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1.2 nszUIUMSAIAUAAAD (Stochastic Process)

1% X Aodua3gu (Random Variable) Taedl fix) Huiladdunmsuanuasanuiingiilu ( Probability

Distribution Function) 118z X N0z HINAUATINAA1LAZIATINAVUNTO lower x < x <upper X.

" & A aa A A A
IFNVOIANTUNAVOL x={x,, X,, .. , x,} 10 t ADUAVOIIAINTOIZHZNNTODU
9 A
21t Ava
x, 10OYNINIIAT (Time Series)

FFNVOIMTUNANUINNNTEVIUNTE IAUATANIS 8N ITRealization of Stochastic Process

nszUIUMsa lauaaan Ao wnuesdulsay (X;: X, X, .. . X}
@ 1 & & o o ] IS
X, = s say Fadl fix,) Wuilsarumsuanuasanuiiinziiiy

@ 1 & o Lo ] o3|
X, = dmlsgulaed fix,) Wuilsadumsuanuasnnuinegily

Y 1 S J v ] IS
X, = dwlsqulag fix ) uilsadumsuanuannuineziiy
s > 1 I 1 % 1
fx,, X,, , X,) = TAFUMIHINLIIANUUIIZITUT WY IMA18AI) 581 (Joint Probability
Distribution Function)
o £ Aa 9 ] I 1T @ ~ v o
HUU31903FIeT 118 TATIa T 1IN UV UFNURIAAUNA {X,, X,, .., X, HFENTMVVTIa03d 19

UAEAN (Stochastic Model)

1.3 3UspuvesnszuIumsalaunafin (Types of Stochastic Process)

a ] I o @ J
siunuvesnszuIumsalauaganamsoutsesn laifuvateanymzacil
- Discrete vs. Continuous Process
- Independent vs. Dependent Process

- Stationary vs. Non-stationary Process

1.3.1 A3zUIUMSa)AUATANIUY Discrete vs. Continuous
. A a d’d 1 [ d’ 1 o (% d' 1 =
Discrete Process A9n3zUIUMTd lauaaanniial el wudwiuiuiduanluuaazil (No.
of Rainy Days Per Year) Yaiz#l Continuous Process AONTEUIUMIH LAAdAnNIAAoLiind U

Ysinadunethiludu Taoialddeyagnainessiimstiuiinluginaiiilideriiog (Discrete Time)
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k4

[ ~ A @ 1 ) ) I Y ' A 1 A [ A
WY 5161 s1e@eu 519U Lmﬁ"lll"Iiﬂ‘Ll13JW\lﬂE’J@]L'IJ‘L!ﬂi"IW"l,ﬂ‘ifl\il,mﬂﬁ’f)l,u’f)\um31119]6&‘1!6\1 @N?}ﬂ‘ﬂ 1.1
a 3’ 1 A o &2 A [ o3| =~ A [ A o
sazdSunady 1 ﬂﬁSxmEJ‘VI11ﬂ1S‘]_IuV]ﬂTIG]f’NL’Jﬂ"I"bJ’Jﬁl&'IJHTIEJﬂ YU ﬁfJ’J‘Ll‘Pﬁ’E)ﬁEJ"]f’JI?N

Y A A 1 g 9 A a ' A .
9317 1.2 dendludeyaiunannnszuiumsd launaaniuunoios (Continuous Process)

u U

60
x1(t)

60
x2(t)

&
sxO. |

S|

60
x1(t)
x2(t) 40 -

g'ﬂﬁ 1.1 Two realizations of stochastic processes
(a) plotted at discrete points in time (b) plotted as continuous lines.



{a)

Rainfall

(b)

Evaporation

mm | Annual

2000
1500
1600
500+
07 T T 1
200 5 10 16 20 Years
Monthly
150+
100+
50
O T T T "
ol 5 10 15 20 Months
Daily
15}
10
5
0 =
4 10 15 20 Days
3 .
Hourly ar continuous
? mm mm/h
1
0 M ,
10 5 20 Hours
Time

(a) Rainfall Time Series

mm  Annual
1000~
500
o]
5 10 15 20 Years
Monthly
150+
100+
SOM
8]
J 5 10 DJ 15 20 Months
41pDaily (July)
9l
0
0.2~ 5 i0 15 20 Days
*“lContinuous
{Sunny day, July}
0.1
5 10 ' 15 20 Hours
Midnight Noon
Time

(b) Evaporation Time Series

U

{¢) mm Annual
1000

1-4

0

5 10 15

2Uorl\z‘lonthl\/

20 Years

5 97 10 DJ 15 20 Months
5
o
5 10 15 20 Days
mm h! mig!
0.2 Catchment 8000 km? (400
0.1 -200
|
ol
5 10 15 20 Hours
m b mis!
2 #10
Catchment 208 km
G.1r L5
0
5 10 15 20 Hours
Time

(c) Runoff Time Series

sUf 1.2 Different Time Series of Rainfall, Evaporation and Runoff



1-5

1.3.2 Independent(Purely Random) vs. Dependent Process

ATTUIUMITA TALAAANLULBATE (Independent) ttazutn 13i8a52 (Dependent) 3z N15941 149N
v U do 1 [ 1 % 1 . .re . . .
ﬂﬂlﬁuﬂﬂﬂlﬂﬂﬂﬂﬂ“ﬁuﬂWﬁu%ﬂl!ﬁ]\iﬂ’ﬂhuﬁlglﬂUiﬂﬂJﬂl@QﬁﬁWﬂﬂ’JuﬂiQN (Joint Probability Distribution
. Y] dy
Function) ANU
Y A I ] [~ 1 @ '
0 fx, Xy, ..., X)) = fxAX,).....flx ) ¥oaAFUMIHINUIIANUIIZA]UIWVRIaIea ) Tq
"o . o g
IMNURANMUYDI Marginal Distribution (e R RRSIAT Independent Process
) ] <
mn XX, 0X,) = T/ OA/X, X)X /X XX ) n3oflaagumsuanuasnNuiiy
1 o 1 [ L. . . . 13 %
i’JiJGU’tN“ri‘mEJGI?L!ﬂiQZJ IMNURNARMUUBI Conditional Distribution 1aa9911) 1 Dependent Process ¥4

= ] 9 =
NIMUDI Dependent Process ansauseen Il 2 nuufe

- Serially Dependence Stochastic Process (Time Dependence) WI0NTTUIUMINeA launaani

9y
Vuegnual

u

- Spatially Dependence Stochastic Process (Area Dependence) H30NTTUIUMINE Iaunadani

E4 Y v
=2 v A A

Yupgnunun

A AaA Y 1 I a A 1T A J v v o J
ﬂﬂlﬁllﬂ@]ﬂ”l\iﬁﬂ@]‘ﬂ'ﬁ”lll”lii]tlﬁﬂﬂiﬁlﬁl!31@Hﬂ3ﬂ&3a1&ﬂullﬂﬂ@ﬁi%ﬁSﬂlliJ AolaAFUadUNUS
Tuf109 130 Autocorrelation Function(ACF) #19619 ACF 04 Stationary Dependent and Independent

Series tierasag lugn 1.3



Serial correlation coefficients

Xt = stationary time series

(a)

1.0 7t = Xt-i
Sy
| Stationary series Z,
ro = 0.71
0.0 , —— vaf./-‘/:,
LO] {b}
Residuals for Tst order
Markov model, e,
ot =2t - a.244.]
0.0 VNVA““V’“‘V e e e i
50
Lag
{c}
60
Distribution of residuals
o~ 40 | Mean = -0.00101
é SD = 070249
Z 20|
O - . W30
-2 0 1 2 3

Value

3 191 1.3 Autocorrelation Function of Dependent Series (z,) and Independent Series (€)

1-6
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1.3.3 Stationary vs. Non-stationary Process

. A a & a Jd 2 LA
NITVIUNITLUUY Stationary ﬂf)ﬂ'i$‘1J’Juﬂﬁﬁjmlﬂﬁ@]ﬂ%\iWWﬂNm’E]ﬁL‘]S‘L! W, G, p "lmﬂaauuﬂaﬂ
v o % a 4 {
Taunar TumenduiunszuINmMIIUD Non-stationary ABNFEUIUMIFIMTITmesiasu ldanu
d s '
nm “lJﬁﬂ;]mimL“Ifu Trend, Jump %30 Seasonal Variations A004A152NOVYDY Non-stationary il

< @ {
awnsowmiu ldlueynsunar aegli 1.4

—— stationary —trend —— seasonal ----- Jump
1200
1000 - i
800 -
& 600 -
400 -
200 -
O T T T T T
o] 10 20 30 40 50 60
t
ACE — stationary ——trend — seasonal
————— jump ----upper ----- lower
1

gﬂﬁ 1.4 Stationary and Non-stationary Time Series.
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1 a J a g} [ ] 3’ . ] '
mﬂsxmmmmwwmmeSﬂjmﬂimmmﬂwaﬂlmmiwauelmmm Boise uﬁﬂﬂﬁ}mu’n

1 A 1 I A 1 9 ~ A g
AURAY AT IUVYIAUVUNINTITU AANULY UaL Lag 1 ACF Lﬂaﬂuuﬂaﬂﬂmmam vsolu Non-

stationary Process ﬁﬂg U 1.5

5000
4000
3000

2000 |-

| 000 |
° 50 100 50 2060 250 300 350 |
(1 Qct) (30 Segpt)
2500 _,
5
2000
2500 !
1000 -
500 WJAM\J\J T days
& so 100 150 200 250 300 550 |
(1 Oct) (30 Seat)
6.0 g_t \
5.5
5.0
4.5
4.0
3.5} IJ ]I
5.0 I
2.5 I
2.0}
i i
:.5i.
1.0f ‘
0.5 |
. , : . . , : Al
50 100 t50 200 250 300 (350
{1 0c1) (30 Seapt)
r
1.00 - 1.t
0.90 { VJ%
0.80
0.70 |
0.60 |-
B T days
0.50 1 1 1 1 1 1 L
(1 0et) 50 100 150 200 250 300 S0 I
](30 Sapl)

g‘ﬂﬁ 1.5 Statistical estimates of daily flows of 40 years long sample of Beesenear Twin
Springs, Idaho, USA.
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d
1.4 mﬂﬂsznewmaunsunm (Components of Time Series)

v s Ao w s A .. .
aynINaNsznoungeInlsznouNd Ay 4 09A152NOVAD Trend, Periodic, Catastrophic

v { d o T
118z Random 919317 1.6 nazawnsa@euiuaumsoynsunar ldasaunsa 1.1

YO =YI1(t)+ Y2(t) + Y3(t) + Y4(t) [1.1]
A

e Y) = ﬂ‘léﬂilllf.]a1

Y1(t) = Trend

Y2(t) = Periodic Component

Y3(t) = Catastrophic Component

Y4(t) = Random Component

y(t) | Composite Series
Observed

y1(t)| Trend

y2(t)| Periodic Component

NNNNNANNNNNAN

y3(t) | Catastrophic
Component

v4(t) | Random Component

517 1.6 Components of Time Series

U
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Autocorrelation Function (ACF) #39i38n9n0e81941 11970 Correlogram UY84nN3£UIUMTE TAUA

a ' ] A 1 A %) = ~ v
ﬁﬁﬂllﬂﬂﬁ?ﬂﬂl!ﬁﬂﬂﬂgiuzﬂ% 1.7 mugﬂ‘n 1.8 Llﬁﬂ\‘]ﬂ”ﬁwa@@]&ﬂiﬂﬂl‘ﬂEJTJ':T&W'JN@HT]??JL'JQHL@%

]
vAaA o

' o { a 4
ACF Y930 YNNI uuaNe ACF ﬁ@ﬂﬂ!ﬁuﬂ@% 1AYUDY Periodic Time Series Lﬁﬂ’)mi”lg‘ﬁﬂiéﬂiil
178111 Time Domain @71 Spectral Density Function ﬁaﬂmauﬁﬁﬁ ﬁ”lﬁﬁﬂl@ﬂ Periodic Time Series 1i/®
a 4 {
’Jmiwwmgﬂsmaaﬂu Frequency Domain gﬂﬁ 1.9 udad ACF uag Spectral Density Fucntion U84

Periodic Time Series 1115 Remove Periodic Components il Frequency G]'NG”]

f[_il
1.0k
0
5 10 15 L
{a) Random, independent noise
I"LJL
1.0
0 #A\{_}m{ -
10 15 L
{b) Autorearessive, Markov process
fE 1.0
& 1.0 -9~
+1 r I ~
‘ /|
Olllllllll}'J L1 ___;__7_ _____
i
Y, 2T
7
-"1_ - - - 4
Periodicity

(e} Pure sine wave

s 1.7 Correlogram or ACF Showing Independent, Markov Process and Periodicity

u
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Correlogram
Time Series Plot —y'(t)
—e() 1.00 4 —~+1(k) = -1

00 Q)

600 0.80

] A A \

500 1 0.60
400 \

g S
™ 2001 " 0201 .

100 X /‘\

0 ‘VAW/\HHVV A\,‘ HWHHVVVV/\WHHH /ﬁ\/” 0.00 N T T
ool VARAA SR A Y ol L2345 6\7\8/5; AT 13 14015 1
-200

¢ -0.40
lagk
(a) Stationarity
Time Series Flot —t
—e(t) Correlogram - 1(K) 0 o

50 i 1.00

700 ol

6o = 0.80

500 M 0.60
. 400 __ 0.40
= 3
w 300 I

200 0.00+———""—"—"—"—+—"—T—T——————

100 12 3 45 6 7 8 9 1011 12 13 14 15 16

-0.20
0 .Wﬁ‘v&uv..‘.uw.w‘....\,.‘.w..w.m.\uu e
o0 L 1 21 31 a1 51 -0.40
lag k
t
(b) Trend
100
Correlogram
50 | 1.00 ~1(k) -y -
s I \ Ml
0 / hn (\/\\ [AYA VI\V/\ ‘ [\1 /\ A 060
e W PR VL Wl e
x .

50 | £ 020 N -

0.00\ / — AN /\\//

100 0209 |1 zv 4 5 677 8 10 11712 13 14 15 16
-150

t lag k

(c) After Removing Trend From

(b) by Differencing

gﬂ‘ﬁ 1.8 Characteristics of Time Series and Correlogram for Different Typamef Series
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Time Series Plot —y(t)
—e() Correlogram
—r(k -u -
800 —y [ (k)
1.00
700 080
600 /\WQ\N /\ %W 060 .
~
500 o 4 0.40 i
400 o N
g o000t N
300 1 2 3 4 5 Iy 7 8 Q9 10 11 /é 13 14 1 16

-0.20
200 -0.40 <\ T //Z“ —
100 -0.60

-0.80 S

0 T PR P MM P T T R N e T T 100
-1001 11 21 31 41 51 '
lag k
t
(d) Cycle/periodicity
Time Series Plot —y(t)
—e(t) Correlogram Y . .

900 - - r(k) u |
800 '

700 II’ 0.80

600 I 0.60 \\’ﬁ\
_ 500 o040
< 400 =
< = b = = s = = = -
300 020

200 000" T T T T T T T T T T

12 3 45 6 7 8 9 1011 12 13 14 15 16
100 -0.20
——
0 Ty AT TSI e A T T T T A 0.40
100L 11 21 31 41 51 ’

t

(d) Jump

gﬂ‘ﬁ 1.8@10) Characteristics of Time Series and Correlogram for Differentgp&@ime
Series




Serial correlation coefficients, rl

Correlogram

1-13

1.00 1 24 36 48 1
A
=W AN A
5
L b
¢ \ /10 \____ 26 .30/ \ao__/ 50 L (months)
—0.50 1
; after removal of
- L2 >4 36 48 7 12 month periodicity
0.50 | & .fll\ 18 A 30 A 42 = periodicity
: | /
18] A\—/\ A \ : x—-— A — .
10 | 20 I| \/ 50 L {months)
W N A VRVA
1.00 7 3 after removal of
o501 4 8 1" 1620 - 4 6 month periodicity
AL AN m A /\/ /A
0 HA A
LAY \ \/ V \
_0'50_‘ 10 50 L (months]
10T 4 |after removal of
0.50 4 month periodicity
912 -

%%WJM/\/%M%

50 L (months)

—0.50 -
1.00 5
5 lafter removal of
0.50 + 3 month periodicity
0] -- - +
10 20 30 40 50 L (months)
~0.50

Independent Noise

(a) ACF After Removing Periodicity (Time domain)

g‘ﬂﬁ 1.9 ACF and Spectral Density Function after Removing Periodicity



{b) Variance spectrum
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95% confidence limit

average density

0.50 cycles/month

50 000 .
40 000 |
N"‘\
2 30000 |
g 20 000 |
> 10000
€ 0
o
®
8 30000
&
% 20 000
4
£ 410000
£ 0
8
BT 20000
£
g 10000}
& 0
10 000
0
10 000
0

0.50 cycles/month

0.50 cycles/month

1/12
1;\
\:\
v 1/6
S 1/4
RN e
i e e e
™ E\I‘J {_'j\f_"*—)\, y ¥ J
010 020 030 040
. 1/6
. 2
\\-\\ 1/4
N 13
S N Y A o,
-_n e g T T e
o e AR W LN S e
0.10 0.20 0.30 0.40
f
1/4 3
“\\“‘1./3
010 020 030 0.40
1/3 4
Sl Frg '
0.10 0.20 030 040
4 5
T0.10 020 030 040

0.50 cycles/month

(b) Spectral Density Function after Removing Periodicity (Frequenc;aiai()m'

gﬂﬁ' 1.9@¢1#) ACF and Spectral Density Function after Removing Periodicity

4
wa A

L5 QMaNUANUZIUVDIN

I (X = 19mveeduilsgun3o Stochastic Process

E(Xt) = Nt - t=1, 2, ..... N

VAR(X) =o%:t=1, 2, ...., N

szuIUMsalauAafn (Basic Properties of Stochastic Process)

[1.2]

[1.3]
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COV(X;,Xw) = © t=1,2, ..., N [1.4]

Xt Xtk

e © # Lag k Autocovariance

Xt Xtk

COV(X, . X, )

[1.5]

k f—
\/ VAR(X).VARX )

e pk o Lag k ACFasauns (2.5a,2.5b) of Salas et al.(1980)

a /A o o
ACF 1159 Correlogram %30 Serial Correlation Coefficients ApM1THADI N 1¥IAANUTUAUS

1%&Y (Linear Dependence) ¥94N3ZUIUMTE IauAaAnN

{ U a { a 4
aui 1dnanuudl nszuiumsalauaaAnuuy Stationary ADNTTUIUMININTTNOS
2 lrl 1 = £ ] Y wAa a d A .
W, o, p mﬂaau”lﬂmmam mmmmumaaﬂ”lmﬂu 2 HUUMUAUTUUAVDINITINIADT AD First

Order Stationary 161 Second Order Stationary Aan15 19N 1.1

M13197 1.1 Different Types of Stationary Processes

First order stationary process U =u= constant
Second order stationary process w  =p= constant and’ = c” = constant
- Weak stationary (weak sense) ....second order stationary
- Strong stationary (strict sense) ....second order stationary + other parameter
such as correlation coefficient are not varied
with time.

a [~ . { a a o { 1 <
ﬂizmumiﬁimtﬂﬁ@mmmﬂu Stationary Lﬁ@WﬂWiﬂﬂ‘ﬂWﬂW’lﬁqu@ﬁ@nﬁﬁq 191919114 Non-

4 a a o 4
stationary tON1TUININMITNABTAIDY
a 1 9 I 1 @ d’
a51 nszvrumsa lauaa@naunsoutieen lailuilsznnaiggaeasei 1.2

M1519N 1.2 Classification of Stochastic Processes

Deterministic Vs. Stochastic
Discrete Vs. Continuous
Independent Vs. Dependent
Stationary Vs. Non-stationary




1-16

1.6 m.lu«ﬁmmaunsunmsmuiw (Simple Time Series Model)

TWx = Independent Time Series wiffx;0)
Xt = U+cér t=1,2, ......... [16]
X —
&t = ZTH A Independent Series
o
&7l Mean = 0 and Standard Deviation = 1
noc = Constant Parameters (do not vary with time)

o S . FY a = A
a0y Stationary 91W1T1UABDIUAIAIN

Xt = Dependent Time Series
_ Xy —U
&t = —_—
c
&t = der1+Ct [1.7]
&t = Dependent Series with Mean 7 8tandard Deviation = 1

Gt Independent Series with Mean = 0 and Variance-=¢{*)
A o a . &£ o '
aums 1.7 aegluuudiaesa lauaaaniuuy Autoregressive U UHDUTIA0UUDEY @
Yevjevich (1963), Thomas (1965), Fiering (1967)

suudeesalaunadnidudousnniuie Autoregressive and Moving Average (ARMA) 9 O’
Connor (1976)

Joint Physical and Statistical Analysis Y9UUUI1AD4

AR(1)-First Order Autoregressive Model

i Y, = Time Dependent Annual Runoff Series
Yt—V = d)(Yt — ?) +&t
) = Autoregressive Coefficient.
&t = Independent Statistical Component or WhitesHoi

Y Y
Firing (1968) Taigni lfifiuisasims lvavesrhlumahawiioesuie lddouuuiiana
ARMA(1,1) 693191 1.10
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0¢a,b,cel
Pracipitation O<a+bel
Evaporation X
bXi
Ground Surface
Surface Runoff
infiltration (-0 -b)X, = 8% Streamélow

|

aXy Zy

Ground Woter

Level Watar Surface

Ground Water

c;S,_1

qﬂﬁ 1.10 Conceptual Representation of the Preciprigfiteam Flow Process
(Salas and Smith. 1980a)

1UVD18049 Streamflow

Z4 = C.S_]_ + dXt [18]
lile
Zt Annual Stream Flow

Groundwater Contribution
Surface Runoff

c.9
d. X

NAUNT Continuity Equation & M3U Groundwater Storage

Si+aX-cSa [1.9]
(1-0)Sur+ aX [1.10]

S
S

MNaumMs [1.8] uazf1.10] 2214

Zi = (1-0)Zu+dX - [d(1-C) — adX1 [1.11]

e Ususeusel (Xt) Ao Independent Series
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LU0 ARMA (1,1)

e/— 0,=-1
Z4 = $1Z11— Ooer — 0181
\ \ \ Inde})endent (Moving Average)

Dependent (Autoregressive)
a 4
wgau

NNANNIN [1.8]

Ve = CS1+ dXt [112]
Zia = CcSo+ dxt_]_ [113]
[1.9]  (1-¢)

1-0)Z1 =  c(10)Ss+ d(1=0)Xe [1.14]

[1.12}-[1.14]

Zi—c(1-c¥i1 = ¢ Q1 -c(1-Cc) S2+ dX—d(1-C) X1 [1.15]
7 = ¢(1C) Zu1+ 1 €S1—c(1-0)S2 f+ dX—d(1-C) X1 [1.16]

NPAUMIN [1.12]

S = (1-0)S.1+ aX
S1 = (1-0)St2 + aXe1
cS1 = C(1-c)S2 + acX1

CS.1-c(1-C)S2 = acX [1.17]
unueaums [1.17] Tu [1.16]

Z4 = C(l—C) Zia+ dXt— [d(l—C)—aC]Xt_]_

Zy = $1Zt1— 0ot — 01811 [1.18]

auMs [1.18] 1511 ARMA (1,1) 130 0, = —1

wuuhaaddlaupadnfAauuuiaasnainsnaseynsunmNinuanianeadfaae

q

¥ A

AuEntAnadfzeseynsunm luaio ua i ldmneanudngdesaiveynsunafimiloueynsy

= ! .
na1lueAannilszns 1sun15IAaY (Cloning)
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1.7 adaranveauuudiaesalauaafnuuudie (Main Statistics of Simple Stochastic Model)

(D) Mean (W)....ovvveiieie i less uncertain

(2) Standard Deviatiom...................less uncertain

(3) Skewess Coefficienty)...................highly uncertain

(4) Autocorrelation Coefficientp)......... very uncertain for small N

(5) Other statistics of hydrologic time series
range (storage capacity)
run (drought)
rescaled range

1.8 nuudiaesalaunadn (Stochastic Models)

Y Y
Glul@ﬂﬁﬁﬂ;ﬂflil%ﬂa”l’JﬁQLL‘]J‘]Ji]Om@ﬂﬂmﬂ@uﬂim%mﬁﬂ Annual Time Series 1491Y Periodic Time

Series AauaAdluUa15199 1.3

M39n 1.3 Importants Stochastic Models to be included in this Handouts

(1) AR(p) Chapter 4
(2) ARMA(p.q) Chapter 5
(3) ARIMA(p.d,q), Seasonal ARIMA(P,D,Q),, , Chapter 6

Multiplicative ARIMA(p,d,q)x(P,D,Q),,

(4) Multivariate AR(p) Chapter 7

(5) Disaggregate Chapter 8

Yo91nAVeMULI1809 (Limitations of Model)
€)) lsianse Reproduce Short Term Dependence
2 lsianse Reproduce Long Term Dependence
(3) mdsznammaninesinnugaen

@) fidednaluns Generate Yoyalumisruauuing

Y
(5) VIANUFIUNNATUNONN (Physical Basis)
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a 4 a
6) ﬁWﬁ”ﬂJm@iiﬂﬂLﬂullﬂ

1.9 Systematic Approach §113UN13312999YNINIAINEQYNNIN

4

Y [
Systematic Approach §115 UM 381090 YNTUNIAIMINGNNINE5zNOUAIE 6 Tunoual (9307

1.11)

(1) MsmaIulsenovveaiuuiass (Identification of Model Composition)

a.

b.

