUadn Al quanIdl (X, Y)
f(x,y) = Joint Probability Distribution Y84 X 118 Y #4fine P(X=x, Y=y) H3® P(XY)
(1) Discrete Joint Probability Distributions
Auantand 1Ay NnITNI UL
(1.1) fx, y) = 0 d1%35UNNAU0Y X,y
(12) % 2 Ml y) =1
(13)PX=x,Y=y)=1x,y)

(1.4) PI(X, Y) CA] = %Z f(x, y)

(2) Continuous Joint Probability Distributions

[
] v A

Auauiadingininiune

@.1) fix,y) =0 AHTUNNAUDA xy

(2.2) f(x,y) = Joint Probability Density Function)
o0 0O
(2.3) =0 +0 fix,y)dxdy =1
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(2.4) PI(X, Y) CA] JAJ fix, y) dx dy

(3) Marginal Probability Distributions
1 < @ 1w @ . '
Marginal Probability Distributions ﬁ@ﬂmmmmmmuwzgﬂummmuﬂiqmﬂﬂmwﬁq 5]

X 1130 Y 3 1u22910 Joint Probability Distributions ﬂmauu‘”aﬁﬁmmumm Marginal distribution

function HAAI0Y 1UA13199 A 4

M13197 A4 AEUIAVO Marginal Probability Distributions 10931311

Marginal Distribution of X, g(x) Marginal Distribution of Y, h(y)
1) gx)= ; f(x, y) ....(Discrete) h(y) = Z f(x, y).......(Discrete)
X
= 41 f(x, y) dy...(Continuous) = J{ f(x, y) dx ...(Continuous)
(2); ;f(x,y)=; gx)=1 ;;f(x,yﬁ; h(y)=1
00 J-00 flx,y) dx dy= oo gx)dx=1 .00 J-00 flx,y) dx dy=J.o0 h(y) dy =1

(3) fix,y) = gx)h(y) 1 XuazyY (Independent)

(4) fix,y) = gx) fly]x) H1Y YUY X (Conditional)

= h(y) fixly) 81X YuRD Y (Conditional)

A3.4 M3nanuaauuuiiiaenly (Conditional Probability Distributions)

]
A A v

1 1 & Aa 1 o ] I o 1 o =<
nitinamlsgu X uaz Y hidludaszaenu msuanuasanuiziluvesdmlsguanniie
Y
U Y vzuegnumvesdaudsgu X Niawnnumla
PX=x,Y=y) P(XNnY
P(Y=y|X=x) = —— = PXXnY) (A7)
P(X=x) P(X =x)

AuANIANA1AQYVeY Conditional Probability Distributions A9

fly[x) - oy b (x) >0 (A8)

y|x = o(x) g(x .
f(X, y) A

f(x|y) = hy) e h(y) >0 (A9)

A3.5 maludaszvesd gy (Independence)

#1 Random variable ﬁﬁﬂymmﬂuﬁmﬂsdmmuSas: (Independent variable)

Conditional probability distribution = Marginal probability distribution

v ¥ 9 d a

A9 01 X 11Uda5 (Independent) 910 Y

fixy) = g(x) (A.10)
Y I a

oz MY Wusaszan X

f(ylx) = h(y) (A.11)
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{ I A 1w
‘ﬂ']ﬂﬁﬂJﬂTi“ﬁ A8 Uy A9 igh X oy Y Wudaszaony

fx, y) = g(x). h(y) (A.10)

A4 ‘nq‘ﬂf]sum Bayes (Bayes’ Theorem)

191 Conditional Probability Y9 411ign13al

fMrualiingiuai P(A), P(BJA), P(BJA) ﬁ’qgﬂﬁ A3

i A A ndJu Mutually Exclusive Event w%mqmmfﬁ"hhﬁm'mﬁu iuag P(A) N30 P(A') i
IMAU 0 99%1 P(AB), P(A'|B)

H <
317 A.3 Ven Diagram ugraaigmsal A, A’ uag B

A A
__P(ANB) _ P(ANB) _ P(BJA)P(A)
P(A|B)= P(B)  P(BNA)+P(BNA')  P(BJA)P(A)+P(B|A")P(A) (A-11)
P(A'[B)= P(ANB) P(A'NB) . P(BJA")P(A) 412