Univariate #38 Multivariate Model

Combination of Univariate and Disaggregation

Combination of Multivariate and Disaggregation

4 9
A52nouveD U0 UGN UANAN YU VBITZULUHENT AUANYUZVOIDYNTY
< o
1391 uazmmmumméfﬁ%’mmumam (Modeler’s Input)
o " Yy o ¢ a o & Y =TS
NHNIvDYN l,‘lfuﬂWIfoﬂiffNLﬂiwT‘i@lgﬂiul’mﬁlﬂx‘lﬂﬁﬂﬂ‘lUWWul“ri‘ﬁl‘lﬂi%‘ﬂ‘ﬂ@NLﬂ‘UuﬁWﬂ
A A 9 o [~ o a 091 A 9 1 <} oy
oY “VINLa’E]ﬂaluﬂﬁﬁﬂ\iuﬂ‘}ﬁnaﬂ\‘lfﬂﬁllﬂu (1) %1@1@\1“lJiﬂJ']ﬂ!’L!W]Ulﬁﬁlslﬂiz‘ﬂ‘ﬂfJNLﬂUHW
. . o a 3’ 4 ' < oy
ﬂﬁllﬁ’ﬂu?’g{’)ﬁl Multivariate Model ﬁ%{’ﬂ )] mamﬂimmmﬁ"lwauffhiwumﬂmumﬁmﬂ
9 v
. . . . a2 o 1 <]

A28 Multivariate Model 118719 Disaggregation Model tJast/sunaniri Inathszuuerany
J P A A ¥ .. o a J 4 Y g
Wnethdusiameu wse (3) 1511 Univariate Model mamﬂiu1mum"lwawumazmamu
3} A I a (K ddy 9 A 1 o a v o J 1 1 < g‘
Wnameusuutuagszunnu ﬂimuﬂ%1‘5&11’EJﬂ”Iﬁ‘JJﬂi3ﬁV]‘ﬁﬁﬁﬁNWM‘ﬁi%ﬂ’JN@NLﬂUHT

(Cross Correlation Coefﬁcient)llijﬁﬁﬂﬁ ﬁﬂgmqﬁ )

) M3dentsznnuuusiasy (Selection of Model Type)

a.
b.
c.

d.

AR
ARMA.. 1Nz fiueynsuna1¥s ACF N1A1aAaseg19919 (Low Decaying Correlation)
ARIMA

A
U

3) msmgﬂé’ﬂymzmaumuﬁmm (Identification of Model Form)

a.

b.

MIR1AY (Orders) VOILVUIIADI LFUA p 1AL q
1 =Y 9 A 1 9 Yy 9 ' '
ma%aammuﬂimaamaﬂymzm (Skewed)‘l’iﬁﬂulh (ANIS]] ﬂﬂﬂﬂiﬁ‘ﬂﬁ@ﬂﬁ@viﬂﬂﬂuﬂih
< .. < .. ' . )
AU U Constant ‘Vi?@ Periodic 5’1L1Juuuu Periodic Sgljmﬂﬂﬂﬂial‘]gf} Fourier Series

a Jd A [
A3 1zHinse 1y

1 a 4 o . .
4) N5YUTLUIUAINIT VNI LUV VI RO (Estimation of Model Parameters)

a.

Method of moments
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b. Method of maximum likelihood
(3) MINATOUANUHNIZANUDILVUINADY (Testing Goodness of Fit of the Model)
a 4 . ' o [ a A o A o .
a. a3NgIN (Verify) Tmundrasailuliawannagiuidimuanio i i5u Residuals ()
3 a Aa
Huddszuazinsuanuaauulnd (Independence and Normality)
a J 1 o I @ { 1 @
b. ma%wg%u (Verify) 'JTLL'].I'LI’IlAIa'ENLTJH@]']LLVIUﬁLﬂ?JTgﬁum@ﬂ@uﬂﬁﬂma”ﬁl@ﬂﬂ1ﬁﬂlﬂ@]
(Historical Time Series)
- f339890Y Model Correlogram nfSeueuny Historical Correlogram
1 aa A o o’dg’ 9 = =\ o 1 Aaa
- @Iﬁ’)%ﬁ@ﬂﬂ1ﬁﬂ§lﬂlﬂﬂ@l§ﬂﬁuQa'W]ﬁﬂlﬂﬁWg‘ﬁsUuL!ﬁ']Lﬂiﬂﬂlﬂﬁlﬂﬂﬂﬂ’lﬁﬂﬂﬂl’ﬂ\‘]ﬂl}!ﬂiu
T o ] 1 { 1 1 1 Y] Y] d Aaa
LAAIVDIANTIUNA LYY ﬂnﬂaﬁl ﬂ’lﬂ']’liJL!ﬂﬁ“lJi'Ju ﬂ’lﬂ'ﬂulﬂl AT TUNUD fnﬁﬂ@lﬁ
{ @ a oy 1 1< oy .. (R Aaad A @
NenVYTuati lue1un i (Storage Related Statistics) agMAADANNYINLAIIY
Y RTIGR (Drought Related Statistics)
Y N o Y Y Y A o
C. ﬂ’lﬂWiﬁiTﬂﬁﬂUﬂ?’lﬂJlWNWgﬁiJubJWWulﬂfl‘lmﬁluéll@ allag b Glmﬂimﬂaﬂugﬂaﬂymmaz
Gﬁﬁﬂﬂlﬂﬂllﬂﬂﬁ’lﬁ@\?
6) M31sziunu e (Evaluation of Uncertainties)
a. A lduiveuYe U180 (Model Uncertainty)
[ 1 1 Aaa o { o o g
- ﬂﬂﬁ@ﬂﬂﬂWﬂlmﬂ@n\ﬁ$ﬁ?1\1ﬂ1ﬁﬂ§lﬁﬂ’lu3m%']ﬂ'f]“lfq‘!ﬂﬁNL?ﬁWﬁﬁ\HﬂﬁWgﬁgﬁu‘ﬂWﬂ
R AGEN L ANGL LA G!
[] ] a 4
b. MY UMY UYRWVVIITNDS (Parameter Uncertainty)
] I a 4 o @ a P
- W”Iﬂ1§uﬁ]ﬂlﬁl\1ﬂfl”lllu1§]$lTJUGIJ@Q'W”IiTJJm@i Ll,agi%u'i_lllﬁ]”la@ﬂﬂﬂW13”liJm@§ﬁq3Jil”lﬂ

Y
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+

ESTIMATION OF
MODEL PARAMETERS

!

TESTING GOODNESS
OF FIT OF THE MODEL

+

u

Hydrology)

EVALUATION OF
UNCERTAINTIES

st 1.11 Systematic Approach for Time Series Modeling

d o a
1.10 msﬂszqnﬂmimammgn‘smmmnq‘nmnm (Application of Time Series Modeling in

@ 4 1 o @
(D) mimmﬁzwauﬂimaaﬂm (Generation of Synthetic Time Series) §1%71

- Reservoir Sizing

- Risk of Failure

- Planning Capacity Expansion

2) MINNTA (Forecasting)

- Short Term Planning of Reservoir Operation.

- Real Time Operation

- Operation of River Basin
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- Planning the Operation During Ongoing Drought.
1.1 agduvudiasseynsunaiozna1Inluunaag

UNT 4 BUVIa0Y Autoregressive

Annual AR(p)

P
Zy = _zld)jzt—l T &
J:

& = 0,8

4

Lo

z, = Time Dependent Series with Normal Distribution and E(z,)=0; Var(z,)=1

€, = Independent Normal Variable with Mean = 0 and Variance = O'g2

t

¢q......0, = Autoregressive Coefficients

Periodic AR(p)

p
Z, T Zl(l)j,fzv,r_j +0.&y i T=L....,w
J:

Zyr = Time Dependent Normal Variables with Mean = 0 and Variance = 1
€. = Independent Normal Variable with Mean = 0 and Variance = Gg .
Gy e ,0p, . = Periodic Autoregressive Coefficients

UNT 5 uUudany Autoregressive and Moving Average

Annual ARMA(p,q)

p q
2y =20; 2 - Zbejgt—j ;0,=-1
=1 j=

Periodic ARMA(p,q)
P q

Zyg = 'Z]_(I)j"t Zyr—jtéyr— _Zlej,f Ev,1—j 3 90: -1, T=1,...w
1= I=

VN 6 BUVIA0Y Autoregressive Integrated Moving Average
Condensed Form 2a4 Multiplicative ARIMA(p,d,q)x(P,D,Q)

dB*)P®)1-B”)(1-B)'x~0(B”)0(B)E,



Bx=x_, : Backward Operator
BnXt:Xt'n
(I-B)X=X,X,, ; 1" Order Simple Differencing

t1 2
(1-B)2Xt=xt-2x1_1+x1_2; 2" Order Simple Differencing
(I-B)dxt= d" Order Simple Difference
(I-Bm)xt=xt-xt_m ; 1" Order Seasonal Differencing
(1—Bw)2xt:xt—2xt_w+xt_2w ; 2" Order Seasonal Differencing

®.p th . .
(1-B ) x,=D’ Order Seasonal Differencing
(I)(B)=(1—(|)1B—¢2B2. .= B") =Autoregressive Operator
G(B):(l—OIB—BZBZ. ...—Gqu) =Moving average Operator
@(Bw):(l—q)le—q)szw. ) ..—q)PBPw) =Seasonal Autoregressive Operator

® ® ® ®
OB )=(1-0B -®2B2 ....-@QBQ ) = Seasonal Moving Average Operator

Simple Non-periodic ARIMA(p,d,q)
d(B)(1-B)'x =O(B)E,

Non-periodic ARIMA(1,1,1)
(1-¢,B)(1-B)x=(1-0,B)€,

(1-¢,B -B+¢,B")x=(1-0 B)E,

th( 1 +(|)1)X1-1_¢1X1-2+8t'6181-1

Periodic ARMA(P,D,Q),,
oB”)(1-8”)’x=0(B")¢,
Periodic ARIMA(1,1,1)
(1-®,B")(1-B")x=(1-O B")E,
(1-® B" -B"+® B™)x=(1-O B")E,
x=(1+® )x _,-D x., €O

12w

€

17t-w

uUDS1899 Mulitplicative ARIMA(1,1,1)x(1,1,1),, n38i @=12
o(B2) (B)1-B2)1-B)x, = ©(B?) 0(B,

X = (1+¢1) Xt-l-d)l Xt-2+(1+CD1) Xt-12-(1+¢1 +(I)1+CD1(I)1) Xt-13+(¢1 +CD1(I)1) Xi14”
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q)1X1-14+(q)1+q)1¢1) Xt-25-(1)1¢1Xt-26+8t_918t-1_®18t-12+®1618t-13

unil 7 suudrassriaannys (Multivariate)

Multivariate AR(1)
Zt = Al Zt_]_-i-B 8_'[
Expanded Form
z(1) G112 ,ln z(1) pll b12 pln 8(tl)
t t-1
2 2
ng) a21 a22 aZn ZE_ZI) b21 b22 pen F‘(t )
= +
z(tn) anl an2 0P z(tr_'xl) bnl bnz ~phn e(tn)
zi
& 72
o Zy = | 7! |=Column Matrix 110 [Nx1]
| Z¢ |
_a11 al2 aln | _b11 12
a?l g2 .. g% b2l p22
A1: ....[nxn] B:
anl an2 . ann bnl bn2
1
€t
2
€
g = _t .[nx1]
ef

...[nxNn]
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€; = Vector of independent normally distributed random variables with mean = 0 and standard

deviation = 1 (uncorrelated in time and space)



Multivariate AR(2)

Zt: Ath_1+AZZt_2+B§t

Periodic Multivariate AR(1)

ZV, = Al,rZV,‘r—l+Br§V,‘r
A 1. = (nXn) Periodic Coefficient Matrix of Period T

B = (n X n) Periodic Coefficient Matrix of Period T

T

€, . = (X1) Vector of Independent Normally Distributed Random Variable

Uil 8 HuUS e ENa I (Disaggregation)
uuud1a09WUg 1Y (Basic Model)
Y = AX +Bg
HUUD AR MUVVENY (Extended Model)
Y =AX +Bg+CZ
1 A =) % £~
Y=Column Vector ¥8415181uv031a91i Gadivuna (12x1)
X=ilagiiuveseynsunarsiell (1x1)
! A o A ST v & A A
Z= Column Vector ¥8IA1318ABUIIUIU w’ 1ADUUBINOUNITU Falvua (w'x1)

&= Column Vector ﬂl@ﬁﬁWﬂﬂi}ﬁuﬂJ@Q Completely Random Series %30 Stochastic Term

A a I
FUNNTNHFUUUIA (12x1)

=\

a 4 a s &
A=W IUODTLNNT DY HINUUIA (12x1)

1
=]

a 4 a o =<
B=W1510103UNTNY FINVUIR (12x12)

a 4 a ]
C=N151UBTUNTNY HINUUIA (12xw°)

E4
o %

A ~ = o ' < vy =]
ATUNIIUIUADIUINI n i]%fﬂll"liﬂL"UEJULHJ?J?]”IQ’ENLLEJﬂﬁ'JHLL']J']JﬂJEﬂEJL@]?JEﬂllﬂ ANU
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-\'\-_1(1) 1 Yo X(l) bll blg o b1.1211 b1 Lll ng o LLlln '\\‘-Ll(l)
- (1) . - . n
'\vé : YR PR QO P2 by, by ] e €1 % S P2
1) Y]
vz 8(11% l}'\'-l 12
~ 3) (1)
2 g =
5, O i N-11
v (2) ) 85 vy @
V.2 X(n) . ) . v-1.2
' @ ﬁ
2| = €12 ;@
Nia | = + + RRE:
7 ‘ : ro ()
y, ® : s Y. Lt )
;o : n i 7 n
wol | | al| oo
' . ;(n) . : N ()
—\:_Eg) 30191202 - M nn 1’1311411’1311.3 <+ - btz | =12 L11n‘1t13m3 -+ Clanl2n -\\:-1_13

o ' Yo A A
LUV VYD Gl%maamaz 1wou
Y.=AX+Be+CY_,

d‘ A Y % d’ =S
¥X)3) ‘E:mauﬂﬂi}uu e T=1 03 12 (w=12)
J g’ 1 A [ C%
Yr=ﬂ1u1ﬂ1ﬂlﬂﬂlﬂﬂuﬂﬂij‘ﬂu T
Y
X=aimueililagiiv
Y Y
Yo 1 = Anhmveudounountiniu T-1
&= Column Vector mmmi‘]m}ﬁumm Completely Random Series %30 Stochastic Term

J a 4
Ar.Br.Co=MMAmesvouion T

1.12 190815919049

Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484



MANHIN

APPENDIX A1.1 DEFINITIONS, TERMS AND NOTATION

Some definitions and terms are given herein so that the
reader has less difficulty in following the material presented
in this book. Also the notation has been carefully selected to
make the presentation of eqguations and models clear and
following as much as feasible, the standard notation commonly
encountered in published literature.

DEFINITIONS AND TERMS

Normalization The operation by which a time series
is transformed into normal,

Standardization The operation by which a time series
with a given mean and standard de-
viation is .converted intc a series
with mean zero and standard devia-
fion one.

Independent series Time series which does not have any
dependence in  time or in space.

Independent stochastic Time series which is independent in
component time and idenlically distributed.

White noise Same as independent stochastic com-
ponent but normally distributed.

Periodic series Time series with pericdic components
or periodic parameters.

Seasonal series Time series with time intervals that
are a fraction of the year.

Historical series Time series measured in the past.

Original series or Series or data available before any
data analysis is made.

AR model Autoregressive model.

ARMA model Autoregressive moving average model.

ARIMA model Autoregressive integrated moving av-

erage model.
Empirical distribution Frequency distribution of data (no

reference to any certain probability
distributien function).

17
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Normal (0,1)

Population

Sample

Estimate

NOTATION

ftem

Population parameter

Estimated parameter

Normal transformation

Inverse normal
transformation

Logarithms

Original data
Normalized data
Standardized data
Stochastic component
Variance

Standard deviation
Covariance

Covariance matrix of
parameters {§

~

and &

Neormal distribution with mean 2ero
and wvariance one.

Theoretical, true or known distribu-
tion, parameter  or statistical

property.

Observed, assumed or generated data
of a limited size.

Distribution, parameter or any sta-
tistical. property estimated from a
sample.

Description

lc. Greek letter and Roman letters,
Example: ¢, &, b, A

le. Greek and Roman letters with

Example: &, 8, b, A, vy
g(X). log(X)

X = g 1(Y). Example: X = log “(¥)=
antilog(Y)

caret,

Y = Example: Y =

loge(X), In(X) : Base e
logm(x) : Base 10
log(X) . Any base
X, X

Y, ¥y

Z, z

€ s Et or independent series

Var(X), 0%, s2, o
c, 5

COV{}{A,Y), SXY
v{$, 6

18
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Autocovariance function Cic

Autocorrelation function ACF

Population autocorre- Py PR(XD, Py 1
lation function

Sample autocorrelation 1y, r (%), T) v
function

Partizl autocorrelation q:k(k) , PACF

function
Spectral density g{f)
function
Univariate series X, E,, X (1)
t t t
Multivariate series Xt, 2
Generated series )‘Et, X,
A converges to B A~B
R proportional to n R~n
A equivalent to B A< B
Inverse of matrix A Al
Transpose of matrix A AT
Derivative of S %%— R V¢S
respect to ¢

APPENDIX A1.2 ELEMENTARY STATISTICAL PRINCIPLES

Elementary statistical principles used in various chapters
of this book are briefly reviewed herein. The purpose is a
handy access to some basic definitions and properties. For a
formal presentation on this subject the reader is referred to
standard textbooks on probability and statistics such as those
by Benjamin and Cornell (1970), or Mood et al. (1973).

Random Variable

It is a variable whose outcomes (values) are governed by
chance. Its values can not be predicted with certainty but
only in probability terms. Random variables can be discrete
or continuous. Discrete random variables take on values only
at discrete (specified) points, while continuous random

19



variables can take on any value on the real axis or any value
between two boundaries values.

Probability Distribution Function

It is a function that defines the probabilily associated
with a random wariable. It is also called the probability law
of a random variable. For instance, if a random variable X
can take on only the values ¢ and 1 with probabilities 0.3 and
0.7, respectively, then -the probability distribution function
or probability law is p(X=0) = 0.3 and P(X=1) = 0.7. The
probability distribution function of discrete random variables
may be represented by: the probability mass function {PMF )
and the cumulative distribution function (CDF). For in-
stance, for the discrete random variable X=1, X=2, X=3 and
X=4, the PMF may be P(X=1) = 0.2, P(X=2) = 0.35, P(X=3)
= (.25 and P(X=4) = 0.2. The corresponding CDF is P(X<1)
= .20, P(X<2) = 0.20 + 0.35 = 0.55, P(X<3) =0.20 + 0.35 +
0.25 = 0.80 and P(X<4) = 0,20 + 0.35 + 0.25 + 0.20 = 1.00.
These two functions are plotted in Fig. Al.1l.

Similarly, the probability distribution function of a
continuous random variable is represented by: the probability

i P(X=X)
0.35

0.2

.20

0.8

0.25
0.6

04+ 0.35

G2

.20 X

s} i ] -4 o
o I 2 3 4

Figure Al.1. PMF and CDF of a discrete random
variable.

20
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density function (PDF). and the cumulative distribution

function (CDF). The PDF of a random wvariable X, usually

denoted by f(x), serves to determine probabilities by inte-

gration. That is, the probability of X to be between x,; and
X2

Xz 15 obtained by P(x;<X<x,) = fx f(x)dx. On the other
1

hand, the CDF, denoted by F(x) is the cumulative probability
from -« up to x. That is

X
F(x) = f f{x) dx (A1.1)

-0

Figure Al.2 shows schematically the PDF and CDF of a
continuous random variable.

A T{x)

Figure A1.2. PDF and CDF of a continuous random
variable.

Several types of probability distribution funections are
used for discrete and econtinuous random variables. Examples
of such functions are shown in Table Al.1.

Joint Randem Variables and Probability Distribution Functions

Two or more random wvariables considered simultaneously
are called joint random wariables. The probability distribu-
tion of such wvariables are called joint probability distribution
functions. For instance, the joint PDF of the continuous var-
lables X and Y are denoted by f(x,y) and the joint CDF by

21
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Table Al.1. Examples of Probability Distribution Functions
Name Function
DISCRETE
Uniform P(X=x) = % ,
x=1 2, ..., n
Binomial P(X=x) = (3) p"(1-p)" 77,
x=0,1, 2, , 0
-v X
Poisson P(X=x) = ex. L
x =0, 1, , ®
. - x-1
Geometric P{X=x) = (1-p)" "p ,
x =1, 2, 3,
CONTINUOUS
Uniform (X)) = s
(b-ay °’
a<x<h
Normal f(x) = exp {- % (}%:E)z} ;
Jon o
- { X €@
Irix -y
Lognormal -2 f(x) = ——— exp {- -12" (,_T}i)z} ;
Jon o, x y

Gamma-2

¥
0 < x <@

K Xﬁ—l oo

. o
S

0 < x ¢

22
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by F(x,y) As in Eq. (A1.1) the relation between f(x,y)
and F(x,y) can be written as

X
Flx,yy = [ f(xy) dxdy (A1.2)

-0

Independent and Dependent Random Variables

Two continuous random variables X and Y are
independent if f(x,v) = F(x)-f(y) or F(x,y) = F(x)F{y).
Otherwise they are dependent variables.

Expectation and Population Moments

The expectation E(X) of a continuous random variable
X is defined by the integral

o

E(X)=1J x f{x) dx =y . (A1.3)

-

1t is called the expected value or the mean of X. It is also
called the first moment of X around Zzero. The r-th moment
of X arcund zero is

+-o]

E(Xr) = [ «F f(x) dx . (Al.4)

- Oy

On the other hand, the r-th moment around the mean | 18
o e]

E{(X-F) = (x-p)' f(x) dx (A1.5)

-0

The variance of the variable x 1is the second moment of
X around y, or

E((X-m)?) = § (x-1)% f(x) dx = Var (X) (A1.8)

-

The variance Var {(X) is also written as

var(x) = E(X%) - [EO12 = B(x®) - (A1.7)

Covariance is the linear relation between two random
variables X and Y For continuous variables the covari-
ance 15 defined by

23



Cov(X,¥) = E{(X"“x)(Y'“y)} =

L] [+
Jooy repCympy) f(x,y) dxdy
- R+ +]
(A1.8)
The covariance 1s also written as
Cov {X,Y) = E(XY) - E(X)Y-E(Y) (A1.9)

Similar definitions as the ones given above exist for discrete
random wariables.

Sample

A sample is a set of observations EITER SYRRREE Xy

obtained from a known or unknown probability distribution
function. For instance, if we take 20 numbers from a table
of standardized normal random numbers they constitute 2
(random) sample of size N = 20 obtained from the known
normal distribution. On the other hand, 20 years of annual
streamflows also constitute a sample of size N = 20 but in
this case the distribution is not Known.

Frequency Distribution

If the sample Xq5 is ordered from the lowest

R
to the largest, and an empirical probability is assigned to
each ordered value, the array of ordered values and corre-
sponding probabilities is called the frequency distribution.
The ordered sample may be also arranged in groups or class
intervals. In this case the frequency distribution is given by
the typical histogram.

Sample Moments
The r-th moment around zerc of a sample Ky s Ky
1s defined by
1 N r
e ii:l X, (A1.10)

For r = 1, m; of Eq. (A1.10) is the sample mean X. The
r-th moment also can be defined around the sample mean X
as

N
(X - ;o (A1.11)
i=1

"
e
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Equations (A1.10) and (Al.11) are the basic equations from
which the commonly used statistical characteristics of samples
are derived.

APPENDIX A1.3 ELEMENTARY MATRIX DEFINITIONS AND
COMPUTATIONS

Matrix Definitions

A matrix is constituted by elements arranged in a given
number of rows and given number of columns. For instance,
a matrix A with 2 rows and 3 columns is represented as

a a
A = 11 12 13

(2x3) | agy 359 g3

The order of a matrix is given by the number of rows and
columns. For instance, a mxn matrix has m rows and n
columns. A matrix with only one row is called a row matrix
and a matrix with only one column is called a column matrix.
A sqguare matrix has the same number of rows and ceolumns.
A diagonal matrix is a square matrix whose off diagonal
elements are zerc. The <ddentity matrix I, is a diagonal
matrix with elements equal to one. A lower triangular matrix
has all elements above the diagonal equal to zero.

Addition, Subtraction and Multiplication of Matrices

Assume the (2x2) matrices A and B. The matrix C = A
* B is equal to

a b b

11 232 11 P12 ajtby; ap,?byy

G
f
b=
+
=
{
I+
tE

b b lib

a1 app 21 Pao a91%Pg)  Agptbyy
Thus, to add or to subtract matrices, they must be of the

same order.

A matrix A(mxn) can be multiplied with another matix B
if this second matrix is of order (nxqg). For instance, let us
multiply A(2x3) and B(3xl). We obtain

ajy 89 Aaqq b1y a; by ayobg) + 815bgy
C=AXB = by, | =
Ay1 A9y 3p3 bay 85101 * 399Dy + Apsby
(2x3) {3x1) (2x1)
25

A is positive semidefinite if the inequalities ig.€A1.15) are replaced by >
signs.
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AMANHUZ VYD IBYNINNIAINYNNING

CHACTERISTICS OF HYDROLOGIC TIME SERIES

2.1 ¥1AYRIdYNINIIA (Types of Time Series)
a 4 a 1 an I an
lumsannginualauadan szamnsoudseynsunamwia ldiu 2 nuude eynsunal 1 1a
(Unidimensional) 118204n3uNa1Ma100a (Multidimensional) A991519% 2.1 0UNTUNA MUY 1 HARDDUNTY
T o g d‘d L= d' d' d! [} a =) d‘ = ! an
nanveanduna 1 awtlsnumstivin o dlannis wulSmadusnelnani n daueynsuavalsin
A " o A o X dq A & 1 5 = =
ARRYNINIAIVBIAFINAvoIHaIed s NTMITuNN & Nlanni wunun1wi1 DO, EC, pH Naonil ¥
(Multivariate) ¥300YnsUNAWBIMFUNAvEIRTUszinn@ernunimstiuin o waleganiounu
. . A .. 1 a A ~ < v a o
(Multisite %30 Multipoint) 154 Usmarlusiedlnaoil a, v, a, 9 dudy Tumsianzioynsunaisg
a o an aa 1 (K] 1 v o d J 1
AATIZHUUY 1 TANTonaIea TuegnuManduiuFTznI10YNINNAT (Cross Correlation) W3DIZHIN
v

@ 09/' I 4 9 = [ <3 o a 'd an 9 (=}
GI'J!L‘]JTL!L!“] Wutnam DIDUNTUINUUVUNAUTUWUTYY  NAITNINITUATISHUUU AN m"lmJ

[ @ 3 Y a 'd an
TUAUNUDTNADIUATICHUDY 1 WA

H 1 a a L4 a
Vl"li"N‘ﬁ 2.1 ﬂTiLL‘]JQGD"LJW’UﬂﬂﬂHﬂﬁNL?ﬁ?iUﬂTiﬂlﬂiWﬁﬁﬁIﬁLLﬂﬁﬁﬂ

Unidimensional (Univariate)

Multidimensional (Multivariate)

- time - multisite

- line - multipoint

- counting series (no. of rainy days) - multivariate
For example For example

- flow at a gagging station
- average rainfall over an area
- aggregated flow over watershed

- flow at several points
- different kinds of series at one point (several
water quality parameters at one point) ....such
as BOD, COD, DO, ...

No cross correlation exists.

Cross correlation exists.

2.2 ‘ﬁ?ﬂl?ﬁ]ﬂl@ﬂ@ﬂﬂiﬂ!')ﬁ"l (Time Interval)

a ~ S v o & o ¥ ¥ 3
@Hﬂillnﬁ'wnﬂ’q%ﬂ’)'i/]fJ’li]ZlJG]f')\?L'Ja’lcluﬂ’lilﬂUﬂlﬂﬂuaﬁﬁ1853ﬂﬂﬂluﬂgﬂﬂﬂ31uﬁf]\iﬂ’lﬁ‘lﬂf\‘]’lulﬂu

[

Yy g 1 A T g3y A 3 v KR Y o wa . . .
AN DUNUABDIUBDINADALIA !ﬂfl.lLﬂUﬂ’JEJLﬂ‘if]\i!ﬂﬂl!ﬁ%ﬂu‘ﬂﬂellﬂllu'ﬁ@@liuwﬁ (Automatlc Recordmg Machine)

=2 9 [~ o @ o L4 A A TR = 1
uﬂﬂﬂl@ymﬂuiWﬂ%'ﬂNﬂ 5199 Sedla sremeunses 1l PFIIATMVDNOYNTULIANISHNANDNITLEA

a A J 1 A [ {
fJ‘V]‘ﬁWﬁ"llfN@\‘lﬂﬂi%ﬂ’é)‘UGlNc]"ll@ﬁ’é]léﬂiﬂJL’JﬁﬂﬂElm‘WWE)EJNEN Periodic Component AINT 19N 2.2
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4 1 1 a a <
ﬂ]il‘iﬁ 2.2 mmmﬂmnamazamwammmﬂﬂizﬂammmgﬂimam

Time Interval Components of Time Series

0 (Continuous Series) All Components + Randomness
Hourly Daily / Annual Cycles + Randomness
Day, week, month Annual Cycle + Randomness

Annual No cycle + Randomness

2.3 pauanian 1)ve19yn3313a1M19gNNING (General Properties of Hydrologic Time Series)

v A

awiind g luunil 1 eunsunmmegnninedszneudis 4 esfilsznevdidiiy e

(1) Over year trend and other deterministic changes (trend + jump)

(2) Cycle or periodic change of day and year

(3) Almost periodic such as tidal

(4) Stochastic or randomness

3107 2.1 namsnsmleynsunadsfiesdszneudien uazmsndeausnusazesdisznouve
YNNIV gﬂ‘ﬁ 2.2 1EA999A1/5ZNOUN Stochastic 1A% Deterministic TuoynIuNIAT gﬂ‘ﬁ 2.3 uaag

PUNTUNAMVLUANE Tsueunu

y(t) | Composite Series
Observed

y1(t)| Trend

t Time Series = Trend + Periodic +
y2(1)| Periodic Component Catastrophic + Random

NNNANNASNNNNA y(t) = yi(O)+ ya(0)+ y3(t)y+ ya(t)

y3(t) | Catastrophic
Component

y4(t) | Random Component

t

31 2.1 Time series components
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x(t) x(t)
t t
(a) Stochastic (b) Stochastic+Tremd
x(t) x(t) [\
ANy m
NABRVVA
t t
(c) Stochastic+Periodic (d) Stochastic*+Tump

3191 2.2 Time Series Containing Stochastic and Several Types of Deterministic Components

5191 2.3 Several Realizations of Stochastic Process
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g‘ﬂﬁ 2.4 ey Correlogram ﬂJENEJ‘Lgﬂﬁmjmﬁﬁiﬂiﬂ’d%ﬁum‘u Independent Noise,
Autoregressive 111111 Periodic 317 2.5 1eA Correlogram Y9994 N3MIA1N1 Periodicity 1)
NN N0 g‘ﬂﬁ 2.6 ud@aAd Correlogram UDNDUNTUNIAT (z) HAY Residuals (e) VO

Autoregressive Model S1aun 1

L

1.0 p(0)=1

p(k)

plk)y=0 k=1

5 10

15

{a) Random, independent noise

L4

1.0

L AL NG -
VN .

10 15
(b) Autoregressive, Markov process (Dependent)

Periodicity

{c} Pure sine wave

gﬂ“ﬁ 2.4 Correlogram



(a)

Serial correlation coefficients, 7

Correlogram

1.00
0.50

0

-0.50

1.00

0.50

-050

1.00

0.50
—=0.50 -
1.00

0.50

—0.50
1.00

0.50

-0.50

71

2 24 36 48
0 \__2 30/ 40/ 50 L (months)
2 after removing
6 12 24 36 48 12 months perodicity
5

50 L (months)
\

3 after removing
48 6 months periodicity

10 20 30 40 50 L (months)
4 after removing
_ 4 months periodicity
36912 I :

PAGAAAAAAAAAAGAARA

10 20 30 40 §0 L (months)

5 after removing
3 months periodicity

T

10 20 30 40

Independent noise

50 L (months)

511 2.5 Periodic Correlogram

Rl

_ Xt - Ty -my¢
o, @ Et St
. Z =B
S —
2 Stationary series Z,
= r, = 0M
8 0
0. ——
5 10 30 Lag 50
- 101 (®
<]
° Residuals for 1st order
g Markov model, e,

et=Zt-a1-Zt-1
0.0 V/\f\ AN

AT —— — N e
50
Lag
{c)
60
Distribution of residuals
~ 40 Mean = —0.00101
é SD = 0.70249
2 20
0 I U T
-2 -1 0 1 2 3
Value

2-5

Ei= X+ Ty —my

1 2.6 River Thames at Teddington Weir (82 years of monthly flows)
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= . . AHq Yo P £~
gﬂ‘ﬂ 2.7 1e@a Spectral Density Function maqauﬂimaamhmmm Correlogram 1ugﬂw 2.5 9
a 4 {
1018 Periodicity Spectral Density Function ﬁ’t’]ﬂﬁ?tﬂﬂ%ﬁﬂﬂﬂi NIA1VUU Frequency Domain vaugh
a o : < 1 a J
Correlogram ﬁamsamswwauﬂimmmu Time Domain #4911 IAHANTIATIEH Spectral Density

. Ay A o Yy I a a . . A
Fucntion maﬂﬂmzwﬂwmuamwamm Periodic UDININUD

(b) Variance spectrum Frequency Domain.
|
50 000 . ﬁ'lj
40 000 | -
LY .
30 000 ¢ ‘- 6 ,
20 000 ‘\,\:‘“L
10 000 ----f_.____ ___‘a{f:_‘:‘él: _____ 9_ S;%jcnnfidence Iir.'nit
o ol L= 1 [avarage density

010 020 030 0.40 0.50 cycles/month

|
4 SN v+
20000 AN Qb:} _l
10 000 | N
0 i —— i S Sy e . o el s e |
010 020 , 030 0.40 0.50 cycles/month
20 000 ] 1

Smoothed estimate of spectral density (months)?

0 + 3 X
010 020 030 040 050 cycles/month
1000071 5

0 =010 030 030 oa0 o
010 020 030 040 050 cycles/month

:J,‘]J‘ﬁ 2.7 Periodic components of 30 years runoff record, ELK river at Clark, Colorado, USA.

12, 6, 4 and 3-month periods present (2) 12-month period removed (3) 12 and 6-month periods
removed (4) 12, 6 and 4-month periods removed (5) all periods removed (Reproduced from
L.A. Roesner & V.N. Yevjevich (1966) Mathematical Models for time series of monthly
precipitation and runoff, hydrological paper no. 15, Colorado State University)



2-7

2.4 aNdUWUHEI A8 (Autocorrelation)

v o v a J 4 ' 3
ANFUNUT IUA DI ﬁﬂﬂTi?LﬂﬁT%W@HﬂiMﬂaiju Time Domain Lﬁ@@,’nauﬂﬁmaamuq Y
. : :
94A1/52NBUNA Stochastic 118 Deterministic 8% 151114 gﬂﬁ 2.8 ugAd Correlogram ﬁummgﬂimamﬁmmﬂ
Random Process 1/3gu1ney qu‘]Ji’Jléﬂim’JmﬁﬂJﬁnﬂ Periodic Process Autocorrelation Coefficient 1 Lag A N

ansaana ldnnanms 2.1 uie 2.2

_ COV(x(t),x(t+1))
PO =71 AR(x(1) 211
o1 = COVE(D.x(t+ 1) 2.2]
JVAR(X(t)) VAR(x(t + 1))
1.0 (a) 1.0
P(T) PLT)
ob — —— ‘_\W 0
- -
T T

3 U 2.8 Typical Correlogram (a) Random Process (b) Random Process Superimposed on a

Periodic Process

2.5 Spectral Analysis

. o s Y a J .
Periodicities ﬁ’1u1iﬂﬂ1llﬂiﬂEJﬂﬁ’Jl,ﬂﬂzﬂﬁJlgﬂﬁJL’JmUu Frequency Domain 50NN Spectral

Density Function (SDF)

Variance

2.
Intervalof Frequency [2.3]

Spectral Density Function =S(f)=
A

LD

f = Frequency (cycle/unit time)

w = Angular Frequency (radians/unit time) = 27tf

S(w) = S(2xf) = 21S(D) [2.4]
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2.5.1 Spectral Density Function Versus Autocorrelation Function

SDF 118z ACF Innuduius iudegili 2.9 wagaums 2.5 uaz 2.6

p(T) S(f) =2[p(t) cos(2nfr)d
1.0 ©

p(t)= [S(f)cos(2nfr)df

- =0; p(0)=1, cos(0) =1
> Is(Hdf =1.0

random process

S(f)

1.0

periodic process t -~ f -0

51/#1 2.9 AWEWIUT 21119 SDF ey ACF

S(f)=2 jgo p(1) cos(2nfr)dt [2.5]
o0

p(1) = [S(f)cos(2nfr)df [2.6]
—00

1 S(f) Aemszunaves s luaumsi 2.5 $99211'18910 Numerical Integration Yosaums 2.5 214

Sample SDF S'(f) dsaums 2.6 vasnniudaiiar S'(F) lmaundeaz 14 A1 S(F) Adosns

r(0)cos(0) + rz(l) cos(2nfAt) At 4 r(1)cos(2nfAt + ;(2) cos(2nf2At) At 4

N
S'(f)=2[

" r(m—1)cos(2nf (m —1)At) + r(m) cos(2nfmAt)
2

At]

-1
g‘(f) = At| 1(0) + Zmz r(k) cos(2nfkAt) + r(m)cos(2nfmAt)] [2.7]
k=1
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i =1
A m-—1
S'(1) = At r(0)+2 ¥ r(k)cos(2nkAt) + r(m)cos( 2tmAt)] [2.8]
k=1
N = ﬁ (Nyquist frequency) [2.9]
po XN [2.10]
m
N
= Max .Lag = —
m ax .Lag 2
k = lagk
e 10 <« p(k) =0 for k=#0.....independence
o Y
' (Time Domain)
oL i- L
0 'm k
S(f) I
: (Frequency Domain) (f :ka)
1 m
|
I
0 £y f

2.5.2 IEmamuarimszanaes SDF S(f)

alszanames SDF $(f) sxmidlaemsmanadeves S'(F) FIA1UININM k Faud 0 53 m

v
=

(Maximum Lag) Aail (9;!31]7] 2.10)
k=0,

f
PO 5(0) = 0.5[5(0) +§'(ﬁ)] [2.11]

0<k<m (ka) 0. 258'((1( 1) Nj+o ss'(ka}o.zsé'((kﬂ)fﬂ]
f= kfi/m m m
for k=1,2,............... ,m-1 [2.12]
_ _ f _
k=m, S(fN) = 0-5{(5'((111 -+ 8(fy )} [2.13]
f=fy m
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S'(f) @I ©
O’ @
I (.
o |
— ]
0 123 N o
ek B
[ L !
0 1‘ ‘qu; 1111|-111:1 k
T !
[ |
- o |
Oho |
[ |
I |

A29619MIRUIUN ACF 1ag SDF dIM5UaYNTUIAMILY Periodic 1111 Cosine FanAMAININ

1/12 (Yt= cos(2TTk)/12 ) 1ag HUUARABYDY 3 Cosine FIUANND 11 1/6, 1/12 uag 1/24 (Y=

{cos(2TTK)/6+ cos(2TTk)/12+ cos(2TTk)/24}/3) taaded lugili 2.11 uag 2.12 muday

A19619MIRUIUNT ACF ag SDF dmSuaynsuna1veslsnams lvagagaved Kentucky

H Y
River tageg 1ug1i 2.13 nagdipg1amsmuinm ACF uaz SDF dmiueynsunaivedllsmanimae

1puves Cave Creek naasoglugilii 2.14

AWAWAWS

1A

COS (2TTK/12)

AN

N

YA

CORRELOGRAM

FAWA

CORRELATION COEF.

50
1/12
t=.083

S(f)

) }7\

AVALvalva

{c)

SPECTRAL DENSITY
m = (00

fn"{‘

fn

2% 3o as 40

= K

gﬂ‘ﬁ 2.11 (a) cos(2mk)/12 (b) its correlogram (c) spectral density



PEAK FLOW (1000 cfs)

CORRELATION COEF.

§(1)

d

il

N
0
—

(0)
s\0 ﬁﬂ

[+]
> \j\/ \/\/ \/\/ \/\/ \/\/ f

2L v= 5 [cos(ETE) 4 cos (2TK ) 4 cos(2TTK,)]

g 6 12 24
.
(b)

i CORRELOGRAM
w
S
z IO/\ 20 30 /‘\ a0 510 ﬁﬂ
o o L 1 1 L ! )
g L A\ i 7
= K
w
(2
o
(=]
oSS

a5 SPECTRAL OENSITY m=100, fo= %

=.042 t=,083 IG?
P=24 P=12

- c
o (c)
w

o] - i

=K

gﬂﬁ' 2.12 (a) Sum of 3 cosines (b) its correlogram (c) spectral density

2-11

B0
G-
x
! MAXIMUM ANNUAL DISCHARGE
! KENTUCKY RIVER NR SALVISA
i TAaBLE 2-1
n . L 1 L N . L
1SCC 1910 1520 1930 1940 1950
YEAR
.o
{b)

A
N

CORRELOGRAM

35% Cc.1 _

SPECTRAL DERNSITY
m =30 , fn=§'
(ci

0

19E€EC

2.13 (a) Kentucky River Peak Flows and its Correlogram (b) Spectral Density
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sSr A PART OF THE MONTHLY FLOW
= CAVE CREEK , KENTUCKY
[ aAPP. B (a)
e .
o>
=
— a4}
=
[}
-
L T 3 b
%
=
= 2
=]
=

N o

- h h .