P(B)  P(BNA)+P(BNA")  P(B|A")P(A')+P(B|A)P(A)

d
A5 MIMAAZIUMIAUAMAANS (Mathematical Expectation)
a 4 o J a 4 @ 1 1 .
ﬂ15ﬂ1ﬂﬂ$!uﬂ1ﬂﬂmﬂﬁ1ﬁﬁiﬁ'ﬁ)?ﬁﬂﬁﬂ1u’3m'ﬁ1ﬂ1w1§WMLG]@T’UE)\W]’JLU]JT&:(?JL%H Mean, Variance
. an ° ' A o ' A s o '
18z Covariance 1A8A5MIAUIUNIAUNAY (Expected Value) voaaulsgunsonlaady vosdulsgu

ngsﬁm 1 Expected Value

(1) E(c) = c
(2) E(c.u(X)) = ¢ E(u(X))
k k
@) B(Xu.(X) = 2. E,(X)
i=1 1 i=1 1
n n . . .
(4) E((@X+b)") = > (i ja”" b' E(x™
i=0
E((aX+b)) = a’ E(X))+2ab E(X)+b

U d' %) ' A d q'; (Y} v
A.6 MIMIAURAY (Expected Value) Yol sgunsonanyuvesnnlsgu
3 o 1 ) 1 < Y
I x dhudwlsgu Tdeasumsuanuasanuiinnzuminy fix)

o X iusamlsgulinenios
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EX) =2xf(x) =HU (A.13)
X
= Population Mean Y93 X
= L, =Moment 01 1 59UYAFUE
< a 7 ¢
= LﬂuW'liHJm@i“Vl!Lﬁﬂ\iﬁgﬂﬂuﬂﬂaNﬂJﬂﬂﬂﬁllﬁ]ﬂLL%Q

1% X o Sample mean Y99 X 30 X 0 Estimator ¥4 L Has s Idonaunis

X = % (A.14)
$1x dusudsdaderiios
I e (A.15)
Mz = wX) = ediula q U994 X
E2) = EX)) = H,= My
D R L. H— (Discrete) (A.16)
= .l ux). flx)dx (Continuous) (A.17)

X

H [y H Jd Q'J [y [y Y
A7 MSMAUNAY (Expected Value) vasausguniluiengduvesiulsgusannu 2 f

I % 1 L [ I 1 o [
19 X, Y fludwlsgu Teaduanuiingilusmnumny fixy)

Wz = u(X,Y) = Waaaula q vee X, ¥
B2 - E@XY) = W, = M (A.18)
@ nsaidulsgaliineiios (Discrete Random Variable)
EZ) = ; 2 u(xy). flxy) (A.19)
EX) = L, = ; ;x fix,y)

- ; x. g(x) (A.20)
EY) = M- ; 2y fxy)

= 2y (A21)
nz = XY
EZ) = E(XY)

- ; 2 xy. flxy) (A22)

) ﬂiiﬁﬁ)!&ﬂﬁj’ uAaIHBY (Continuous Random Variable)

EZ) = 3[ 3[ u(x,y). f(x,y) dxdy (A.23)
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E(X) J. .[ x f(x,y) dx dy
y X

= j x. g(x) dx (A.24)

x

.[ I y f(x,y) dx dy

X

E(Y)

<

= J y. h(y) dy (A.25)

<

thz = XY
EZ) = E(XY)

= J. .[ xy. f(x,y) dx dy (A.26)
y X

X, Y Wudaszaeny (Independent)

f(x,y) = g(x). h(y) (A.27)
E(Z)=E(XY)=£, )[ xy. g(Oh(y)dx dy = fy (J, x.g(x)dx)y.h(y)dy

-, EX)y-h(y)dy=EX) [, y-h(y)dy
E(XY) =E(X). E(Y) (A.28)

Y} dQ:I (Y}
A.8 m3nnnunlsisau (Variance) vossaumlsgunazWanduvosiulsgu
. A a 14 o 1 A )
ANuL559U (Variance) Aon1siimeivesdlsgqy (X) ¥3ouoIlaasunIHINIIIAIN

] I < 1 ] I °
Uzl ((x) Fwaasgdinvesmsuenuasanuinzdly awnsoduanm1dlaeld Expected

Value

1% var X) = &° AMul5157u999 X (Population Variance)