35 - a5 50
MOMNTH NUMBER

[ =]

(b))
= CORRELOGRAM {BASED ON 204 MONTHS OF FLOW }
8

-
=
p=
—_
<X
—
[F¥
[ )
~all
20
f=.083 } SPECTRAL DENSITY (<}
P=12 ™ o= 100
Z o} L
wD
=3 N r——

fn

3 i 2.14 Cave Creek Monthly Runoff (b) its Correlation (c) Spectral Density

2.6 AMENTANIADANUG UV IOYNINIA (Basic Statistical Characteristics of Time Series)

1 Qady Y 1 A 1 7 a 9
ﬂmamwugmmmauﬂimam"lmm aunay Mauulsdsiv amdulszaniaanu (Skewness

Coefficient) Autocovariance (l8% Autocorrelation AETUMITN 2.14 - 2.18

N

X= EEN“ [2.14]

2 Ne="

[2.15]
= N-1
N 3
N > (xt —X)
g=—r"=l ~y [2.16]

(N-1)(N=2)s>
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] I~ Al W a & Y I A I
f(x) | MmstnLsaNuzitueumauseansanuituuinnseaun

Y Y A I ~ 1 9 Y A 3 ~ 1 Y Y o
‘lﬂ puanduuInGenINv uAuauFenIndse ﬂ\‘]?j‘].]

()] g = 0 (Normal)
g > 0 (Right Skewed)
. g < 0 (Left Skewed)
1 NZk _ _
Ck = —— - -
k=N ko1 El (Xt =X)(Xt+k = X) [2.17]

Lﬁ’ﬂ 0<k<N ; k=lag
Lag k Autocovariance LE@AIDITLAY Linear Auto-dependence 130 Self Dependence izﬂ’jN@Hﬂi Y

1301
N-k _ _
c > (Xt =X)(Xt4k —X)
Ikzc_k: t=1 N ~p, [2.18]
0 —2
2(xt=X)
t=1
= Lag k Autocorrelation coefficient = Serial Correlation Coefficient

= Autocorrelation Function (ACF)
1.0
Correlogram o]

r, ~p; = 1* Serial Correlation Coefficient

Alternative for calculating r,

N -k . .
2 (Xt =X X4k — Xt4k)
t=1

L, =
k N_k — L N-k —
Y (x¢=X¢)" X (X¢yk — X¢tk)

[2.19]

Complex Characteristics of Periodic Time Series(Nonstationary)

X, = periodic time series

v=year ; T = time interval within year, T=1,..w for monthly time series w=12
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Periodic or Seasonal statistics

_ 1N
XT:EVEIXV’T =Ur;T=Leenene W 2.20]
N
2 1 2
S+ =—— X —XT ~ O
TTN-1 g( v,T ) T [2.21]
v=l
1 N —_ 3
— 2 (Xy,r —X7)
v=I
gt = 3 V1 [2.22]
(N =1)(N - 2)s3 '
1 N _ _
F > (Xv,r - Xt)(xv’r—k — X7_k)
Iy ¢ = = ¥ Pk,
StS81-k
[2.23]
If t-k<1 i.e. 1-k=12-12=0; ®» =12
Ni Z (Xy,1 = X)Xy Lo+tt—k ~ Xo+t— k)
Ix,t= V=l [2.24]
StS8w+1-k

2.7 AaUENUANNEINUNIZANMNHA AV 901NINIA (Drought Related Characteristics of Time Series)

o Y A a g‘ Y ' A Y o
mwm“lw’auﬂimamﬂeﬂﬁmwmmﬂunu“lmmazm@u{x- X5 Xy pennn XN} UAZANUABINITUITY

& o YA A 1w o’oy [ A ] Y I A A Ao o
LﬂﬂumﬂﬂWﬂuﬂiﬁNﬂ’]ﬂﬂﬂlﬂWﬂU y ﬁmum’:‘muﬂmmazmamzum@aﬂqmﬂu 2 1YY AD D UNUUININ
E4

A = J N
No (Surplus) 1azAdUNVIAUI (Deficit) AU

X, <Y; Deficit 1130 Negative Run

X, >Y; Surplus %30 Positive Run



v A

AuauAoYNIUNANNGINDANNIR WAL AD Negative Run Feliguauiiandifn 2 @afe Run
= Y o =
Length 11a¢ Run Sum mmmsam“lﬂmgﬂm 2.15
X
At
£=4
— —
— —
= 1
L
L - —t e e—
{Y
t -
0 10 ISECICEEE N

1(1) = 4, 12)=1, 13)=2, 1(4)=5, 1(5)=1
d(1)=8, d(2)=1, d(3) 3.5, d(4)=9, d(5)=0.2

3 U 2.15 Drought Related Characteristics of Time Series (run-length and run-sum)

2.7.1 Run Length

a1 5 A59AD 1(1)=4, 12)=1, 1(3)=2, 1(4)=5 118 1(5)=1 Run Length fluduilsdy Felisranandnnde
Aunde mandouuunasgutazmndogaga senunsomuasm ldanauns
= 1 M
IN =— 21(J) =Mean Run Length [2.25]
Mo
1o j = run no. , the maximum run=M

1(j)=Run Length j

sn (1) = Jﬁ Ela(j) ~1v)’ 2.26]
J:

[N = Max(I(D),......., (M) 2.27]

MSUM N uag y lag

_ *
IN>sN (DN Avdsgu
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_ *
v v 2
N uay y iy aziinai 1y aada INGSN DL IN g

2.7.2 Run Sum, d(j)
Run Sum (d())) H11809ma351/5112m1591911 114529 Run Length (1G)) Tae 9103107 2.15 a2

<3 J g’ 09/' a :’ 1 1 ' [
mu”lﬁlmﬁmimmm 5 a5 Ysunamsunaih luuaazsauaum d(1)=8, d(2)=1, d(3)=3.5, d(4)=9 uang
< Y 1 A S aad o o A 1 A (R A
d(5)=0.2 Run Sum Lﬂumuﬂiqumuau Run Length UM@DANTIAUAD ANRAY AT IVYAUDUUIATITU

LaZANAYEIgA A1 Run Sum tazmddaamsodm lannaums

i ()1
> (y - X¢)
[2.28]

t=tj

d(j) =

1NJUN 2.15, N j=1, t,=5, 1(1)=4

ty . 1(1)—1
d(1) = > (y = X¢)
t=1q
8
d(l) = X (y-Xy¢) =38
t=4
_ ] M
dN = M_Z_: d(J) [2.29]
j=1
o Mo
SN (d) = —_IZ(d(J)—dN) [2.30]
i=1
%
d N = Max(d().......,d(M)) 2.31]

2.8 Storage Related Characteristics of Time Series

A A A 9 1] <3 o g’ A . Y o Y
AUTNUAUVDNDUNTUIANUNYIVDINUNITINUNNUN (Storage) AD Partial Sums ﬂ']ﬂ”lﬂuﬂﬁlﬂ
9
DUNTUUBIIINIAD {x: X0 Xy } 9 NIOAIUIAN Partial Sums(S) I@anauns

[2.32]

Si=S;_1+X;-XN:;i=L..,N
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LU®
Si = Partial Sums (Use capital letter S)

S, =0
_ 1 N
XN = —

N Z

s o= |~ § (X; -XN)?

N N i=1 ! N (Use small letter s)

($1ONI IV Si 9LENITOMUIUN Range of Partial Sums 1AINANAT

1
RN= —[Max (So,S1,......,SN) = Min(Sq,S1,...... SN )] [2.33]
SN
A
ST)
R,= Range (Rescaled Range) of Partial Sums
HUIAAVOY Partial Sums 3z e 13011 1 1F umsvnaveserad i e wuasmvnae1ad Ui

Y94 Rippl A431/7 2.16

150,653y

b

b 285 530

Rippl diagram
a method for
determining Min.

, Capacity of Reservoir
to deliver x,

i

18,446
Ma\,eew

AT E

¥ 4 it [ P—

T
1857 I 1858

71N 17 2.16 Rippl Diagram for Determining Minimum Capacity of Reservoir to deliver Xx

Y ' = o ' . A . Y Y o .
DUDUNTUNIATM %A UAASYANUYUIA N ISTTNITAATUIUNAN RN(]) we j=1,....M hlﬂ 01U RN(])

lvrAunao 9318 A1 Mean Range faaum3
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M RN ()

RN M [2.34]

™

Mean Range, ;
j=1

A 5 — ) ~ o Y Y A A ' [
e Ry Tdwaesaifeunu N Tlunszais Log-Log 92 1an51lidua39ii5on31 Hurst Phenomena #14

s 2.17

log R_N=h-N logN
straight line in log-log

Ry ~ N hy

log R_N

log N

v
=

gﬂ‘ﬂ 2.17 Hurst Phenomena

1 Y
1% by, = AnuateFuveuduass FeazulsAuaua N Al
9 [l < 1 I
81 h, = % egusAEmaaIeYnIua Ui Short Memory
9 [ 9 J [
81 h, = % eenquansieynsuna ULyl Long Memory

1 <3|
81 h, 7 % uaasieynsuna i uuyy nifinite Memory

2.9 MINAaoU Non-homogeneity 4% Inconsistency maaagnsunmmaqﬂnﬁ‘nm

Non-homogeneity LI01& Inconsistency 6UE]\‘I’EJHﬂiiJ!,’Jm‘I/INE;‘“I/I'fﬁ‘l/l 81 1Y Trend 130 Jump (Slippage)

aa o Yo dy
TlNﬁi‘I@lfﬂiJﬁﬂ‘Vnhlﬂﬂﬂu

(1) Fitting Trend Function

m

_ 2
X, =by+bit+b,t +.....+Db t [2.35]

05Dy eeeresb # O

MINsNAgouIN m

(2) MInNageUNanIszrENAUNdeae Y t-Test
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Hy: uy—p, =0 [2.36]
H, tpy—p, #0 [2.37]
K =X (e )
1 1
‘ i/ N [2.38]
N 1 N 2
(N, -S> +(N, =1)S,>
S — | | 2 2
i N, +N, -2 [2.39]
L
th =N, + N, -2 |
Z ......... Reject Ho [2.40]
(3) msnageudadIumanuulsdsiulasly f-Test ﬁqgﬂﬁ 2.18
2
O
Ho: —=1
0 022 [2.41]
- 2
) 1
H: —5#1 [2.42]
G
2
f= 1
2 2.43
52 [2.43]
> fg,vl,vz ......... Reject Ho [2.44]
£ or —1 . [2.45]
< 1—%,\/1,\/2 fg Vo] Reject Ho
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f(f)

critical region

f _g 4 § fgav 2V
1 23‘19"2 2 2-'1

U 2.18 fotest

v Y H
aynIuNAel511sms Inaveuhsetlvewitih InTas11a 7 Lee Ferry 5317914 1856-1959 1199
a @ A @ v Yy = 1 A .
M340A Jump ag Trend A3 2.19 A298193M13 19 t-Test nadoumstasunlanunasee Net Basin

Supply (NBS) 5161904 Great Lakes ttera308 11015197 2.3

Annugl Hislorical Flows 10 ac.

L il TSR e i
E 8§ ¥ 2= - 8| & g § § § ¢ A
L"_‘—“IBQS— 1921 1922 — 1959

3 ﬂﬁ 2.19 Annual flow series of Colorado river at Lee Ferry, Arizona, 1896-1959 (1) historical

annual flow record with 1856-1921 period data estimated from other stations by correlation (2)
arithmetic mean for period 1896-1959 (64 years) (3) arithmetic mean for historical observed period
1922-1959 and (4) approximate trend in the period 1922-1959 (after Yevjevich, 1972)

39 2.3 Example of Testing for Changes in the Mean of the Annual NBS of the Great Lakes

System.
Lake Subsample Sizes Statistic t Change
N, N, From Computed in
t-Tables (95%) the Mean
Ontario 36 33 2.0 0.299 No
Erie 36 33 2.0 0.635 No
Superior 36 33 2.0 1.525 No
Michigan 36 33 2.0 0.866 No

St. Clair 43 26 2.0 4.477 Yes
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2.10 Qmauﬁ’ﬁmmegmunmswﬂ (Characteristics of Annual Time Series)

9
HamsAnIoYnIunaIveIlus 16N 1411 aoil luavigeminmwuieynsunanuall

[ [
anyazu Independent Stationary Process

' ddy ' 9)4? 1o =SIP 9 09.: =) ' 1
Independent #eau w1 T Tdvuegiuduilneuwiniu u3e Correlogram wanedn il

Serial Correlation

1 a 4 ] {
Stationary °Vi‘JJ'lfJﬂ'J'liJ'J"I“IN1513JLS5]’E)§‘U’E)\‘]’E)1§ﬂﬁJL'Ja1UbJL‘]Jaﬂuul‘]J@]TJJ

~ A . A v [~
319 2.20 uerasoyRIUIAV UGN Fr.Collins TaTas1Talianyaziluoynsunaiuy
A 9 A 2 A oy 1 =
Independent 1193910 1, HAToown wamsnadouwe 1911 P1=0 314 2.21 naasoynsunavesimell
Y

Ve v )] @ d 4 1 1 U
Y9111 Danube 1 Orsova Ju iy Felanymziilueyns UMDY Dependent HOIVIN r, AW 0.1

A4 gy
Waﬂﬁﬂﬂﬁi’)m%’ﬂllﬂ’ﬂ p1 =0

= vy =0.02 > p1=0
207 p/P 1 !

Independent

1.0

0 1 I | ] 1 +
10 20 30 40 50 60 70 118 30

3 Ufi 2.20 Annual precipitation series at Ft. Collins, Colorado, for period 1887-1978 (92 years),

in modular coefficients Pt/P with Pt= annual values and P = 14.57 inches= annual mean.

20r Q. 7/ Q ry=0.1 -=> pljéu
Dependent

MWLJ‘“’U\MJWMNWM

t

0 1 ] ] ] 1 ]
20 40 60 80 (00 {20

3 fi 2.21 Annual runoff series of Danube river at Orsova, Romania, for 120 years (1837-1957)

in modular coefficients, Q,/Q with Q= annual value and Q = annual mean.
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FEmsnaaaunniudase (Test of Independence)
(1) Correlogram (Time Domain)

(2) Spectral Density (Frequency Fomain)
2.10.1 Correlogram Test
1 Correlogram #1 k > 0 {ifA18guUeN Probability Limit A4aMNT 2.46 Uay 2.47 uaasiuiueynsu

@ 1 1 [l 1
1AV Independent Tun19A5I7 UG 81 Correlogram #1 k > 0 Tif10¢ 11 Probability Limit t1eag311iu

UNTNNNUY Dependent

—1+1.96JN-k -1
1 (95%) = N [2.46]
0 (99%) = —1i2.3;6:/11\1—k—1 (2.47]

9 9 9
@798 Correlogram ¥eI0YNITUNIAWBNI T 6T vewith 4 aeluglsi Ao 1ith Gota Tu
9 9 9
a1 U 13131 Nemunas ! Lithuania 41333 1Rhine 1u Basle, Switzerland 118211311 Danube 11 Orsova
9

l 1 1 : v . I
Tsuuile uaadedlugilin 2.22 W19 YNINIAIULI1HIN3181v0313i1i1 Rhine 1182 Danube 1HUo1nTUNIA

{ g/ ' 1 g’ <3|
11U Independent Gumzﬁmgﬂsmaawmmmiwﬂﬂlammm Gota Li0i¥ Nemunas L“]J‘Ll’f]léﬂﬁlll')ﬁ'lllﬂﬂ

Dependent
Iy < 5% 1s out of limits
:|: 0l— GOTA  RIVER |[-reer DANUBE RIVER| ) — 0
ost Tk(V) Pl — .~ 'NEMUNAS RIVER||-—~ RHINE RIVER 1
0.4}
0.3r ° : L{95%) tar N=120
o2k o\ . L1 95%) for N=150 | _/:\;1__‘__/:__:1‘ _____ o) for N 121 o
0 ANV 2 ot )
-0 1Y A ';__:_....L*_.._'___.__."':E“f/____:_____i‘:’_’:_...___
-0.2¢ L L(95%) for NzI50 L{95% ) for N=120

3 11 2.22 Correlograms of annual runoff series of 4 European rivers; Gota river in Sweden

(N=150), Nemunas river in Lithuania (N=132), Rhine river at Basle, Switzerland (N=150), Danube
river at Orsova, Romania (N=120). Probability limits at the 95% level are given for the normal
independent variables for two lengths, N=150(max) and N=120 (min), (Yevjavich, 1964)
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Y
13 Correlogram Y030UNTNIA10I11M1518 Hus191) 17 Autoregressive Model Y94

gl 1 e .. % <3 1 g' [ {
HUINM LAE 95% Probability Limits cdﬁmﬁmiﬁ’mmmu,ﬂﬁmammmumnﬂu Dependent mmz‘ﬁ@uﬂim’sm

voaruy Independent

1.Or 7 Runoff

- K Dependent
o8
0.6“

04t

o] -
T SR N _______f_)l;_‘iéla k

0.2k r‘FO 091 “"“""Y@“e%“%_““

Precipitation--> Independent

gﬂ‘ﬁ 2.23 Correlograms of St.Lawrence river at Ogdensburg, NY: (1) ry of annual runoff series,

(2) r of annual effective precipitation series, (3) correlogram of first order autoregressive model,
(4) probability limits at 95% level for normal independent variables with N=97.

511 2.24

u

LLEA4 Spectral Density ¥090YNsMIAVRINUTIET lumaaz T uanReuniloveszina

[ a % 1 1 a {
ANSFOITN FliA1 Spectral Density Uszuna 2 naasindusynsunamunddse 317 2.25 naag Spectral

Density U93401N3
Spectral Density U

NAMVUDETE

Y v
W15 1etveauiil Gota 11 Vanersburg UYseing Sweden 1Souineuny Fitted

29UV AR(2) Spectral Density U9 residuals ttag Expected spectrum VDIDUNTU

- Spectral density
o(f) = 2 Independent

3 i 2.24 Average variance spectrum of 231 annual (homogeneous) precipitation series of
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northwest area of USA (area between longitudes 94 and 85 and latitude 63.5 and Canadian-USA
border.

5.0 g(f)

AR(2)

95% Probability Limit

O 1 1 1 I
O (O c.2 0.3 0.9 f a.5

31t 2.25 Spectra of annual flow series of Gota river at Vanersburg, Sweden, for 150 years; (1)

estimated spectrum (2) fitted spectrum of second autoregressive model (3) spectrum of residuals
and (4) expected spectrum of independent series.

2.10.2 agUpaainifvesoynsuia1s1ul) (Summary of Annual Series Characteristics)

9
€)) fJ‘lgﬂiiJL’mﬁWEﬁJ‘U’le}Ju m Lm%’&ﬂiTﬂﬁi%mﬂﬁ’f)’J"ILﬂﬂfﬂWﬂﬂﬁg‘U’JuﬂﬁﬁImLﬂﬁ@ﬂ

4 aa J g’ ' oy
@) ounsuaeilii Tnsead1any Dependent HpennnszuIuMsssdindandveailugquii

1 v b A [l
3) mgﬂimamﬁﬁzaxsm (Long Time Series) #8491 Non-homogeneity HATUNUHLBINNAULAE
v Y
FITNUWIA 1Az 8el Systematic Error 1138 Inconsistency (NANINTU
@ eonimsndsunlasnuanianeatavesoynsua1da i lAmaa1n Non-homogeneity 11az

1A { a J § { a ngj
Inconsistency HAAINMIIAsu)asngimeaas lunuinTovesginiaiug

2.11 AUaNUAYDIDHATNIAMUY Periodic

. . ' o 4 o wa aa 9
BUNTUIAUD Periodic IUIIHANA 51ﬂla@u ﬁ’lﬂﬁﬂﬂ’lﬂuagﬁ'lﬂ?u 'E]’li]ﬁﬂmﬁllﬂ@ﬂ’l\iﬁﬂ@ﬂa'lﬂ

IS A

! Y 1 . . 1 aa . . [ {
W30A1INeYNTUNATeT I8 druiia1eAeeynINNa Y Periodic 93 MEDALLY Periodic dauTitviilou
A 9 = ~ [ 09.11 o = o 9 09.11
A9 1ATIET 1LY Dependent FIUAIAIN ( Py AU ULVUIIAOI AR a3 Ian Uy Constant
Coefficients L1811 Periodic Coefficients

<
5}1 X1 ﬁf)@uﬂihl’m'ﬂmﬂ Periodic ﬁ']iJ']'iﬂLL‘]JaQL‘]_IUE]‘LgﬂiJJL’Ja"ILL‘]J‘]JiJ'IGIiiTL!UlﬁfmﬂﬁiJﬂ"li 2.48
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[2.48]

4 . . {o o 1 S Y
110 z,_ ¢ A9 Standardized Series NAIAM X 1ag S, 1d7

fi1 Periodic Skewess 13150190 14 lagns Taking Logarithmic

Y Y
A198190YNTNIA MUY Periodic 518 7UUDI0AT 1N Tvaueair Tuiiii Boise 55 Idaho taasoglu

[ Y '
711 2.26 ouNTUIAWEIWATINT THavouhsedouan1il 11B.402 Middle Fork 499 American River 1nd

1189 Auburn 3 California tLgf miug 1 2.27 a1 Correlograms U8 Logarithms Y849 Original Monthly Flow

(y, Series) 110% YD 7, Series VBAD1 11B.402 taadnglugali 2.28
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3 ﬂﬁ 2.26 Daily flows of Boise river, Idaho, USA for year 1921.
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gﬂ‘ﬁ 2.27 Monthly river flows for station 11B.402, Middle Fork of American river near Auburn,
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California for period 1931-1960 (Roesner and Yevjavich, 1966)

: Yvao=log Xy
Correlogram of Logorithms of Monthly Flow Series X ’ ’

1.0 M .= Ve
.8 V,T St
.61
iy
L2t

-.21 10 20 30 0 50

-.4 ‘

- (a) K

7 l‘k(z) Correfogram of Stondordized Series Z

.6l

'l

A

3

.2

.1

0 TN .

-1 10 20 30 40 50
~.2 (b) K

3 U7 2.28 Correlograms of (a) logarithms of original monthly river flows (b) series on log-domain

after removing periodic mean and periodic standard deviation for station 11B.402, Middle Fork of
American river near Auburn, California (Roesner and Yevjevich, 1966)

Y
Periodic Correlograms Y9404 N313183% 518 33% 518 7 3% 1182378 13 JU Y84 Log Series Y9111