Var (X)=G" = E(X-LL)° (A.29)
= ; (x- },l)2 X)) Discrete
= J{ (X-].,l)2 X)) dx Continuous

= Moment 2500 88
O Ao @2l UNIATIFIU (Standard Deviation) U9 X
tz - ux) = Waddula o veq X

Var (Z)

Var (u(X)) = qu(x)

E(X)- Ly’ (A.30)

cl Y oA . A ) A . . 2 & llal
¥ S” B Sample variance UD4 X 1159 S” A® Unbiased Estimator Y93 G BIATHIUH IAIN

aung
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2 — Z?=1(xi—f)2

n—1

S (A31)

A9 n;]gﬁmﬁ’u Variance

(1) Z = aX+b
c, = G =23 O
@ z = aX+bY 1 X, Y Aodlsgu 2 6
o, = 2’0 +b 0" +2abC,
L‘ﬁ"e] 6, = Covariance U934 X llag Y
k) z = 8, Xty X, +onta X, 100 X, X, X, ROSML5qH
c’, = a’ O +a,0 ,+ .ta O
oy D D R , X, independent

. S
Covariance 32NA1IU 0

A10 a5 Ius N uve9i I sgu (Covariance)
I @ ' ) ' I ] o Y 1 { 1 @
I X waz Y fludnlsguifsdsunnuinnzilusmnumin fixy) wazlinumaominy L,
uag H, Muaay

1% Cov(XY) = Oy =anuulsdsiuswnuvesdanisgy X uag Y (Population

Covariance)
Cov (X,Y) = Oy = E [(X-Ly) (Y-, )]
= ; ; (x-Uy) (y-Hy ) fx,y) ...............Discrete (A.32)
= {1 l (x-Hy) (y-My) fix,y) dx dy ........... Continuous (A.33)

130 E [(X-Ly) (Y-Ly )] = E(XY)- [ My

¥ s, Ao Sample covariance Y93 X 11a2 Y ¥30 S, i Estimator Y89 Oxy Faduamnld

INTUNIT
Y -0 Wi-y)
Sxy = — (A.34)
a% XY = independent
E(XY) = E(X)E(Y) = M. My (A.35)

Oxy = 0 (A.36)



Appendix A: Review the Basic Probability Theory _

<
v a A (Y} v d
A.11 dudszansanduius (Correlation Coefficient)
I o 1 S [ I 1 [ [ § (Y
I X waz Y dludusguiileadguanuingduimminy fixy) waglinumaominy L,
uag L, Muaay

'd
I P =md wiseansd wauwuﬁ (Population correlation coefficient)

p= == (A37)
’050'32,

9 r fle Sample correlation coefficient YB3 X Lag Y 30 r Ao Estimator U84 P FIAUIUM

Tannaums
S A
r= =2 e
S%Sy
Y (=0 (vi-y)
r = =1 - (A.38)

jz’{;l(xi—f)z n(yi-5)?

d
A12 duszansanul (Skewness Coefficient)
o a £ 9 . A a J v ' = 9
ausea@nsnu) (Skewness Coefficient) ﬂawammaimmmuﬂiqu (X) AN
' o ° o @ o &
(Skewness) YDINITHINLIIANNU LU gsamuun ldan Tumuan 3 TOUYARUINAY AU

W v = mdulse@nsanuniues X (Population Skewness Coefficient)

_ E(X-uw)?

o3 (A.39)

Gl‘l/ﬂi} Ao Sample skewness coefficient U939 X Y30 g D Unbiased Estimator U494 c?ﬁﬁmamm
g p g

Tannaums

N-Z?:l(xi_f)s
T (N-1)(N-2)S3

(A.40)

[ S v v d Y]
A.13 FulseanBavdunuslunes (Autocorrelation Coefficient)
¥y oA A = A
1 x, ADDUNTUINIVON X LUD t=1 DI n HID (X, Xy ..., X,)

1% ¢, A® Lag k autocovariance U949 x, HIAUIUN IAINAUNT
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_ SR ) Ceee=%)
n—-k—1

Ck 1o 0<k<n 30 (A41)

_ IR Ge=TD) (e~ Ferk)
n—-k-1

Cr (A42)

01 Iy v Lag k autocorrelation coefficient 130 Correlogram U84 x, Faraam lannauns

Ck
T, = — 130
Co
-k — -
Vi (e —%0) (Xt 4 k—Xexk)

\/Z?;lk(xt—x_t)z YK (e sk —Xirk)?