Tioga Uaadeglugiln 2.29
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1.0

| i () | ’ J !
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'90 L1 ] Lo [ ]
| ﬂ_d‘! il f'} il
so ') l |
0 3
J0p |
D{uh .
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0" 15 30 45 0
3 11 2.29 Periodic correlograms of daily, 3-day, 7-day and 13-day series for log-transformed flows

of Tioga river (1) r(1,t) computed from eq. 2.11, (2) smoothed r(1,t) using Fourier (trigonometric)
series and (3) mean of r(1,t) (Tao et al., 1976)

2.12 Qmauﬁﬁmmegmunmuuu Multivariate (Characteristics of Multivariate Time Series)

Lag k Autocorrelation 1ii¢ Lag k Cross Correlation YB39 NI NIAULIY Multivariate 61013 AU

Tdonanms 2.49

Z (X" = XX — X

_LZ(X(” X(”)Z(Xii’k— X

[2.49]

Correlation Matrix Y84 n 8YNTNNIAN mea@ﬂuﬁmmﬁ 2.50
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€ T (n ~
i 222 22
M = o o [2.50]
LSRR 0
~ _

Periodic Lag k Cross-correlation aunsadialdnnaums 2.51 wag 2.52

ﬁ > x (- XXy D -x D,

i —_ v=l _
R 1 SO, 2.51]
nT—k(1
N-1 | o
N N Z DTy vk O =R 0
1 — 9
rﬁﬂ S(ci)ngﬂ. ) [2.52]

ndoyaru 79 a019ilu Upper Great Plains v09aw3gomsn Tugi 2.30 ennsoiiwnaiig
AR A v o Jdo A Yo A v o J 1
Isocorrelogram U849 52 @DIUGINANNUTUWUTNUTDIUDU hlﬂﬂ\izﬂ‘ﬂ 2.31 ﬂﬁTV‘lLLﬁﬂ\‘lﬂ’ﬂiJﬁiJWH‘ﬁi%ﬁ’JN
Lag-zero Cross Correlation Coefficient (ro)ﬁ‘]J Interstation Distance (d) ilef magﬂug 1/ 3.32 11ag Isolines VDI

A Ao 4 ' = ! A
Husiapaundunsizrvulyi 301 uansedlugiln 2.33
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5171 2.30 Study area and location of 79 stations of precipitation in Upper Great Plains of USA
(after Tase, 1976)
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55° sSo°

100°
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317 2.31 Isocorrelogram patterns for series of station 52, as correlated with all other station series
for residual independent series, monthly precipitation in upper Great plain of USA (after Tase,

1976)
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rg =Exp(-0.00418d)

Q.4

Q.2

o] 200 400 600 800 1000

3 1/#1 2.32 Lag-zero cross correlation coefficient 1, versus interstation distance (d) and fitted

function r=exp(-0.00418d) for stochastic component of monthly precipitation in Upper Great
Plains of USA (after Tase, 1976)

900

40"

3 14 2.33 Isolines of 30 year generation monthly mean for precipitation of Upper Great Plains.
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Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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HANMSUAZINANANINEDATHIUM TN TUN

STATISTIC PRINCIPLES AND TECHNIQUES FOR TIME SERIES MODELING

A = 1= =
mammznmmﬂuuwﬂ 3

o

ﬂTi“]Jﬁ$3J1mﬂ'1‘l/\n’i1ﬁ!,ﬁ’e)'ﬁe’f’llfNLLUUi‘haﬁN (Estimating Model Parameters)
msutlaseynsunanIniimsuanuaanuuin@ (Transforming Skewed Variables into Normal
Variables)

M3UTLINUAIMITINNDT U Periodic A8 Fourier Series (Estimating Periodic Parameters by
Fourier Series)

M3 lFumsaglunslsznamaimesveauuiiaeuuatedls (Matrix Approach for
Estimating Parameter of Multivariate Models)

NMSNATDUANNH VIS TNUD LUV 103 (Goodness of Fit Test of Model)
m3snnuauiamMeatavesdingaas MItAasuIumT A0S (Preservation of
Historical Statistics and Parsimony of Parameters)

[ 4 ] 4
mimmswﬁ%gaiwmazmswmﬂm (Generation and Forecasting)

d v
3.1 maiamsdszanamnniitnes e iy (Basic Estimation Techniques)

a 1 a 4 dy Y a A
lWﬂUﬂﬂ15ﬂ§$3J1mﬂ']W'li'liJLﬁ@iL‘UfJ\W]uN 37570
(1) Method of Moment
(2) Method of Least Square

(3) Method of Maximum Likelihood

a d
3.1.1 35MInTvaUANMHIINZANUBIN TUSLINMAIINS NG (Goodness of Fit of

Estimators)

1 a 4 a dou 1 dy
fni@]ﬁ'mﬁfJ‘UﬂUWN!WN'IgﬁiJGLUﬂWi?Ji%N'Imﬂ']W'lﬁ'lilm'é)ﬁ ﬂ$W%1§m1%1ﬂLﬂmm@ﬂﬁﬂqﬂu
(1) Bias or Unbias
(2) Efficiency (Efficiency Estimator AoAlszuanla MSE tosn qn %39 Minimum MSE)
"9 A 1 9 Y a o d? A =
(3) Consistency (HU19ATUIDT N WY ﬂ'ﬁJﬁ311’]&1%3!,"1111ﬂaﬂ’lW15’]3JW]f]53J']ﬂ"llu NI o UM

Wlnd o



3-2

(4) Sufficiency HUIWANNINMS Gl%’ﬁff’agamnﬁ 1A (Maximum Use of the Information Contained

in the Data)
3.1.2 A)szanamu Unbiased (Unbiased Estimator)

M a= @nlszunaai (Estimator)
a 4
a = N19UKDT (Parameters)
9 n 1 A A . .
01 E( &) = a 4aA321 & A Unbiased Estimator
oy E(6) #o Haaan & A9 Biased estimator

Bias = Ol — E(Q) [3.1]

3.1.3 Efficient Estimator

1 d‘d a a = 1 d‘d ¢;
misznanldszansmunuenamiszuaniiai Mean Square Error (MSE) AR INANUNIT

‘ﬁ 3.1
Bias =o—k(d)
Estimation Error =a—a [3.2]
MSE —p(a—6)?

=E[(o- E(&))- (6 - E(&))]?

=r(a—r(6))? +E(6—r(c))* 26— () N6 —r())]

=(o—5(6) ) +var(&) —2(0—E@EG—E@) ; E(6—E(&)=0

= var(&) +(o (&)

= Var(60) + Bias 2 [3.3]

IS

.. MSE ziiié1ga 81 & 110 Unbiased Estimator 11ag Variance 494 @ In1d1ga
3.2 Method of Moments

Y @ 1 % o o 1w
M X = awtlsgu Fadileadumsuaniaauminy fix)

E( r) =" Population Moment of X

= | x"f(x)dx [3.4]
M, =" Sample Moment of X
L [3.5]
= —¥x! .
Nia

a o 1w
WINIINAS laens Tagliauns 3.4 nuauMs 3.5 M, = E(Xr)
gNAIBENLLUIIADIDEINIY

Xt = a+bzt [36]



zt = Independent Random Variable with E(Z) = 0 and E(Zz)=1

E(X)=E (atbZ)

= a

E(X’)= E (a+bZ)’ =E(a’+2abZ+b’Z’)
= az-f—b2
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1 A
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a I Y ax J Al A . 9 J A A
miﬂizmm‘wwmm’e‘J5mmﬂmuumﬂ@mﬂizmmm Biased Elﬂnuﬂ'lmﬁﬂﬁiﬂﬂi%iﬂmIﬂEJ

P 1 @ I [ {
15 Tuudn 1 n3gina Biased @paiim3USuud191ilu Unbiased $901319% 3.1

H @ [ a o 3
M3199 3.1 MIUsuudamniimes 13131 Unbiased

3-3

[3.7]

[3.8]

[3.9]

[3.10]

Estimator Unbiased Biased
1 . 1 =
$2 = Ez(xi -Xf = EZ(Xi —X)Z
_ N X=X | (X=X
g NN DE S D

GRNFAT I Asymptotically Efficient %30 Unbiased + Minimum MSE 1io N—> 00

3.3 Method of Least Square Estimate
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3.4 Method of Maximum Likelihood

Y, = (Yo s Yica s eoeeennns Yips Ayseeeeee a, )+ & [3.14]
Sample Series: (y; Y, sovvevvneen. ,YN)
a = (&) soeeeiinnnnnn. , ap)
& — Error Time Series (1 Independent Series
E(&) =0
L(.) = Likelihood Function [3.15]
= &, ,EN: Q)
= flegsa)fler;a)ninni. fley;a) Lﬁmiﬂﬂ €, ndJu Independent Series
N
- 7 f(esa) [3.16]
LL() = Log Likelihood Function

N
-7 f(esa)

N
- tglln f(e;2) [3.17]

AIWNHN Maximum Likelihood Estimate A1szanannanganoeailszunmainiilva LL() i

9
AR AHUMIUNAN Calculus

0
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%6, ) 0
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p
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Maximum Likelihood Estimates 3 AMUTU Jandn 2y Ao Asymptotically Efficient, Consistent LQi&

Sufficient Estimates

fee1ai 3.2 ﬂTi‘Vf1W151ﬁl@f’]iﬁlﬂlﬂﬂllﬂﬂﬁﬁli’)\1 AR(1) 1a87% Maximum Likelihood

Yo = @Y t+¢g
— Random Error Term Faianyaiziilu Independent and Normally Distributed Fall

™
|

E(g)=0uag Var(g,) =o.

L) = flg,....e0:0)
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3.5 m3dszanammnniimeslaeds Regionalization (Parameter Estimation by Regionalization)
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WITNABILUD Regionalization #NNIDYINUYU Lag Zero Cross Correlation Coefficient (r(l)Jj VDIDUYNTY

= ~ v A = ~A A v o Jdo A
nmvluiwmaumm 52 @DUNUADIUDUS BN 79 DU Nﬂ’J'liJ’ﬁiJ‘WHﬁ@\‘Igﬂ‘Vl 3.1
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rg of Station 52 vy
100% a5® =T- 14

0.8

rp=Exp(-0.00418d)

o6l 47
o4t

0.2 -

* . -0.2 t

R 190 200 I d =interstation distance

e
15° miles —0.4 1 L '
Q 200 400 600 8C0O 1000

(a) Isocorrelation (lag zero cross correlation) (b) r, = EXp {— 0.00418d }
pattern of monthly precipitation of Station
52 and other 79 stations series in the Upper
Plain of USA.

r, = Lag 0 Cross Correlation Coefficient

d‘ a J an . . .
317 3.1 M350 03 1AgIT Regionalization

3.6 msuilastoyalviidumsuanuan@ (Normalization)

' < a
msuasdeyaniimsuanuasuunl (Non-normal) x, 1Wilunisuanusalnd (Normal) y, fiviae

Y
3% fase l1/i
= = .
nsmaumunmsmﬂ (Annual Series)
do
@ mavasdrelantu Log

9 A A oy V& oA a o
01X, ﬂi’]Nuﬂi@u"lvncﬁﬂllﬂTﬁLﬁ]ﬂlﬁNL!f]Jll Log Normal 2 (2 W1351461979)

Y= Logx,) wilmsusnusanuuind Nly;py oy )

2
_l Y—Hy
1 2 Gy A
f(y) = e .Y IN1540NLA9L LY Normal [3.18]
o
y
;2 [log(x)—uyJ2
e % ) X UMIUanutuY Log Normal [3.19]

f (x)= —\/%XG

log(x, )— ~
nazti z,= log(x,)-n, N(z;0,1); Z in319nUI9UVY Standard Normal

Oy
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M x, UNMILANUIUY Log Normal 3 (3 IRERITELEN
= a = I
y,= log(x, —c) velinsuanusanuuind N(y;py oy ) Taell c ifu Lower Bound
) masulasdie Square Root

a J
5}'1 X, UMILUINUIIVY Gamma 2 (2 W19ULMD79)

1 _X
f(x)= ———x*'e P [3.20]
)= F)

Y, = \/xT wwuMItanuauulng
81 x, UMIUINUUY Gamma 3 (3 W51HADS)
Y, = \/xj—c imstanuaanuulng N(y;uy,cy)jﬂﬂﬁ ¢ 111 Lower Bound
3) mM3su1lasn e Power Function
y= a(x—c)b [3.21]
b= Menaeiaiinnadi 1w 1—, 1—, L
2 3 4
NIAUBYNINNVY Periodic
12 mudenlumsutlasdoya
Vl?ﬁlﬁ’aﬂﬁ 1: Normalize x noUNIIA M Nag o,
madonii 2: neus1A 4 1Az o, HEUMIT Normalization
fordevoamadondi 1 fe 4 and o, Y84 Normalized Series (y, . ) gniaifion (Distorted)

Xy,1—H1 y

D) { ' Y4 3
Jordovesmaudonii 2 fio Y, .= naviawanuaza ¥ luamnso Take Log 14

Ot
Wandulumsulaseynsunamuy Periodic 121
b’[
YV,T: a‘c(Xv,t +C'c) [3.22]
11 ¢.= Periodic Lower Bound
a, br = OQOther Parameters
=}
nio Yy .= log(x\,,T + ct) S T , W [3.23]

= . . Y s = Y
ATUOUNTULIDULUY Periodic ﬂ?ﬁﬁl%ﬁ\iﬂ%uﬂ'ﬁllﬂaﬁlﬂﬂjﬂuiunﬂﬂ'ﬂl T

d
3.7 MIMMNNAABSUVY Periodic 1aa]¥ Fourier Series

Yy = Normal Periodic Time Series
yV,‘E = /ur +O-T ZV,’E

. . £ <3| AA
Zyn = Standardized Normal Series mmmﬂumgﬂsm’;mgmu Dependent NN

{ <
Correlation L!,‘]Jijﬂdﬁﬁ?i’) Periodic ﬂ"l,??]}



AR(1) #1UU Periodic Coefficients
R [3.24]
(I)l,r f® Periodic Coefficient =f(p,.)
n3dl AR(D: 911 =P1r [3.25]

i 0. and p, , ansatsznme ldaneynndlod g

3.7.1 3msvszananiuuy Non-Parametric Approach

A3

Aas . . 1 a N Yo A
M1U3T Non-Periodic i]%ﬁ'"lﬂﬂiﬂ‘ﬂﬁgﬂﬂmﬂ1‘1/\“5111!,@95“1@]@\11!

i ~ H'c
2
s> ~ 0O
gr ~ YT
rkr ~ pk,‘t
Ug "~ Vg

[

4 o 4 Y ' a J o w
Lﬁ'ﬂ u ﬁ'ﬂ muaﬂymmmmﬂizmmﬂnmu Non-parametric L% v ﬁ@W”Iﬁ']iJLﬂE]i@ﬂiJﬁ']ﬂU

I
3.7.2 M3UszanammNNnes a5 Fourier Series

J— 1 N
Y. = Xy ot=l ,® [3.26]
N =]
Cr - L=V T=Lenn, , ® [3.27]

d' e A 1 a 1 ad .
e v AomAaNuAana1nlumslszuian Mean 19875 Non-parametric

A 9 =
NIUN N UBY CT SUMUIN

~ A Y Py 1 A0 9 1
NIUN N WD RGERGE YT 92 Smooth NUAY €1 ITUATUDYNIN

Aax . . Y A 1 an .
7% Fourier Series 9 111A11/521184% Smooth N3175 Non-parametric

3.7.3 n1iﬂizmmﬁ1 Fourier Series Coefficients

o Y 3 Y ' . a 4
Mruali Ur Aualszanaauuy Non-parametric ~ UBINIIIUADT(v)

Y A . . .
14 V.= Fourier Series Estimates of v

h 1 1
{/T =u+ Z|:AJ cos(m} + BJ Sln(m}} T = 1, ............ , [328]
]

—y ® ®

3-9
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1 (0]
u=—)» u, [3.29]
A, B,= Fourier Series Coefficients G=1....... ,h)
j = Harmonicsj
h = Total No. of Harmonics and the Last Harmonic
a) 1 % 1
h = 3 M O = 1avg onA1e1e h=—=
a) _1 t:‘ Y] 1 365 1
= —— M ®=1avA sndI9e1 h= =182
2 2
20 2mt ) .
A = — 2 U cos( L j;]zl, .......... ,h [3.30]
® =] ®
2 0 . (2mt) .
B, = — 2 ug sm(—Jj;J:I, .......... ,h [3.31]
(] ()
1 O = rava
2 27h
A, T —Zﬂr COS( Tj [3.32]
=1 @
B, =0 [3.33]

Y Y . o A Y A
1990 Harmonic Tumsdwam v_ azlan ¥ =u.
F4

Y

1 a 4 % 1
aariu lumsdsznaamsimes v 14iieq Significant Harmonics (h*) #4t08n31 h

Cumulative Periodogram ADITNMIHIA Significant Harmonics

3.7.4 Cumulative Periodogram Test (P,

1 © _
MSD(u) = — 2 (u;— u)2 = Variance of u [3.34]
O =]

1o MSD(u) =Mean Square Deviation of u %30 Total Variation of u

MSD() = %(Aﬁ + Bf) i P )h [3.35]
= Mean Squared Deviation of Each Harmonic (j)

h -

MSD(u) = Z MSD( _l) : All harmonics [3.36]
j=1
i MSD(h))

P = - )
'~ & MSD() 571

1o P, = Cumulative Periodogram

h; = Significant Harmonic f h;
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) i . .
Fupeumsiam 2 MSD(h;) uaaseglumsin 32 e P, lundeansiezla
j=1

% 1 I 1 [ {
Cumulative Periodogram Feeunsausiseamilu 2 @u Periodic Part Lo Sampling Variation Part @N?j‘ﬂﬁ
] ' 1 { o

32 i;mmﬁzmnmuﬁgﬂu Periodic !¢ Sampling Variation Ao Significant Harmonics oy Sampling
.. o Y 1% A 1 A o o 1 A . . FY =
Variation Part 1iluiduasaaegi 3.2 uaasieynsunauiehdadiuiilu Periodic oonliudvzl
o & 1y . L. IS Y Y o A ' A o o
anvazdu Independent 1§91 Sampling Variation Part Lﬂumuimmgﬂﬂ 3.3 UAANBUNTUNIDUUDNIIN

' { g ) 3
auiilu Periodic 0on 11/d19zlidnyaizidu Dependent

13197 3.2 Calculation of Cumulative Periodogram

Rearranged
Rearranged Cumulative MSD(hJ.)
Harmonic MSD Order A
MSD* 10 j=1 to i
Harmonic
j MSD(j) MSD(h)) i 2 MSD(hj)
=1
i=1
1 MsD(1) | MsD(h,) 1 _ZIMSD(h i) = MSD(h,)
=
i=2
2 MsD(2) | MsD(h,) 2 2MSD(h;) = MSD(h,)+MSD(h, )
J:
i E MSD(h i )
h MsD(h) | MSD(h,) h
Total MSD(u) MSD(u)

*Re-arranged from most significant harmonics [highest MSD(j)] to least significant harmonics

h,= most significant harmonic [highest MSD(j)]

h, = least significant harmonic [lowest MSD(j)]

i MSD(hj)
p=>—2
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Significant harmonics

Sampling Variation Part
oot .
Pi _ = -
080} = Daily
' _ w=365, h=182, h*=6
= (approx.)
060} A Monthly
': S Staright Line w=12, h=6 and h*=4
! 3 Zy - independent (approx)
040 |
!
i
020l : Periodic Part Observed
A Fitted
oLl ‘
0246 w/2 or (w-1)/2

gﬂ?‘l 3.2 Separation of the Cumulative Periodogram into the periodic part for both the observed

(1) and the fitted (3) and the sampling variation part, also for both the observed (2) and the
fitted (4) in case of a periodic time series with an independent stochastic component.