(A.43)

A.14 nnidnyia
o Y LY 1 o
(1) fviualioynsunaT X, 1ag Y, UA1AIa15 199 A5 33U

1 d'
1. AURNAY (mean)
2. a1 uus159u (variance)

3. a1aunls159U59 (covariance)

'
a v v

4. MANYTLANTANTUNUT (correlation coefficient)
1 (%3 =) QJ
5. amduilszansanund (skewness coefficient)

1T @ a £ o YR ( @ 4
6. MaNLsEaANTanaduIUT luA103 (lag k autocorrelation function) 1448 k=0 to 10
9 9 = v [ dy
wioumdeazlineany oynsuna X, uaz Y, asae lilil

9
1. @Hﬂiuﬂﬁ"mﬂﬁﬂﬂﬁﬂ"ﬁlﬁ]ﬂlﬁ]\illﬂﬂﬂﬂﬁﬁ%@llll
I A T @
2. YNNI X LS Y, wudaszaonu
A o I . A ' . A ~
3. YUNTUNAI X Uag Y, vanvaztuuuy Stationary ﬁi@hlll (Stationary ABDUNITULIAN

amsiiees lindeu luawnan)
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M990 A5 YoyadmSunuuniade (1)

t Xt Yi

1 9.545 14.24
2 11.12 13.44
3 10.68 12.18
4 8.215 15.73
5 7.199 14.63
6 12.63 12.79
7 11.58 13.93
8 8.891 19.85
9 10.67 16.13
10 9.639 10.52
11 10.31 16.76
12 12.73 18.37
13 5.996 15.38
14 12.76 14.39
15 10.92 15.02
16 10.07 14.68
17 9.248 14.17
18 8.773 9.482
19 8.612 22.05
20 6.906 14.04
21 9.31 14,91
22 7.975 14.78
23 8.696 16.14
24 10.21 11.5
25 13.09 16.38
26 10.03 14.04
27 7.519 17.72
28 9.797 17.38
29 10.49 18.34
30 5.84 12.21

(2) Construct graphs showing the probability mass function(pmf) or probability density
function (pdf) of the following distribution functions.
(2.1) Discrete probability distribution

pmf Given data

1.u(x;k) Let X be Uniform random variable showing the numbers {1,
2,3, 4,5, 6} obtained from a dice tossing experiment.

2.b(x:,n,p) Let X be Binomial random variable showing the no. of
getting 6 from tossing a dice 10 times.

3.f(X1,X2,X3; P1,p2,p3,n) A box contains 20 color balls; 8 red, 7 green and 5 blue. Let

X1, X2, X3 be Multinomial random variables showing the no.
of red, green and blue balls drawn from the experiment of
drawing one ball at a time for 3 times. The ball has to return
to the box before next drawing.

4.h(x; N,n, k) A box containing 20 color balls; 8 red, 7 green and 5 blue.
Let X be Bivariate hypergeometric random variable showing
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the no. of red balls drawn from the experiment of drawing
one ball at a time for 10 times with no return ball.

5.f(x1,X2,X3; a1,a2,a3,N,n) A box containing 20 color balls; 8 red, 7 green and 5 blue.
Let X1, X2, X3 be Multivariate hypergeometric random
variables showing the no. of red, green and blue balls drawn
from the experiment of drawing one ball at a time for 3 times
with no return ball.

6.p(x; W) Let X be Poisson random variable representing the no. of
rainy days in June. The historical data of June rainy days are
given in Table A.6.

Table A.6 June rainy days(days)
Year X(t) Year X(t) Year X(t)
2 7 0

2548 2553 2558
2549 0 2554 0 2559 0
2550 1 2555 10 2560 8
2551 0 2556 2 2561 4
2552 3 2557 5 2562 3
7.0*(x;k,p) Let X be Negative binomial random variable showing the no.
of dice tossing experiment to obtain 6 for 5 times.
8.9(x; p) Let X be geometric random variable showing the no. of dice

tossing experiment to obtain 6 for the first time.