1.00¢ P

0.80¢

0.60 ¢

Curve
Zy t- dependent

0.40 }
0.20
- h* i
' ]
0 T . .
0246 w/2 or (w-1)/2

gﬂ‘ﬁ 3.3 Sepeartion of the Cumulative Periodogram into the periodic part, observed (1) and

fitted (3), and the sampling variation part, observed (2) and fitted(4), in case of a periodic
series with an autoregressive stochastic component.
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o v a 4 ' 3’ J 1 {
#7981 Cumulative Periodogram "IIEN‘V‘I'ITI?JLG]EHLL“]JUG]'NG]GUENP\lullﬁzu'lﬂ'luﬁﬂ\iflgcluzﬂﬁ 3.4-3.7
ﬂiﬁ‘ﬁi}mlﬂﬁ%ﬁ’j%‘l Periodic Part 1lei¢ Sampling Variation Part liFanuazm Significant Harmonic(h*)

a9 0.9-0.95 U84 Explained Variance (Pi) ﬁ\‘lj,ﬂﬁ 3.7

1,00

090

0.80

0.60

0.50}

0.40

0.30

i
1 i I} ] I |

] 1 i
0 20 40 60 80 100 120 140 160 180 200

gﬂﬁ 3.4 Cumulative Periodogram of five parameters of daily precipitation series, Ft. Collins,
Colorado

L.oo

Q.50

080

0.70

0.60

0.50

0.90

Q.30

0.20

Q.10

_

51l% 3.5 Cumulative Periodogram of five parameters of 3-day precipitation series, Austin,

Texas
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L.og

0gb

0.804
0,70}
0.60
0.50}
0.40H
o.30}
0.20}

Q.10F

0.00 L

L 1

,t

t

1

i

Q0 20

Y

40 &0

L
80

100

120

140

160

!
180 200

P

20 24 28

1

519 3.6 Cumulative periodogram of five parameters of 7-day precipitation series, Ames, lowa

If the separation point
cannot be identified

h?’r

i

h* - 90-95% of
explained variance

519 3.7 Cumulative periodogram of five parameters of daily flow series of Tioga river

a Jd o Y]
3.8 msdszanammnsndlimesveauuudiasariangnuys (Multivariate Model Parameter Estimation)

a a J
3.8.1 'J?if'ﬂiﬂf‘)ﬂ Square Root UDINNINY

BB'=D

Y o ' . ! .
21N UANT Matrix D 93311191 Matrix B

° o i . 3 4
HamM AU 1 NadNS 1LY Unique Solution NeaLile

[3.38]



ag

(1) Positive Definite

—

J
2
312
3132

(1) b?
(2) bl
(3) b

n

>0

Lower Triangular Matrix

Positive Definite W?ﬂ Positive Semi-definite

[

ji

b for j=1,1=1, ........ N
e, 21
[d” _Z(blk) ]2 forjzz,
k=1

_ ijkbik

9

Graybill(1969) taueuuz 35 1umM3IH1aA1 B 1ile D 1ilu Positive Definite 411

,nand i=j
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[3.39]

[3.40]

[dlj J_l }
K= for j=2,...,n-1 and i=j+1,...,n [3.41]

bjj

size of square matrix B and D

) Y
Lane (1979) @ uouzI5 11MIIHIAY Matrix B 1319 D = Positive 1130 Positive Semi-definite #1431

X| x| x| X%

x| x| %x|O

x| %O|O|~
x|O|0|O

bki
bki

0 forall k<1

# Oforall k>1

o d" Y (6" <0

uay bh=

idi

dki _zbijbkj

I<i forallk >1i

oz

j<i

[3.42]
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1o d" - z (b ij)z >0 [3.43]

idi
A o 1 . o 4 ) 1 . 1Y 4 o w
FFUNIATUIUINNNAIVON Matrix Tupoaui 1 uéjﬁﬂmu’gmm Matrix Tuneauil 2,3,4,.....04a19U

3.9 MINATDUANMHKINZTNVD NV (Goodness of Fit Test)

a @ o | @ a a
auuAgIuManveuiaedne € Wudnlsodszuazimsuanuasnuuinf(independent and

I a @ 1w
Normally Distributed) 33d0siimsnadouanuilludsaszvesdunls € uaznagoundunls € Imsuan

waguuvilna

3.9.1 msnaaeua N iludase (Test of Independence)
2

minadouanududaszivaeIsail

(1) Anderson Test

E4
ad A

A519215U91NMS AU Probability Limit A3auns [3.44] 81 ACF ¥04 €, Lag 110710 a1

1 1w 3| o a
0811 Probability Limit aa191duls € iludnnlsoese

—1+z 4, N—k-1
2
N—k

n ()= [3.44]

Zy/2 A9 z-score 1 Exceedence Probability MU OL/2

] [ a
M I, An U9 + r (O saanilunuuedase

(2) Porte Manteau Lack of Fit Test
- 59 Constant Coefficient

a379a01 a1 Porte Manteau Statistic A9eUN13 [3.45]
L)
a=(n—0a) X2 (¢) [3.45]
k=1
" Q< Xi—p—q HAAIUDVTIAD Adequate n50 €=Independent

Q = Porte Manteau Statistics

L

Max. Lag = 0.1IN - 0.3N
d

No. of Differences 113U ARIMA(p,d,q)
*21pq = Chi-square Statistic 100 Probability 1i6i¥ L-p-q Degree of Freedom.
- Periodic Coefficient
NIBIVDIDYNTUIAWUL Periodic 92 1¥A1 Modified Porte Manteau Statistics (Q,) A4S

[3.46] lumsnaaeu



3-17

=N ZL: 3 [rkﬂ(a)]z [3.46]

k=1 =1

No. of Periods per Year

N

No. of Years of Record

(3) Cumulative Periodogram Test
FmsnaaeuanuiudaseIasld Cumulative Periodogram 1&na1uudqluiave 3.7.4

o 1 %) Y o [ 1 '
Waﬂﬂ”ﬁﬂﬂﬁﬂﬂu‘ﬂﬂﬂ”IEJﬁi’)ﬂTﬁWﬁ'ﬂ@ P, MOV i AMIUDYNITULIAULUY Independent AN P, WwNITIY0Y

9 A A Y o Ao 9 1
FOUNAUATINTONYA (0,0) LA (0.5, 1.0) S mau P, iduim ldnszarvegniouen Confident Interval
KOL { A a 1 1 [ 4 L g
ifﬂjauﬁ’umqﬁﬁan@ﬂ (0,0) 118z (0.5, 1.0) MINAUNI ON taaI €, aaalinaalsznovindlu
N'
! { o 1 o 1 i o
Periodicity 8¢ Periodicity 13 Harmonic h, Tu € v¢1i11# MSD(h) fifnnnuaginarhlmnnden
A Y d? J A 1 A
WYV UNNUTAUATININUU AT Ky AB A1 Smirnov-Kolmogorov Statistics Tumsen 3.3
MsD(n, )

Pi = ) —— = 1,....,%0r (N-1)/2 [3.47]
j=t o,

iiie o’=Total Variance = MSD(u)

[3.48]

2 |(N 2 (N 2
MSD(hj) =— D &t cos(2nhjt) + 2 & sin(Znhjt) ; hj =
N t=1 t

=1

K o from Table 3.1

If the no.of points falling outside
the limits are greater than o.N,
itindicates ¢ has periodicity

otherwise g independent

For example o.=0.01, N=100,
K g [¢N=0.01x100=1, if there are 2
—— |points falls outside the limuts, 1t

N indicates that £¢ has some
periodicity

/ - -
p 0.5 i

N'= !.N__":.}.\\‘hc‘ll N=even  N=i=:J N L) \hen N=odd

51/ 3.8 manaaeuauiludasz Tavld Cumulative Periodogram
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o 0.01 0.05 0.1

0.2

0.25

K 1.63 1.36 122

1.07

1.02

(4) Test of Independence in Space

TdnanmsnaaenauuAgIUI Cross Correlation Coefficients (D) WNADUNTAIN 0 81 N 1)

aunaznaaou Iagld Z-Score aaaunis [3.49] 81 N Uannnaznaaov Iaeld Confident Limit 919

aunN1g [3.50]

Ho:p'=0; Hpi:p"#0

1o N 1IN

_Zg Jrzg
2 2

IN N

ij
< 0 <

1 N Tailes
I ) _.u

F <l <T e
g0 B

. (1+p)~(1-p)eso(225 VN —3)
B (1+p)+(1—p)exp(2ZB/\/E)

B - %: Upper limit (% = o.os,o.ozsj

AcceptHo: p’'=0

= Lower limit

p = I-

R

3.9.2 msnageuaNnIulnf (Test of Normality)

[3.49]

[3.50]

3 aA 1 A o =1 A Aas A
ﬂ15‘VIﬂET’E)‘]JFITJ13JL‘]J“L!‘]Jﬂ@]ﬂ@ﬂ"li°VlﬂE‘T?J‘]J’JW?JHﬂi?JL’JﬂTViiﬂWJLL‘]JﬁJﬂﬁl!ﬁ]ﬂl!ﬁ]ﬂu‘]_l‘]_l‘ﬂﬂﬁ UITN

teuldTaena 1 3 3370

a ) a
(1) 350519 TasnN15Wa0# Empirical Distribution U1nTzAHNT1WMTHan131n@ (Normal

{ o 1< 1 a
Probability Paper) ansinaemiluduase uagaseynsunailimsuanusauuuilng

(2) MInaaeULLY ¥ -Test

(3) msnagouAunl (Skewness Test) MsuanuauUnAvziiary =0

6 6 ' = a
-z, '/W <y<Zz, '/W HAAeI Y=0 wielimsuanuawuulnd 81N> 150
2 2

v Y1 A
01 N<150 Glfb’f’ﬂ YOL,N AMNHN1TNN 3.4
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1 T<Vo N LRI Y=0 HIOUMIUINIIALUUYNA (Normal Distribution)
9

MmInageuuuy y” —Test

2 k (Oi—e )2
X o= y—1 [3.51]
i=1 €
O; = Observed Frequency
ei = Expected Frequency

2 ' o —
8 277 < Ko () HAAINBONTY Ho : X ~N(X(;X,$)

Table 3.4 Table for skewness test for normality for sample size less than 150
(after Snedecor and Cochran,1967, p552)

Yo Yo

N o N o
0.02 0.10 0.02 0.10
25 1.061 0.711 70 0.673 0.459
30 0.986 0.662 80 0.631 0.432
35 0.923 0.621 90 0.596 0.409
40 0.870 0.587 100 0.567 0.389
45 0.825 0.558 125 0.508 0.350
50 0.787 0.534 150 0.464 0.321
60 0.723 0.492 175 0.430 0.298

o d $
3.9.3 MINATOUIIHIHIITINNDINNBIHNE (Parsimony of Parameters)

S ¥ o o (2 va

Tumsasuuuiraemnalawaaan Tudandagdeda linemssnunuantianieana

g

Y . .. 2 oy & A oA 9 ° Ao A 7
m@\iq]f‘]ll”a (Preservation of Statistics) GIUUDINIVIIAIU  DIWUVVINADINTIUIUNITIULADTUIN

vAa ana { [ o, 4 1 vAa aa
AUAVIANNADAVDIDYNTNIAINTUATIZHIUNT (Generated Data) vz lianihIndnmantianieana
LY 1 o a d 1w o Y ]
ﬂl@\i@iéﬂiill’)ﬁ“ﬂ’)@fﬂ\i (Historical Sample) fﬁi}mau‘wwimmaimmummu%}ay’amamq (NO. of
{ o . -4 [ [ [l [ 09/’ a
Sample Size) 0YNIUNANTUATIZHVUIZITOUN DO YNTUNAIAI0ENNUTzMs daiuTaglng
Tumsaanuuiiasa veimualiisaumnsidmes liunnu T Tagazidonldnnig
a P 9 = o w [ o 1 3 ] [ ~ 1 1 ~
‘WTH'HJLGI?J'i‘ﬂ11ﬂ’NﬁJLL‘l]'iﬂi'Juuﬁ)ﬁlllﬁ%uﬂ’JnJﬁWﬂiUuﬂ@LLUUi]Tﬁ’E)\‘lL‘VﬂL!’L! WU AURQY ANTFIUDIUDUU
U1A731U 1ag Serial Correlation Coefficients
(1) Parsimony
Y] . ~ 9 o @ o a 19 Y a [ Y =1
AUNANNITUDN Parsimony ﬂ@]ﬂﬂ%?ﬂﬂ’ﬂ'IHQMWTiWMLﬂ@ﬂiJGlﬂiJ"IﬂLﬂHVl‘]J %zmwuﬂalwmwu

Parsimony (Index of Parsimony) ADININAINTBINIAY 15 Aaaun15N 3.52
N
o = ? = Index of Parsimony = 15 [3.52]

1l N= Sample Size
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k= TUIUMTIa0S

N= 30x 12 =360 1A}

N 360 . - :
k= 515 24 (F w5 1imes a5 ioonn 24)

Taena I nundiaessiadenazdsaumsiimes =36 {120, 126, 12p }

(2) Akaike Information Criteria (AIC)
AIC Aotnasinddnyildmaaoy Parsimony of Parameter 115 UHUUT1899 ARMA(p,q) 92

AUTDAUIUMIAT AIC TAdaaums 3.53

AIC(p,q = N1n(62)+2(p+q) [3.53]
N = Sample Size
&f = Max. Likelihood Estimate YD 0'82

AN AIC tuuiiaesimunzaufonyus1aesi AIC drga

(Y d d
3.10 m‘;mamwwﬁ’egmmzmﬁwmnm& (Generation and Forecasting)

(%4 d
3.10.1 MIaANT wﬁﬁlallﬁlga (Generation of Synthetic Samples)
o { 1 13 a <3 o
ﬁWNﬁﬁﬂﬂTiﬁﬂﬁ??M%Léjﬂ msﬁ%’mmmmmmgﬂsmnaquwmmmﬁennﬁ%’nuuumam
. . A . d! I v Q'J 1 . . q'/
U943 White Noise ¥150 Independent Stochastic Component 343 gniuna 1l Whitening Process Tagnal1
Al % g
CAUNAIN € 1D White Noise Fuilu Independent Stationary Normal Variable.
o ¢ 4 o ¢ b A
ﬂ1§ﬁ'\1!ﬂi18ﬂ%@3§,aﬂl§ﬂiunﬁ1ﬂ$ﬁ3Ji]'lﬂﬂ'liﬁ'\uﬂi1$1’i Independent Normal Variables GdﬁﬂﬁﬂWLﬂaﬂ
Y '
WA 0 warAuuIYsIUNIAY 1 AN UIUNY Time and Spatial Dependence Structure 1A
Periodic Components 12114/
(1) Univariate Time Series
@ 1 o g Y 9 o
fJﬂ@]’J’E’JEJ'Nﬂ'Iiﬁ\‘]LﬂiWZW"U?JlJuaIﬂﬂi%tlﬂﬂ%?ﬁ@\‘l AR(1)
2=, 2,+€, [3.54]
&
¥\13]
. L A A o "o
z,= Dependent Normal Variable BaAunagmny 0 uazanuulssiuminy 1
y, — i
z, =+ [3.55]
Gy
(I)1 = Autoregressive Coefficient

auuAld y= log(x) = Normalized Variable with Mean L, and Variance Gi

€, = Independent Normal Variable with Mean Zero and Variance Gi
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& =0,5, [3.56]
ol =1-¢; [3.57]
am150¥1 o 1ATaen1s Taking Variance Y99 €, YILLUFIADI of AR(1)

€, = Independent Normal Variable with Mean Zero and Variance One

:’J (¥} d
6]]1!9']91!ﬂ‘lﬁﬁ\ilﬂ'ﬁ‘l%ﬁﬂﬂﬂﬁ“!?ﬁ‘l
(1) Generation of E_,l
agq Y

@) auualiz,= U =0
3) z]=0+08§1
4 y= ﬁty + 6yZ1
(5) x,= Antilog(y,)

o aa.l‘ L!' = o 2
(6) HVUN 1095 M5V t=23,...N

o s Aa Y Ay ' @ s
7 ﬁ']il'liﬂﬁ\u‘ﬂﬁ']gﬁﬂuﬂiuna']ﬂll”llu']ﬂ N 1ﬂﬁa185§ﬂﬁ1uﬂﬂﬂ\1ﬂ1§ Lmaluﬂﬁliﬁﬂlﬂi'lzﬁﬂlgﬂﬁll
1 { o o g 1 o vAa an
L'Jﬁ']ig]}i’]ﬂﬁﬂ'lﬁﬁﬁ'ﬁ]ﬁﬂﬂ'l']f]‘léﬂii]wa']ﬁﬁ\uﬂﬁ']3114%1!111%@1']%']3’5\3ﬂ‘kl”lﬂmﬁuﬂﬂﬂ']ﬂﬁﬂ@‘ll@ﬂ

aynsunaluoda’la

TunoumMIFUA31ZH White Noise () A28 Excel
(1) duns 1R Uniform Random Number Taeldilafdn RAND()
o o . Yo Jw ] o & s w
(2) d9A35124 Standard Normal Variate Iag 1%#an%1 NORMSINV 14 maansainilandu
RAND() 19 Input @115 17975 NORMSINV

[ r'd a 4 1 [
3) Tumsdunsizy Random Number a8aauN 1003592 13'1& Pure Random Number 1¢1'161

4 1
a K

2 o A .. . 1% us.l} 2 o o 9 = o <Y A Y
Pseudo-Random UNY Initial Biases muumanummﬂ15mgﬂ51$wmagagwa"lamm e
(38071 Warm Up Length
A o P4 - p a ¢ a .
mgﬂ‘imaammmﬁwwmu%xuﬂiﬂwuiummmﬂwmmmm (Risk) Glumﬁ’muwu BRI

1 Y
wazmslianmsneINUszUBLKaN

(2) Multivariate Time Series
[ 4 Y] { [ wa A o
ﬂ15ﬁ\1!ﬂ5181’7’E’JléﬂiiJL'Jﬁ'lLLU‘]JWﬁ'lEJG]’J!L‘]Jiﬁﬁ1ﬂ1iﬂ§ﬂﬂ1ﬂmﬁﬂﬂﬁlﬁﬂﬂﬂﬂ Time t1a% Cross
Y
Dependent Structures Y940 NINIAMA0ALT 3 111UIN A1

uuIMah 1: 19 Linear Regression Analysis
it audunlsdesnin s (m<s)

, 1 . _
EV =, + o+, +o, &0+ [3.58]
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Lﬁ’ﬂ

éij) = Independent Normal Random Variable (White Noise) with Mean Zero and Variance
One VOIOYNTIIAN j o i=2,3,....0

Olyy OLppeeemnenns ,0; ;= Regression Parameters

() —
ﬂtJ -

Independent Normal Random Variable with Mean Zero and Variance= Gi(j)

4 o ¢ 0 hoA o .
Sunnmsdaniizd £Vandn® udrnesdmnanm £ D eV ileInyT Cross-correlation
4 A 1 : ] o 1 a J 1 @ :JI
Structure (ietituen &7 Tl Tuaums wdesdnammsiines o Ini) nasmniudanla
. < T e T o w
gD iy 20 9029 gydiey
@ 1 ; 4 4 [ o
A29819m13 1¥auN13 Linear Regression ¥09 £ 1o j=1,....5 iomsdunasizioyninmeig
1AOUVDY Net Basin Water Supply U494 Lake St.Clair &is ) 118 Lakes Ontario, Erie, Superior and Michigan-

Huron tia@adeg luauns 3.59 (Yevjevich, 1975)
5 = 0.00065 + 0.1258E" + 0167212 — 0.04994EX +0.193156@ + 1 [3.59]

U4IMaA 2: 19 Multivariate Matrix Approach
Qddy @ 4 ng . 9 Y] ~ [ P A A
Iﬂﬂ?‘ﬁuﬂ$ﬁ\‘llﬂ§1$‘Vi’é]‘lzgf‘liilnaWNJ YA NIDUNUUNUNISTIUATIEUNAS YA UDULUINNN 1

= Qddy ' = A
5190218 ve9I5 HIZNa 1R luuna

Zi=AZa+Beg Multivariate AR(1) [3.60]
Zi=A\Zi+AZi Beg ol Multivariate AR(2) [3.61]
11

Z, = (nx1) Vector Elements z” ; i=Series i
Aj, A;, B = (nxn) Matrix Parameters

&= (nx1) Vector of Independent, Normally Distributed Random Variables with Mean
Zero and Variance One

UHIMeN 3: Dissaggregation Approach

9

FHUGVINMIFUATIEH 1 oYNTINAT IFU oYNTUNAWeY 1 @il wieoynsua1el)

[ qgj =< o d A =~ A o o’tg ax
HAINUU  WHUATICHOUNTUIANUVDNADIUDUIINDUNTUIAVDIFADIULTDNAUATICUUUATNITNG
. . A o J A A o 0,42’ [ d
Disaggregation Wi@ﬁﬂlﬂi"l%‘l’i’t’)lgﬂﬁJL’JaWﬁTﬂm@uﬁnﬂ@HﬂﬁﬂJL’JﬁTi"IEJ‘]JTIﬁQLﬂﬁ”IgTTBUH NITTUNIIEH

Y v
PYNINIAIADITNYT Time and Space Dependent Structure 31082108V HIZNAIDIIULNT 8

Y=AX+Bg [3.62]
1119 Y = Column Matrix of Seasonal Values FIHAITINUDI Y 91170 X N30 Y Juinaminy

[(w*k)x1], w=No.of Seasons, k=No.of Time Series



3-23

X = Annual Value Fuflumm3nduina (k1)

A = Matrix Parameters of Size [(w*k) x k]

B = Matrix Parameters of Size [(w*k) x (w*k)]

&€ = Vector of Independent, Normally Distributed Random Variables with Mean Zero

and Variance One with Size [(w*k) x 1]

3.10.2 MINYINT ifj (Forecasting)

o 7Y = Y tg ' Yy 1w
fﬂﬁﬁ\uﬂﬁ'lgﬁ‘ﬂﬂlql,aﬂ@ﬂﬁgﬂﬁuﬂﬁﬁiuﬂﬁﬁﬁﬁ']ﬂ@lgﬂﬁﬂﬂﬁ"l%ﬂﬂ?iﬂll Gl‘lfimm”lm‘mﬂumgﬂsmam

@ 1 1 Jd [ 4 : Jd

AN (=1, 2, ...., N) ﬁ’JLlﬂ"li‘WEﬂﬂim@1Nﬁnﬂﬂﬁﬁﬂmi"lg‘l’i@lgﬂiiJL’JﬁW]iQﬁ ﬂﬁWEﬂﬂimﬁi’Jﬂ"ﬁ
Rl 1 Y A 1 A 1 o o A

ﬂ'lﬂfﬂimﬂ16U’E'J\1’EJL}ﬂillL’Jﬁ161’)\1’H1!'I’J1%3%?]““]/]11@1148141?]%‘1/]&')?11 t+1 mﬂmnfi@mim“luﬂm;uumam t

Insruuda Aeg 3.9

Y] d )
M29E19MINENNTAINE UUVI 109 AR(1)

Z=01Zi.1 € [3.63]
Zir1=01ZH €1 [3.64]

fmuali Expected Value of z,,, IDNT VAT 7, 1M11U[2

t+1 t+l]

[z,,] = Z(1)=E(z,,|z) [3.65]
[2)z.,] = z, 111090 INANAT t WINTIUAT 2,

1o [ew1] =0

9
Y

JUU

[z.]= 0z 130 z(1)=0 z, [3.66]
(2., = Plz.,] W30 z2)=0, z(1) [3.67]
[z,,] = 0,[z.,] 50 z(3)=0, z(2) [3.68]

a o [ dyd 1 d 9 A
MANANINEINTB! ITUANHAULHITINIINMINEINTAUAIHH 1 AU 150 One Step Ahead

Forecasting %93 Lead Time L=1

f10819IMINNTAAIBUVUI 1809 ARMA(1,1) %33 Lead Time L
Zi= 01216 — 0181 [3.69]
Zur = Gr1Zptenr — 01801 [3.70]

[ZeL] = G1[Zeri 1]+ [EeL] — O1[En1] [3.71]



Zir1] = O1[zer11 1] — O1[€11]
Zt+1] = ¢12t— 01& ; [Zt]_ Zt [8t+1] =0, [St] =&t

Zt+3] = (1) [Zt+2]

[
[
[z2] = 01[Zer1] ; [€e+1] =0
[
[

Z1] = 0ilze1] 1ile L>2

Generation _
Historical Time Series

I I I
1 2 2 t-1 t
Past Present

Forecasting
______ —— L —

t+l t+2 t+3
Future

‘ljﬁ 3.9 6U’E'Jl,l,iﬂ'ﬂi"]?\ﬁ W’JNT‘Iﬁ’(ff\‘ILﬂiW“WﬂJ@N@Lm fﬂi‘WEﬂﬂim

3.11 18NAN3019949
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Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series. Water Resources Publications. USA.

pp.484
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UNN 4
N3919099YNINNIANILNVUI1289 AUTOREGRESSIVE