(2.2) Continuous probability distribution

pdf Given data
Let X be Uniform random variable showing the daily water
L f(x) = h—a demand of a man which varies between 50-650 liters/day.
2.f(x; u,0) Let X be Normal random variable showing the annual
rainfall. The historical records of annual rainfall are given in
Table A.7.

Table A.7 Annual rainfall(mm)

Year X(t) Year X(t) Year X(t)
2548 800 2553 990 2558 1,700
2549 915 2554 1,050 2559 1,900
2550 700 2555 1,100 2560 800
2551 1,200 2556 1,200 2561 750
2552 950 2557 | 1,500 2562 930

3.f(x; a, B) Let X be Gamma random variable showing the annual
maximum event rainfall. The historical records of annual
maximum event rainfall are given in Table A.8.

Table A.8 Annual maximum event rainfall (mm)

Year X(t) Year X(t) Year X(t)
2548 380 2553 375 2558 515
2549 515 2554 450 2559 614
2550 500 2555 540 2560 371
2551 200 2556 380 2561 275
2552 275 2557 430 2562 575
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4.f(x; B) Let X be Exponential random variable showing the annual
maximum event rainfall. The historical records of annual
maximum event rainfall are given in Table A.8.

5.f(x; v) Let X be Chi-square random variable showing the annual
maximum event rainfall. The historical records of annual
maximum event rainfall are given in Table A.8.

6.f(x; a,B) Let X be Weibull random variable showing the annual
maximum event rainfall. The historical records of annual
maximum event rainfall are given in Table A.8. Assume =2.

(2.3) The demand and supply of a water resource system are randomly distributed with
the statistics given in Table below. Determine the risk of water shortage if the probability
distribution functions of both demand and supply are assumed to be (a) Uniform (b) Normal
and (c) Gamma.

Demand Supply
Mean 2.5 5
Standard deviation 0.9 15

(2.4) The spillway of a dam was designed as an Ogee-type with the design discharging
capacity of 2,000 m®/s. The spillway freeboard is 3 m. The spillway discharge formula is
given below.

Q = CLH'®

Where

Q = spillway discharge in m%/s

C =discharge coefficients = 2.0

L = width of the spillway crest = 50m.

H = design head in m.

There are uncertainty of the discharge (Q) and the discharge coefficient (C) data in the

design of spillway. It is estimated that the coefficient of variation (CV) of Q and C are 0.3
and 0.4 respectively. What is the risk of dam over-topping from the uncertainties of Q and C
? (Hint: Normal distribution is assumed.)

(2.5) Let Y =Y’ + ¢ where Y = observed variate, Y'= model variate

£ = model error. Prove that R?is always greater than NSE.

2 _ _Cov(¥¥")?
- Var(Y)Var(Y") (1)
_ 4 o)
NSE=1-5057 )
If the model error term () is independent with the mean equals to zero, R? = NSE =
Var(e)
Var(y)'

(2.6) Determine the population mean (u) and variance (o2) of the stream flow (z), soil
moisture storage (SW) and Groundwater storage (GW) of the watershed model in
Assignment No.1 of Chapter 1

(2.7) From the data given in Table A.9, determine the parameters of the ARMA(1,1) as
shown in the textbook (Chapter 1) and the parameters of ARMA(2,2) as given in
Assignment No.1 of Chapter 1.
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Table A.9
t X(t) Z(t)
0 1,304.40 500.00
1 876.00 428.01
2 996.00 483.53
3 1,183.00 562.44
4 1,591.00 714.31
5 1,561.00 753.37
6 1,717.00 836.82
7 519.00 516.09
8 1,228.00 687.85
9 1,618.00 814.64
10 906.00 632.27
11 1,987.00 938.84
12 1,966.00 983.21
13 1,011.00 735.99
14 681.00 611.11
15 1,355.00 772.81
16 1,244.00 747.55
17 1,535.00 834.62
18 628.00 579.79
19 1,275.00 733.30
20 849.00 611.84
21 970.00 627.65
22 779.00 561.22
23 1,972.00 900.36
24 1,257.00 742.42
25 1,607.00 849.78
26 1,981.00 984.86
27 1,672.00 932.91
28 1,520.00 901.37
29 1,652.00 943.09
30 996.00 755.92
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Appendix B