AUTOREGRESSIVE MODELING

° . A A o ' ° IS ° a Ad A
HUVT189 Autoregressive HIBITINAUNLUVIIADY AR (Tunuvaesa lauaaaniilun
a o = IS 9 o aa 9 o o =~
Heuaaual) 1960 uaumn unusiaes AR Unddeuldlumssiassseynsunaisietluazoynsy
4 | o A ' A 1 o o o o
AWVY Periodic Houilunuuiiaesidileire Usunnsdnldiudiaglumsianuuniaes AR
Y 1
1aun
O Thomas and Fiering (1962)
O Yevjevich (1963)
O Box and Jenkins (1970)

41 918asPIAVBINVVIABY AR

HUUS1a09 AR annsuisesnlaily 2 nuune
- AR Model with Constant Parameters 81 %U@igﬂinnmﬁﬁﬁ]

- AR Model with Periodic Parameters d1# %’umgﬂim’mnmu Periodic

4.1.1 aumimﬁﬂﬁmm%mmamm‘ham AR (Mathematical Formulation of AR Models)
(1) AR Models with Constant Parameters
1% Y, = Stationary Normal Time Series with /i, o’ and Autoregressive (Markovian)

Correlation (~Serial Correlation)

AR(p); Box and Jenkins (1970)

v = ntdy b g+ 0, [, —u e,

p

I H"'Zd)j(yt—j_l't)"'gr [4.1]
=1

lﬁ@

Y, = Time Dependent Series (Variable) with Normal Distribution and
E(yt)= K, Var(yt) =o’
€, =Independent Normal Variable with Mean = 0 and Variance = 0'82

dpeeen. .0, = Autoregressive Coefficients



a s o P A 2 20 2 hlsl
WTiuJ!@IfJ‘i"U@QLLUU%1ﬁﬂﬁcluﬁ3JﬂTﬂ’l 4.1 9 (w0 ,(i)]_,...,(l)p,o'8 G]foﬂiﬂiﬂﬂi%iﬂm AUTN
'Y ' 2 2 A v o IR W o
AIDYN G AT o UANTUNUDIBINULUATNU
A ° 2L A A Vo A
AT NN 4.1 UFANLUVIDY AR(p) Gmﬁuau“lugﬂgmumwmmqﬂu NFUNITN 4.1 ILFINITD
ULV AR(1) %39 First Order Autoregressive Model %39 First Order Markov Model Ul{:]jﬁ’i
qauNIg
Yy = ].,l+¢l(yt_1—].,t)+8t [4.2]

° a 4 @ 2
uuud1aee AR(1) Himsdimes 4 dife W62, ¢;,0;

M99 4.1 nuudraes AR(p) Tuztuwuaag Mdluntienldnu

No. EEEE? [?11;352]? Parameters Reference
p
1 y o =n+3Z ¢j (yt_j-u) u, o2, ¢;,..., Fiering and
=1 ® R2 Jackson
p’ (1971);
+ U(I_Rz)!igt (”E =D Beard (1967)
2 y,THtoz, M, o2, ¢y,---» Yevjevich
o o . o? (1972)
p’ &
z, =2 ¢. 2z, _.+¢&, or
b= ) (o} = 1)
p £1—-E(8) =0; Var( &)= 62
“t _ji:l q}j %t-j * Uaat B1=% 5,
3 ? ( ) B d
a y, . =pnu+ Py, .~HJ) + £ My, §as-..,y OX an
t i=1 17t t ® ;2 Jenkins
or p’ € (1870)
p
= + Z . -
3b yt=p+zt H, ¢1,..., Boxgnd
D 6., o2 Jenkins
2, = Z ¢j zt-jﬂ't’ or p- £ (1970)
=1 (Ug = 1)
P
%t 'jfl O Ze5 * 9 &

y; = Stationary Normal Time Series with p, ¢

& = Independent Normal Variable with p =0 and o,
d1,...., op = Autoregressive Coefficients
{n,o%, d1,....., bp, 6’} are Parameters of the Model.




(2) Periodic AR Model (Periodic Mean and Variance)

- Constant Autoregressive Parameter (d,...,4, )

Yoo = Mt +0tZyg [4.3]
P

Zyr — _Zl(l)jzv,r—j +8V"C [4-4]
J:

Yoo = Dependent Normal Variables with p_, o2

zyr = Dependent Normal Variables with Mean = 0 and Variance = 1

&, = Independent Normal Variable with Mean = 0 and Variance = cg .

A P ° 2 2 . _ 1
msmesveauiians (Mt OT loeeoe. 0p,0g, 1 T=1 » @

- Periodic Autoregressive Parameter (¢,.)j= 1,...p andt= 1,....®

p
Zv 1 = _Zld)j,rzv,r—j +0gtly,t [4.5]
i=

- 2 2 .
WsiwesveuUIa0s {Hr’Grad)l’ ------ 0p,1:0gt; T=1.. » ©

4.1.2 Properties of AR Models with Constant Parameters

9
[

o a 4 A A a o =1
tuu9ad AR tuuminlmesnan ywilmasaal

E(yt) = H
A 4 1 dy Y
E(et) = 0 W13mmaimammmaaﬂazmm”lmmaumu
Var(yt) = o’ | nandaeen
Var(gt) = o’
o _ 2, P
o, = o 1-2 ¢jpj [4.6]
j=1
b, = i™ Autoregressive Coefficients
P; = Lag j Autocorrelation Coefficients of y;
AR(1) 102 =  c’d-dypp [4.7]
.2 _ 2
AR(2) : o = o A=d1p1 —Pop2) [4.8]

(1) Autocorrelation Function (p, ) 10A33%11 711603 Dependent Structure ¥8401NINIA1 ¥

~ Y v dy
L'iflﬂhlﬂﬁa”lfJLL‘]J‘]Jﬂdu
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- ACF
- Lag k Serial Correlation
- Yule-Walker Equation (Model Correlogram)

p
Pk = 2 9jpk—j: k) 0 [4.9]
j=1

9

Fmsiigariaums Yule-Walker [4.9] 1 14¢ a1l
p

NNAUMS[4.1], y-U= (1)1.(yt_j - p)+ & [4.10]
j=1

AMANMIT [4.10] 328 (y,,-LL) 1§ Take E() st dae Var(y) n30 O 3¢ ldaums
Yule-Walker f9aum3 [4.9] aUM3 Yule-Walker ¥58 ACF 1152 Temidmsy (1) M1 Order V04
LUVIEDN Hag (2) 1wSeuien Sample Correlogram N1 Model Correlogram a1151 AR(1) Model
Correlogram !,Lﬁmﬂtﬂuminﬁ 4.2 gﬂ‘ﬁ 4.1 1AALYNINIAT ACF 11ag Partial ACF 499 AR(1) &afl

W3 ADT A1)

@1339% 4.2 Model Correlogram 91431 AR(1) : o, = 0, , ; K)O

k Pk = d1pk—-1 U1
1 pL =91 po=1
2 p2 =1

K pk= 1"

;=0
q;l = 0O oz} Oscilating

Decay exponentially oo

oz -02
K
o z a S E) Ts] =0
-0 ZE -06
Sal P & (KD y
oal (1)1(1):0‘6 250 j > 3 & E) <]
o W -0a ¢1(1):—O.6
2 = =) =] o
{a) { b)

519 4.1 The time series z, , autocorrelation functions D, and partial autocorrelation function (I)k(k) for

U

: 2 2
AR(1) models with parameters (a) [A=0, O ¢=1, and (I) ,=0.60 and (b) =0, O ¢=1 and (I) =-0.60
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AR(1) : 2 = SP1-¢2) ... Biased [4.11]
2 = %62(1—4)12) ...... Unbiased [4.12]
AR(2) : For k=1 ; p1= b1 [4.13]
1-¢5
of
k=2 py= + by [4.14]
1-¢;

(see appendix)

o2 = 02(“4’2){(1—4)12)2—4)22} ...Biased [4.15]

(1-9¢7)
1 2 .
Gg -_N 02( +¢2){(1—¢f) —¢22} ...Unbiased  [4.16]
(N-2)" (1-92)
1-p
¢ = P1 22)
—P1
2
_ P2 —P1
P - 2
1-p
daiigaiannsf 4.13 uaz 4.14 VBUUSIA0I AR(2) 1INENMS Yule-Walker [4.9]
15U AR(2);
& k=1, p; = d1p1-1 + d2p1-2
= d1P0 +P2P_1= 1 +d2p1
_ b1
P1 - 1 4
1-¢,
k=2, p, = d1p2 1 —02p2-2 =  d1p1 - b2
2
_ (I)l b
= —02
1-¢;

(2) PACF (Partial Autocorrelation Function or Partial Correlogram) , ¢\ (k)
AoAT3¥TANTAY Dependent Structure  YDIBUATUNANFWALIAY ACF 132 Towilumsmiiauaz

g H 1
AV UTIA09 PACF Anmauilsea@nd Autoregressive 19U k VoUUI 1809 AR(p) 10 p=k

AIFUNS

pj = ¢1(k)Pj—1+¢2(k)Pj—2 4. +(|)k(k)pj_k ; j=1,...,k;k=p [4.17]
k

Pj =_Zl<|>i(k)pj—i =1k k=p
1=

¢ (k) = jth autoregressive coefficient of AR(k)

¢, (k) =k" autoregressive coefficient of AR(k) => PACF



dmsu AR(D); A1k=1; ¢(1)= p,
g (k)=0,1ilok>1

2
M5V ARQ); Mk=2; ¢,(2) = Pa= P

1-pf
¢1(1) = h
4(2) = 0, o k>2
MU AR(p); 4.(k) #o, o k<p: 4. (k)=o, o k> p

51091 4.2 @AY ACF 1182 PACF 904 AR(2) daiimiailinesuanaraiu 4

ACF and PACF for AR(2)

2
+ =
¢ +49,=0
1o} ¢1 >0 . P q)] <0
8 . .
ost\Decay exponentially Oscilating

ACF °%

st

{c} p ) {ag)
o= 2 . k=0
A= =140

51 4.2 ACF 11az PACF 994 AR(2) Fa0W15 151005 LANA1AU 4 1111
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(3) Parameters Stationary Conditions for AR(p) with Constant Parameter
P
Stationary Condition U84 AR(p) 9@ 131591 A 1NINHMNNI 8151AY9aUNT Characteristic
~ J 1 : Aw ] 1 a 4 1
Tugumsi 4.18 Taregnielurenaudalisall 1 Mg (Unit Circle) HAAI1MITINNDTUDY AP(p) 08

Tu Stationary Condition

-1 -2
uP —uP ™ —guP™= ... dbp = 0 [4.18]
ui (1 e i=1,... ... P
FMTUDVIIE0Y ARQ) AIETUMS: Z¢=0.5 Z{_1 +0.2Z¢_5 + &4

Characteristic Equation Ao

u?-05u-02 = o
lug| = [0.762 (1
up| = |-0.267¢1

e

Stationary Condition ¥04 AR(2) enansaleuTugiuunaus laaail

O, +b, <1 1<p, <1
d,-h, <1 1<p, <1
1<, <1 p12<1+%

Stationary Condition Y93 AR(1) Ao
u—(l) 1=0
u=0

-1< §<1 30 -1<p <1
4.1.3 Properties of AR Model with Periodic Parameters

° £ Lo A
UV PAR(p) %34 Periodic Parameter 119

p
= 4.19
Zy,1 j§1¢j,TZV,T—j+8VT [4.19]
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A
N\

Yvr —H
Zy 1 :[ ; Tj
T

(1)1.,T = j1h Periodic Autoregressive Parameters 914 Sumui T e T=1 geees®

: 2
€ 1t = Random Error %93 Mean=0 118¢ Periodic Variance = G eT

Y 9
¥ o v A

A = = & 9
ANUUTUNITN [4.18] ﬁm"ﬁmmauiuaﬂgﬂuuuwuﬂﬂmu

Zy = _Zl(l)j,rzv,r—j +ogtlv,1 [4.20]
J:

A
N\

7,7 A90UNTNUNANIATTINAN Mean=0 1ag Variance =1

gv,r A9 Random Error 711} Mean=0 110 Variance =1

p
o5 =1- YRR [4.21]
J:

@1151 AR(1) Periodic Variance Ao
2
Ger :1_¢1,rp1,r [4.22]

@115 AR(2) Periodic Variance Ao

2
Ogr =1-— d)l,'cpl,r - ¢2,rp2,1: [4.23]

Model Correlogram U9 Periodic AR(p) Ao

p
Pk,t = .Zl¢j,rp‘k_j k>0 [4.24]
J:

,‘E—lj !
A

¥V

1 =min(k,j)

Por=1

o 9 d’

AMIU AR(D); 10 k=13 p1 ¢ = ¢1,rp0,r—1 :d)l,r ;» PO,t-1 =1

9 9 d’

AMIU ARQ2); 1D k=1; py = ¢1,'cpo,r—l +¢2,rp1,r—1; Po,t-1 =1

A
WO k=2; pp ¢ =01:P1-1+92,:P0,:-25 P0,r—2 =1
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4.2 1UUT1a03 AR d1M35UeYNININT 8L (AR Modeling of Annual Time Series)
4.2.1 1UUABY AR

<3|
17 x, AvOYNTNIA MU Non-normal Aoau)aslfilueynsuaiuy Nomal (y) Taeld

oo = o o
Nansumsulasnmuzay aatl

y, = gx) [4.25]
A
1o
) I [
g() Ao Weadumsutlasldilueynsunauy Normal 15U Log 1150 Square Root H39
Power Function

uuUsIae AR dMiUoYnIuNaT y, AD
y=Htz, [4.26]
A

1o

A & v o . " o 2

y, A0YNIUIAWDY Normal 93 Mean 1111 |L 118 Variance (M1AU G

z, ADOUNTNIA WY Normal F33) Mean 1 0 1182 Variance 1101 1 uaziigdunuiiaeawy

AR(p)
I
a1 2,171 AR(0)
2=€, [4.27]

&z 130 AR(D)

2=0 7, +€, [4.28]
iz, 11U ARQ)
2=0,z, +{,z +€, [4.29]
&z, 130 AR(p)
2=0 .z, e + 7 +E, [4.30]

d o
422  msdszainammniiinesveuusIand Annual AR (Parameter Estimation for

Annual AR Models)

o = a J 1w = 2 2 ax
HUU1a09 Annual AR(p) HW151AOSIINY p+3 daRe WU, G, O,....., (I)p, O 253
1 a I'd { a A, A, =Y
Usznamwiatwosnieuldd 2 3370 Tae35 Moment 118335 Maximum Likelihood

1) M3dszanammnnimneslagIs Moment
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. _ 1N
A=Y=y [4.31]
N (=1
~2 2 —\2
c°=s =—Z(y y) [4.32]
(N-D

mdmes §p....0, ez ldnnaums Yule-Walker n3oeruns [4.9] Tasnsiszua
AINBUNTVIANIDLN Aail

Mg =¢1rk_1+¢2rk_2 Foereene +¢prk_p k>0 [4.33]

11 | SRR Ao Sample Autocorrelation Coefficients

A8 AR(D), p=1 9218

(I)]_ =0n [4.34]

R Y
A58 AR(Q2), p=2 3¢ 1@

2
~  nl-r A ry —r
¢1:—1( 22) uaz bp=2—3> 12) [4.33]
1—r1 1—r1
#7152 U ALY Unbiased Y94 Variance of Error (65) RNBIINAGEN AR(p) %“Viﬂ{g]}mﬂ
AU
.2 No
65 = 1- z¢ [4.36]
©(N- p)[ =1 “J
CRLERT AR(I)
52 = ﬁ ) [4.37]
G¢ (N 1) ¢1 .
AU ARQ) INTUNIT [4.35] uazaums [4.36] 2l
,\2 ~
~ No 1+ ~ ~
&¢ = 02 {@—d)%)—dnz} [4.38]
(N-2){1-¢,

yoA A a ¢ v R )
msmmmmweaemmwnmmai‘nﬂszmm"lﬂ (Reliability of Estimated Parameters)

A A a S Y A R A o
fﬂiWW]'J13J1!1LGHE]ﬂ’f]ﬂlﬁ]\‘lW1iHJL¢]ﬂi1/]1Jﬁ$3ﬂmhlﬂ ADNITHIAYINANUTOUU (Confident
a X
Interval) UDIWITINNDTUULDN

MIHIFINNMTNY (1-0L) Vo L

&2[, 2N-1 .
Var(y) = 2 N {1+Nkzl(N—k)pk} [4.39]

n3tl AR(1) Py =<|>|1< a2 1dn
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~ 2

Var(y) =— |- 62N - 2§, (1 "
w9 rhedh- i)

[4.40]

A3

nnAlsznmm ¥ uaz Var(y) wzmisennuseduvesd (1-00) ves W 1daadl

Y-tN-D) o50) <= |Y+tN-D_45() [4.41]
2 2

A

V1]

t(N-1) Ao MDA t N Significant Level MNY OL 1 Degree of Freedom N N-1
1-=

s(y) Ao Standard Deviation U84 Y Fuvny / Var(y)

{ o 2
ﬂ]ﬁ?ﬂ‘lf"NﬂTlN!“ﬁi’)NH (1-Q) v O

S* INTUANUAAULVLY Chi-Square

2
N-1)S
v2 = % [4.42]
c
1o Xz Ao Chi-Square il Degree of Freedom (M1 (N-1)
. .y 4 2 o &
ﬂnﬁmm;%uuw (1-) ¥93 O i]gﬁT“l@g]}ﬁ]TﬂﬂTﬁlﬁlﬂlﬁNu‘]J‘]J Chi-Square ANU
2 2 2
<X <X
1-% N-1 %N
2
N —1)s?
2 (N-1) 2
1-%N1 o2 % N-1
2 2
(N-DS* 5, (N-1S?
A cot [4.43]
X2 X2
% N1 1-% N-1
2 2
v A o
NMIHIBIANNBDNU (1-O) V94 d)p
Box 1Az Jenkins (1970) tef105A1UIUN1 Variance-Covariance Matrix U84 (T)l, ....... , (T)p A9
qunNg
I A o |-1
r 1 n Moo
- . -
V() =(N-p) £1—2¢jrj] r,b o1 o5 or, [4.44]
=1
o T2 Tos 1 |
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1o Q((T)) A9 Variance-Covariance Matrix U84 (T)l, ....... 0p

M50 AR(1)
o ~ o l=¢
V(¢) = Var(¢q) = N [4.45]

|l Ll \V]

A1151 AR(2)

Var($1) = Var(&;z) = N [4.46]
Cov(dy,02) = %%) [4.47]
FranuFeiuf (1-00) o4 , Ao

—
=
NN

N

(,I\)j - ul_gs((’l\)j) < (I)j< (,I\)j + ul_gs(&)j) [4.48]
2 2

A
4o

u o Ao Z-score N30 Standardized Normal Distribution N3£@Uid 1ﬁm o
1-=
2

MIBIANNBDNUN (1-OL) Vo4 ©

€

1- ¥ ¢j(Lowenr;) [< of < 1- Y oi(Uppen)r; [4.49]
(N—p)( Eldn( )J)} c (N_p)( j§1¢,( PP ),)J

(2) 3% Maximum Likelihood

Box 48 Jenkins(1970) EUBLUZINTMIMUIUHINALINYD Cross-Products UBIDYNTY

(381 z, AN

uag 1dTe1men Sum of Cross-Products (Dij)"l%)ﬁﬂfr
N N+1-(it+j)
Dy =D wmvz-1-1 oo Cite Zjg
- [4.51]

' a . . . 1% Y
A1lszinaved @,,...,0, @N3T Maximum Likelihood 9511 1d lasmsudauns
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Dyj = &1 Djp * 35 Djg + oo * 8 Dy gy 72, .., p2

[4.52]
sy AR(1) 2214
~ D12
_ i 453
9=1550 14331
15U ARQ) a2 1&
_ Dy Dgg - Dyg Doy _ D3 Dgy - Dyy Dyg
b = 7 and @, = 3
(Dgg D3z = Dg) (Dyg D3z = Dg) 4.54]
ANJ32110904 Variance Y84 White Noise (c§ D
62 = 1 (D,, - 1 $. D
£ N-p) 11 . j 1.j+1)
1=1 [4.55]
A115U AR(1)
ap _ 1 -
T Pt h P [4.56]
@151 AR(2)
sz - 1 - -
% *wm-2 Py - % Dp-4,D0) [4.57]

VA A a dd' 14 . oye .
ﬂ"lﬁ‘Vi1ﬂ3"Ill1!1!‘15ﬁ]ﬂﬁ]sllﬁ)\‘iw1§13»l!ﬂﬂ‘§ﬂ‘l|§$3ﬂm“lﬂ (Reliability of Estimated Parameters)

F1ANWFOUUVDIN (1-0L) o1 LL vz a9 nauns [4.41]

Variance-Covariance Matrix U84 a)l, ....... ,(T)p Ao
7 -1
V{(§)=52D
€ P [4.58]
D22 Das Dy p+1
D D
oo 32 .:13 Dﬂ,pi-l
P .
L DP+1 » 2 DP"'I 3 7T Dp+1 sp+l | [4.59]
A115U AR(1)
- &2
V ($) = Var ﬁ] = DL
22 [4.60]

@151 AR(2)
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A

d2 D

Var () = £ 5— » Var (3,) = £ 2E
D D - -
22 Paz = Dy3) (Daz D33 = Dy3) 1, o)
- 6 Dy
Cov (3, ;) = >
(Dyy Dgg - D3g) [4.62]
Franudesiuil (1-o) vos ¢ fie
A /< [~
(bj-llg \J]({%) < (I)_i < $j+ug Var((’%)
. 2 [4.63]
FranuFeiiui (1-00) ves o2 fie
2= 1 D11 % 3 dower)D. . )<< ] P A : )
£= N_-p( 11-; (b].( ower) 1j+1 ’g <Og = N_-p(Dl 1-% q)j(uppc:l)Dl_j_1
=1 =1 [4.64]

4.2.3 AETMINATBUANMHINLANT IS VULV 1909 Annual AR

1) ms‘nﬂaauauuﬁgmmmuum‘imm (Test on Assumptions of Model)

auuagulumsnagouuuuiaesn

® White Noise (€,) 1Hu@111/39a52 (Independent) 1ozl

M5UANRAUDYNA (Normal) 1INEUMSHUUIIABY AR(p) 92 M1A1UTZUNUVDY White Noise AR

aune

et =2t —$1Zt1—-..— dpZtp

[4.65]

1 I Y a ' aa Y
M3NATOUI White Noise (€) 1Hludnlsdase 1z 19a1ada Porte Manteau (Q) Aaauns

L,
Q=N Xri(e)
k=1

A
4o

[4.66]

L= Maximum Lag #lA11521181 10-30% Y¥03911a0YnINAI10819 (N)