Review Basic Matrix Operation

ai1 A2 Qg3
A= |Gz1 Ay a3 (3x3 square matrix)

31 dzz dAzz
AT = A (Symmetric matrix) (B.1)
(a4 + bB)T = aAT + bBT (B.2)
(AB)T = BTAT (B.3)
AB =I1thenB =A"1 (Inverse of matrix A) (B.4)

_ -1May

bij = o (B.5)

d;; = determinant of sub-matrix formed by eliminating the | row and
column of matrix A

|A| = determinant of matrix

a b c O O O O O O O O O
|Al=|d e fl=al0 e f|-bld O fl+c|ld e O
g h 1 O h 4 g 0O 1 g h O

_ 4l f bld i ‘d e

h 1 g 1 g h

= aet + bfg+ cdh — ceg — bdi — afh.

AA™T1=A4"14A=1 (B.7)
Power of matrix

A’ =1
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A=A
A’ =A.A
AF=A4.A.A.... A (multiplying k of Matrix A) (B.8)

If |A| # 0then A = non — singular matrix

Matrix A is positive definite if

A, gy ai1 Aq2 Ag3
la;4| >0, |a21 a22| > 0,[21 Az G231 >0 (B.9)
dzp dzz dzz
Matrix A is positive semi-definite if
a;, ai1 412 Qg3
lai;1[ =0, |a21 a22| > 0,[q1 a2 Aaz31 =0 (B.10)
dz1 Q3 d4zs
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Appendix C

First Order Analysis of Uncertainty

C.1 Uz First Order Analysis of Uncertainty

First Order Analysis of Uncertainty (FAU) Aannsuszanianmanuiinanainaassiauilsnia (Dependent

Variable) Tuuuuanaes daduierduaessioutlsdass (Independent Variables) faust 1 faaiuly

w = f(x) (C.1)

X = piui9a492 (Independent variable)
W = siautlsma (Dependent variable)
f(.) = uLuANa8s
nstdsznnir w analauEanaa AN 2 ame Ao
1) uuuanaes wseReAdu f(.) lignses vde
2) a1 x ligneias (uncertainty)
auuFdn f(.) gneed
fix=x
w=w=f(X) (C.2)

'Y a a 1 —_— = ° v 1 a v
WATN X 439 WA1FN9AN X azlnani in1stszannian w N@W@’]ﬂvl,@

C.2 Taylor Series Expansion
Taylor Series Expansion 284 f(x) W8 x LUsiisaus X

1ey

zlﬁ(x —E)2+ (C3)

— d —
w = f(x) +—f(x—x) +
dx
fan904191 Second Order Term weawmannd Order g33u HAdasnInausinfiale

w—w= % (x — x)=Error=¢ (C.4)

ar z
Ew -7 =E(L@-9) =0} =02
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o= (&) b= () o2

w = f(x;, Xp, 0, X )

2 _ 6_f)2 2 (a_f)2 2 (6_f)2 2
Oy = (ax1 Ox,+ %, Oyt e + o, Ox,

C.3 MsAAziinNlauduauauALN 1 1a98NN19 Manning
@#NN17 Manning
1
Q — —AR2/351/2
n
1y dusaudsanu uay Q iufaudsaaszinaanaluuduey

y=1(@@)

aIn@un1s (C.5)

2/3
dQ _ (151/2) dAR"” _ (l 51/2) (EAR—l/s id 4 R2/3 d_A>
n

E n dy 3 dy dy
= (lAR2/351/2) (id_R + ld_A) =0Q (id_R +ld_A)
n 3Rdy Ady 3Rdy Ady
af _dy _ 1
A an 2 dR 1dA
4Q a0 Q(5zaytady)
2
2 _ < 1 > 2
0 =|——3=| o0
y 2 dR, 1dA Q
Q(mfﬁ)
Gl—__ 9% __ %
y - 2 dR 1dA\2 ~ (2 dR 1dA\2
(sraytady)  (aray*idy)

Appendix C-2

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)
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Section ;
Rectangle Tragezode Tiags C|rcTu|aL.

g

T [N

o < —-=3

'0-B-o

WL S84 v s e TR {(2sn 430~ Shes

Ry Ady| Wb +2 o 3 34,060 - sin ) sin (62
J Y
e =2 oo || = =
dy
Figure C.1 Section Factor (K)
&y iiusautlaany uaz Q, n, S Wusudlsdgssfidana ey
g oo co
(3Rdy M)
Q
d 1 dARZ
n 1 3
5 (395
_ (L) (2 gp-13R | paysdA
B (QS )(3AR dy+R dy)
1 2 Ns2dR 1dA
= (5AR352) (5@* za)
_ 2 dR 1dA
- (ﬁ@ * m)
Let K = (%Z—s %Z—;‘) (C.11)
dn
o =nkK (C.12)
df dy 1
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S—1/2 — AR2/3

s~z ( 1 )dAR2/3

dy nQ/) dy
lo-a2 @ _ (i) (EAR—l/z dR | pay3 d_A)
2 dy nQ/\3 dy dy
das 1 2 dR 1dA 2 dR 1dA
) (G ) - s )
dy nQ 3Rdy Ady 3Rdy Ady
af _dy 1
ds ~dS (2 dR  1dA

25 (sray * dy)

d 1
L= (C.13)
ds  2SK

C.4 A2a819n151d FAU 3LASIEHANNLREN

!o’ tﬂl dl A ¥ 3 ISh2 dl Adl ¥ o !O’ A
m\‘imgﬂmmwmum N34 (B) = 50 LM LL@ZN‘H@HZ\MLﬂﬂ%‘ﬂ@\‘iﬂ‘].lﬂ’]i‘iﬁ@lu‘ifl’]\‘luqﬁ@

ANANNAIATI (S) =1% Quesign = 5,000 cms CVo=30% n=0.035 uaz CVo=15% 2311A1ANuLlsLs91u189AM0AN

Tunnsluareasialunian (53) sudunaannanuliuduanaensnisva (Q) wazAn n

v v A = ¥ ad , ' - % ' o a P
ﬂququWﬂ@Jﬂ?NWqﬂquWu@‘qmqq Ydesign = 1 LHAT 'N‘mﬂ')’]ﬁdu’waﬂuV}u’W:wquu’]u ANNFIN Y WNITLANLLAILLIL

0 = 14 upassgise
n

Q =5,000,B=50,n=0.0355S=1%
By trial&error, y = 9.6155 #n

2 dR | 1dA _ 3B+6y _ 3%¥50+6%9.6155
3Rdy Ady 3y(B+2y) 3%9.6155(50+2%9.6155)

=0.104

S, = 3.2251

tuazgniiviondn y > 9.6155 + 1 =10.6155 Lums

P(y > 10.6155) = P[z > (10.6155 — 9.6155)/3.2251] = P(z > 0.3101) = 1-0.6217 = 0.3783
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C.5 ANwLAEN (Risk)

A ' o=l A o P ) o
ﬂquLmﬁl\?ﬂ'ﬂﬂquuqquﬂumﬂqL‘V]ﬁ]‘ﬂfl?mmtﬁﬁﬂ (Load) Vlm‘:Vl’]m@?xU‘Lmﬂ’]@j\m')’]m’mmu’]ﬁ‘ﬂuﬂ%‘?uiﬂﬂm

(Capacity) uaziuavinliszuuauiman visa Risk of Failure
Risk = P(Load > Capacity) (C.14)
Let L = Load and c* = Capacity

N9EN Load NAnaluiuiei us Capacity = ¢* (RA1A97)

Risk = P(L>c*) =[PP f(Load)dL

N9EUNYe Load uaz Capacity Ananfanlaiiyuet azanusnmAnANd@esan (Composite Risk) ldannasnnis

Risk =P(L>C)
Risk = [P0 [IPPIR(L)dLIf(C)dC (C.15)

a1n Figure C.2 81 Load fnnskanuasiuuiln® § Mean= 3 way Standard Deviation= 1 uax Capacity (c*)=5
Risk = P(L > 5) = 0.023
ann Figure C.2 @1 Load way Capacity Snnsuanuasuuuin® yu, = 3,0, = 1, pue = 5,00 = 0.75
Risk = P(L>C)=0.052
0.6 -
0.5. -

0." uL‘_‘S

Probability density f{L), g(C)
[
()

Ry = jf(L)dL
5

00 0 20 30 40 S50 60 7.0 8.0
Loading L. and capacity C

Figure C.2 Composite Risk
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