1 Q< %o, (AADA Chi-Square FaTioarnua3 MU L-p) 1A3971 White Noise (€)) iiluda

walsderse u3e Ly uNINZEY (Adequate) UAB1 Q > Xf_p uaaduuusiaes imuzay

° ’ A o o o < IS
(Inadequate) LLﬂ%&%ﬂﬂ!ﬁ@ﬂlmﬂﬂWﬂ@ﬂiﬁNIﬂ8LW3Jﬁ1ﬂ1J (p) ﬂJ@QLL‘]J‘]Jiﬂﬁ’ENL‘]Ju p+1 L‘]J‘L!G?]}Ll

d1UMInaaeu White Noise (€) Iimsuanuasuuuilnanio vl 3 35

waoans

A

19
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- Chi-Square Test

- Smirnov-Komogorov Test (@ﬁﬁ‘lajj@ 3.9.2 Tuunn 3)

?2) mMs13euney Historical 1az Model Correlogram
d
(3) MInNAaal Parsimony ¥9IW1518INDS
a 4 = % I
AINATOY Parsimony UBM15131tA03 92 1935 Akaike Information Criteria (AIC) F94n94a 1

o A ° . a 4 1
ﬂﬁﬂﬂ’ﬁﬁ)ﬂﬁ@tmﬂmaﬂﬂﬂhﬂW AIC mqmzﬁmmmmzﬁuﬁm Parsimony UBIN1TT1UIABDIUINNIN

AIC(p) = NIn(2) + 2p [4.67]

424  msduanzvideyalvalaenuudiaes Annual AR (Generation with Annual AR)

(1UUD1209 Annual AR(p)
2t :¢12t_1+...+(|)p2t_p + &t [4.68]

A @ 1A 2 A aA . 2
g, ﬂ@@]ﬁ!tﬂiqu@ﬁig“BQ?JﬂﬁLLﬁ]ﬂLHNLL“]J“]Jﬂﬂ@] 4 Mean=0 llQ¥ Variance=Gy

° 9 A o 1A &~ Aaa . A
ﬂTVi“L!ﬂl‘Vi itﬂE]G]’J!,l,ﬂi’Q[SJE]ﬁiZ%QMﬂ1§LL%ﬂLL%QLLUUﬂﬂ@ U Mean=0 Lla¥ Variance=1 Y179®

Y
v A

Standardized Normal Variate 34e13150108Uaum3 [4.68] 181l

Zy =121 +...+ PpZy_p + Gy [4.69]
11AUUT1809 Annual AR(p) luaumif [4.69] nszuaums lumsduanzideyalviiidunou
aeno 111l

v
v A

Q' [ I'd [ 4

Yuh 1- 159 INMIFUNT1Z9 Standard Normal Variate (§,) ndaumuaiasluauns [4.69] iile
o 1 A d‘ ] 1 d' a dg’ 1 9 a’/‘ A a ag YA 1 W
A 2q e linsiua z ilnatiuneuniniu Ao 20700 2, Tasnavzauualrinauniny
1 d‘ A [ % Y
AR HIBINNU 0 92 1A

Z1 =04&;

[ g d‘ o 1 A~ [ dy

duasizra §, ivefuamian 2, aail

Zp = 0121 +6.&)

o (% A A A o v ad A 1 Y o (% d

MMsdunsen 23,24,.....,25" Tuhiwesnuisimsinarudn Taena lilvzmsdunsizd
Foyaluimiy N> uazdmuald

N’ =Ng + Nw [4.70]

A
o
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A o Y Ay o '
ﬂ'E'JﬂWH?HT@Hﬁﬂ@]@QﬂWiﬁQLﬂinﬁ

z

g
= d! a ) U 1w
Nw 1o Warm-up Length %4 1agdn@vefvuanl Nw 1110y 50

See

d‘ 9 o 9 s A o n’d?} A o . 9
Un 2- AVDUD Nw AILLINDBNIINVDYA N’ NAUATITHUU INDAA Bias fl]’]ﬂﬂ’]icl(’lfﬂ'l Pseudo

Y A o e’;{ A A v W
Random Number ﬁ]gllﬂﬂHﬂiMl?ﬁWWﬁQ!ﬂﬁTgﬁﬂluiﬁﬂ Z U9 tmny 1,...,Ng

23 d' 1 A A o o'd? [ I~ 1 ~ 9 [} = o A 9)
YuN 3-11lasm Z¢ nduaTIzRIHINNAUY U Yt Tagl¥aumsmsudauywaedrnunly

ulaa ¥y il 2, 1w

Yt =Y +2;.6 [4.71]
Tui 4-uilag Vi aduilu Xt Tae 1% Normalized Inverse Function §9@1N13

%t =g (51) [4.72]

feg1ansdaveynsunMINEldenuudIass AR

Y Y
M3918930YNINANIIMIEve Gota Yszimaaa
A = 18,076 mile’ or 47,439 km’, Q = 19,000 cfs (538 cms.)

:I J ~ ' :’ Ao 8 A =~ 1 o A Y
’EJ'LgﬂiﬁJL’Jﬁ1u1ﬂ151&1‘]J"ll’ENLL3Ju1 Gota #3111 171 Y 519101 1807 ualumsdranseziaonly

[ 1

1 1 a 4 1 1 o 1
LﬂWWg"leﬂﬂJ"ﬁ"lf’N 501 9109249 1901-1950 GlfL!ﬂ1ﬁ’JLﬂ31$1’Ti]$1%}‘?’11@@31ﬁ3u55ﬁ31ﬁ@ﬁ31ﬂ131‘ﬁ’GWIE)

DA
ARAY (

Q

=Modular Coefficients) AdLt@Ad 114915197 4.3

v F2 2
M13199 4.3 Y NIUIA1V911M 1u31) Modular Coefficients Y413/11 Gota

Years

01-10 | 0.935 | 0.662 | 0.950 1.121 0.880 | 0.802 | 0.856 1.080 | 0.959 1.345
11-20 | 1.153 | 0.929 1.158 | 0.957 | 0.705 | 0.905 1.000 | 0.948 | 0.907 | 0.991
21-30 | 0.994 | 0.701 0.692 1.086 1.306 | 0.895 1.149 1.297 1.168 1.218
31-40 | 1.209 | 0974 | 0.834 | 0.638 | 0.991 1.198 1.091 0.892 1.020 | 0.869
41-50 | 0.772 | 0.606 | 0.739 | 0.813 1.173 0916 | 0.880 | 0.601 0.720 | 0.955

[1] Preliminary Analysis and Model Identification
(1a) ag (1b) y=-0.058 ~ 0 (MNANTNN 3.4 Y, 1, ;=0.787, Yy, 5=0.534)

%) { : ] 1
(1c) waoa x, Tugi 4.3 Gauaaslfiviu Dependence Structure 321319 Q,
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LS v v Xy

1.0F

L)

0.5

0 . . X X _t
o] 10 20 30 40 50

[ F2 9
31 4.3 oynsunaniniseiveanith Gota aAus£13191901-1950 Tug1ued Modular Coefficients

v Ao .

PUNTUNAIFATINAIAN YU High Flow A1UAY High Flow (a2 Low Flow A48 Low
1 [ < A [ Y] oaj 9 =\ a 4
Flow LIEIA4319YNTNNIAT xtm%zyﬂu AR(1) ﬂiﬁ]uli]ﬂ AR(2) AIUUADINNITUATIEHY Correlogram Lag

Partial Correlogram Lﬁﬂﬂ@ﬂllﬂﬂﬂlﬂd!tﬂﬂﬁﬁ@ﬁ

(1d) Tdreruns [4.71] fAuran Sample Correlogram fadaaU7 4.4 azans1ei 4.4

N_
Z‘ZY'[ Vi) Ytk — Virk)
() = t=1 1 [4.73]

N—k _ oN=k _ 2
[ El (Y —Vi)? El (yy+k _yt+k)2}

ok =1,..... 18 (~0.3N)

Anderson(1941): (1-OU) Confidence Interval of r,(y)

-1+ ua/2\/m
rk(l_a) _ e
r, (95%) _ —1i1.9|\?\/F
r (99%) - -1+ 2.5;6\1@

d' 1 1 1 d‘ IS)
Sample Correlogram Tu3 4.4 a1 r, & 0.4 9gUONYI 95% Cl VU 1, 1,y ..t N
Awlsiuegiounl 0 nioagn1aluos% Cl

Sample Correlogram HdnyazAdny Model Correlogram U94 AR(2) lugﬂﬁ 4.2 (d) 139

$1 =0.5, ¢5 =—0.31aAINVUIABI AR) DIILINIZ Y
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v Y Y
M1319% 4.4 Sample Correlogram r,(y) Y999YN3NIa 11161 v0 111 Gota Uszinaalan

K 95 percent rk(y) 95 percent
lower limit upper limit
1 -.298 . 397 .257
2 -.301 -.013 . 259
3 -.304 ~-.004 .262
4 -.308 -.007 . 264
5 -.311 -.108 . 267
6 -.315 .013 . 269
i -.319 .103 . 272
8 -.323 .076 .275
9 -.327 . -.055 .278
10 -.331 -.054 . 281
11 -.335 ~.106 .284
12 -.340 -.257 . 287
13 -.345 -.356 . 291
14 -.350 -.038 . 294
15 -.355 .080 .298
16 -.361 -.016 .302
17 -.366 .075 . 306
18 -.372 -.004 .310
Ar(y)

o k7

0.8

0.6

0.4+ Dependence

~0.2F

-0.4L

U

[ Fl Fl
51/9 4.4 Sample Correlogram r,(y) Y90y nINIANIIMT0LUD I Gota UszmAa AU

Partial Autocorrelation Function ¢, (K)

p;= (I)l(k)pj—l +¢2(k)pj—2 oo +¢k(k)pj_k; j=1...... K

Pi =~ P
j pi
1 (I)l(k)po +¢, (k)pl to.. +¢k(k)pk—1 = Py
2 (I)l(k)pl +¢, (k)po too +¢k(k)pk—2 = o
3 (I)l(k)pz + ¢2(k)p1 RIREERED +0, (k)Pk—a = Ps
K (I)l(k)pk—l +(I)2(k)p1 T +(|)k(k)p0 = P




1 p p2 o Pk [a(k) P
P 1 pr o k2| [d2(k) P2
pp p2 1 P3| | d3(k)| _ P3
Pkl Pk—2 Pkz - L1 | [o(k)] P
fk =1 ¢1(1): P1
Mk =2
71 ¢1(2po+92(2)pr = p1
2 ¢(2)p1+02(2pg = P2
(2) = (%1 l_pz)
S )
— P2 =L
2 2) = 2
M)
k-1
pk _ ¢j(k 1)pk j
d(k) = o
1-2 ¢, (k=2)p,
¢j(k) = ¢j(k__1)__¢k(k)bkd(k__l)
- p—¢Up _p-pi,
) 2 - - 2 1 1)= 1
¢( ) 1—¢1(1)/01 1-p? ((I) () P )
¢1(2) = ¢1(1)_ 9, (2)¢1(1) =P 'Iiz__p/zl A
_ pa-p-pm;te_pll-p)
1-pf 1-pf
k=3
k=1;  “¢1) = b, = 0.397
_h. A _ /52 — ‘1(1) A1 _ /32 _/312 _ _0-13_(0'397)2
I I N = A o
k=3
b (3) - /53 _A¢A1(2),52 1&2(2),51
’ 1"¢%(2)i%'_¢2(2)ﬁ5
42 = 40-402)a0)
= $,(1)1-¢,(2)) = 0.397(1+0.203)= 0.4776
4) —0.004-0.4776(-0.013)+0.203(0.397) _ 0.0828 _
’ 1-0.4476(0.397)+ 0.203(- 0.013) 0.8078

=-0.203

= 0.102

4-19

[4.74]
[4.75]

[4.76]

[4.77]

[4.78]

[4.79]
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ﬁqc‘nﬁ Partial Correlogram
Y

i=1; 4(2) = ¢1(1)—¢(2§2)¢1(1)
— 0, — ¢ Lo,
%) = -4
¢1(1) = P
#(2) = ¢2( o,
#(2) = ”1 [f !
a0) = pleeal,
1-p
— P _ﬂf/_ PP +P'12/
1-pf
— Pl(l_Pz)
1-pf

i1 4@ = 4Q)-%0%0)
j - ¢2() ()1(2)

i=2; ¢,03)
¢3(3) = 1— ¢1(( ) é )2
Ps = 2
53 = l pl ([p J
1- pl - 2 P 12 2 /02

mMsAIMm (1— ) Confidence Interval ¥4 ¢ (k)

. - 1

@(k) o k Y P UMILINLNLUY Asymptotically Normal with Mean = 0 and Variance = W

(1 - a) Confidence Interval U®4 @ (k) (Box and Jenkins, 1970)

u o u 03

2 2

, T
INTUN

95% Confidence Limit ¥04 ¢ (k) ia N =50

Upgps _ _ 1.96

Lower limit= — \/W = —E

=-0.277
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0 025 _ 1 96

Upper limit =
N TR0

=0.277

(1e) Sample Partial Correlogram

. ﬁk_. E1\)j(k_1)[3k1
di (k) = e
1- A d)j(k_l)fsl
4) = 4ik-1)- (ko (k-1)
k = 1,...,18(0.3N)
J(k) = 0 when ] ) K

~ Y
Sample Partial Correlogram ¢, (K) 1182 95% Confidence Limits ¥0994n3117a1111%113161)v04
] g‘ ' A A B < Y1 A N ' 0911 A
a1 Gota tarasegTums1an 4.5 naz g 4.5 Feezmn Idniiiies o, (1) mniviieguen 95%

Confidence Limits L&#@431 AR(1) 91tMuE ey

[ 2 Y
M13197 4.5 Partial Correlogram Gummgﬂsmamﬁmﬁwﬂmmuum Gota

K 95 percent $k(k) 95 percent
lower limit upper limit

1 -. 277 . 397 L2277

2 -.277 -.203 L2717

3 -.277 .102 .27

4 -.2717 -.061 L2717

5 -.277 -.100 .27

6 -.277 .134 L2771

7 -.277 .019 L2777

8 -.277 .03S 2T

9 -. 277 -.107 L2777

10 -.2717 .011 L2717

11 -.277 -.117 271

12 -.277 -.202 277

13 -.277 -.226 L2717

14 -.277 . 184 L2717

15 -.271 -.083 L27T7

16 -.277 .001 L2777

17 -.277 .124 277

18 -.277 -.203 L2717
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0.6

0.4

0.2

0

e —— — e — . — —
—— ——— —

~-0.2

-0.4

I V /s 8 IO\.‘IZ‘/M\/IS \8

—_——— . — e ———— e

v Y £l
311 4.5 Partial Correlogram 1ag 95% Confidence Limits ¥8401n3112a11119113161v99131111 Gota

an nnveynsunawaasnuuudiaes il AR(1) 130 AR(2)

Sample Correlogram LAY I09AD AR(2)

Partial Correlogram HANINUUUIIA09AD AR(1)

o o g & a o o w a 7
gariuluduiivzidenuuuinast ARQ) amsumsinsziae 1

a d °
[2] Mmsdszanammanimesuuuiaes AR(2)

(2a) 'y

2

Q>

(2b)

Zl
29

250

0.9528
0.357

2=yi-y(t = 1,--,50)

= y;—09258 = 0935-09528 = 00178
= y,—09280 = 0662-09258 = 02908
= y5p—09528 = 0955-09528 = 00022

2t 3 Mean = 0 U@y Variance = &> =0.357

(2¢)  Sample Correlogram 1, (z)= I (y) awdidmanlude (1d) (93197 4.4)

1 a 4 ax
MIYTZUMMITINNDT VDS AR(Z)T@EJ'J‘ﬁ

(2d") d w3V p=2; DD, o i,j =1,2,3(L -, p+1)

(mﬂfmmﬁﬁ 4.62) D, = 2.079
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(mﬂaumﬁﬁ 4.65) D, = 1.037 = D,,
4 = 0.542
6, = ~0.114
“HMENE AIUINEIE VBA code*
(2¢') dm3v p=2
(MNANMT 4.68) 62=0.0325 = ﬁ(Dll ~ @D, - ¢32D13)

(2 ") dmiv p=2
(MnaunTIfi424) ¢ +4, - 0.542-0.114 = 0428 ( 1
¢, —d, = —0.114—0.542 = 0.656 ( 1

~1( ¢,--0.114(1

1 a 4 o I .
ARSI VDUV MU UL U Stationary

[3] MINATIUANNHINSANVIIUVLVD9 (Tests of Goodness of Fit of Selected Model)

(32) MUIUN ét Tﬂﬂ(’?mm t=3,....... ,50
3= 2301 202 2
= —0.0018 - 0.542(-0.2908) —(~0.114)-0.0178)=0.1538

L=12

@b)Q = N> rZ(e) =0.103
k=1

2 _
Q < %p.g5,(12-2) ~ 18:31

1A & @ 1 a
ueraan & ilueynsunTedlsguiuudase (Independent)

(3¢) 7(8)= 0.298 < y(g495) = 0.534 (ﬂmiN‘ﬁ 3.4)

HaAI £ UNIUINUIWVVLUNA (Normal)

(3d) 19 AIC FmFUIdeuvRAUT 1899 AR

AIC(p,q)=N In(&j)Jr 2(p+q)
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52=0.0301 TasAuInunnNm & (=3,....,50) 11 (3a)

AIC(1)=  50In(0.0301)+2(1+0)= -173.15 (éga)
AIC2)= 50In(0.0301)+2(2+0)=  -172.36
AIC(3)=  50In(0.0301)+2(3+0)= -169.89

AIC(2) > AIC(1) taa1 AR(D) IMINTUNI AR(2)

o [ a 4 A 09/' ~ 1
@on AR(1) @MU IUMIAUATIEH TaeisuauN (2d) 113
o 2 Y A v A a ¢ o ' nd .
Mahvui 2a°) lnd medszanannsimesveauuudiaes AR() v 2™ Iteration)

(2d’) Maximum Likelihood Estimate

p=1; i)l _Dip _ 0.483; (Moment Estimate : (T)l =pp=h= 0.397)

D2,
@e)  62- 1 (Dy-§1D1p ) - —-—(2.079-0.483x1.037) - 00322
© N-1 50-1
2r) -1<¢;=0483<1;...... YRR RISIATIIS T3 Stationary

MINATBUANMNNIZANVDIUVVDIADY (an Iteration)

Ga) & =2i—¢p 24

EpHl=2: 8y =2,-01 4

—0.2908 - 0.483(~ 0.0178) =-0.282
—0.0018 - 0.483(-0.2908) = 0.1387

A

€3

L=12

N> 17 (e)=5.243; (L~12)
k=1

@Bb) Q

Q < %5.05 12 —1(= 19 .68 ); uansh &, Hueunsuunudese (Independent)

Be)  7(£)= 0.162 < y(g1950)= 0.539 ;uanadn & Amauanuasuunin@ (Normal)

GBd  AIC(0) = -166.63
AIC(1) = —173.15.....Minimum
AIC(2) = ~172.36

@onIUUIIanI AR(1)

Ge)p =4 ile k>0

g‘ﬂﬁ 4.7 @3 Sample Correlogram I’k(Z) 1tag Model Fitted Correlogram ﬁk(z)ﬂlamuu{imm
AR(1) 482 AR(2) Model Correlogram U893 AR(2) HanvazlndiReeiu Sample Correlogram 11NN

Model Correlogram 493 AR(1)



Y
ALY QUM

AIC(]) Higaintioy
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a o’dy A o A a s A
ANITAUAIIZHU AVTADNUUUINDY AR(2) (INONITAUATIEH 11 D910 AIC(2) >

1 as.l‘ 1 1 < o a g
MUY LW]’E)EJNuliﬂﬁWllﬂ%i%uUUﬂWa@ﬁ AR(1) Gl’lfe!ﬂ"li'lllﬂﬁ"lg‘ﬁ'ﬂ@lll]

[OX2)

P
b _(2),r (2

AR(1) model
AR(2) model

o4l q
ozl Historical Sample
'\ /g -, O K
0.0 b‘ —=a Y 1 Ll o
= b—--OLQ & 15
h=d i
. /
hY
r
N
~ r
R}

511 4.6 M3l

G

LUVIADY

tN&U Sample Correlogram r,(z) Y0I0YNTY zt 118 Model Correlogram Py () V04

o o gl 1 = ) g} ~
AR(1) 118 AR(2) E‘ﬁ‘l’ii‘]J’f]iéﬂiﬂJ“L!”l‘i/l”lﬁfJ‘]J VoL Gota Uszmaaiau

[4] Optional Tests of Model

% ' @ 4 1
maammammaww%’ayaim

y

(¢}

o
Y,

A

Z;

0.9528

J0.0322- 0.179
0.483

2, +0.9528
0.483, , +0.179¢,

guidon &, 9101319 Standardized Normal Random Variables 13299/ 110auM1 Z, uag ¥, 6

A
AT NN 4.6

maaii 4.6 Medrumsdunsizideya
t & Z, Ve
1 0.414 0.074 1.027
2 -1.288 -0.195 0.758
3 1.019 0.088 1.041
4 0.617 0.153 0.106
5 -0.290 0.022 0.975
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10

1.969
-0.661
0.595
-0652

0.906

0.363
0.057
0.134
-0.052

0.137

1.316
1.010
1.087
0.901

1.090

o 1 an Y A o o’d? 1 Y o = ~ @ J ana @ ' [
ﬂ1u’)m1’i'lﬂ'lﬁﬂ§li]'lﬂéll@yjaﬂﬁﬂmi1$?iéllu1?in LLEI'Ju'lVlﬂlﬂﬁfJ‘]JlfI/]ﬂﬂﬂﬂﬂ?ﬁﬂ@ﬂ?ﬂ@jﬂfﬂﬂ%u

i,6 uagr,

4 a ¢ o
[5] m13J1&'1!‘ﬁaﬁammwnmmaﬂm!mm)mm (Reliability of Model Parameters)

(52) NNAUNIT [4.40]

~ 2 A A R
var(§) = — -6 N 2o,y
NZ(L-§, f
y = 0.9528
6% = 0.0357
o, = 0.483
var(y) - 0.0357
50?(1-0.483)’
= 0.001996
s(y) = 0.0447

(5b) toeps 4= 2.010

t[%,N—l

[(1— 0-4832)50 —2x 0.4832(1_ 0.483% )]

js(;7)= 2.010x 0.0447 = 0.0898

0.9528-0.08988<p < 0.9528+0.0898
0.8629 < p < 1.0426

(5¢) NAUNT 4.43

(N-DS?  , (N-1S?
Ty <O <o
X X
% N1 1-% N-1
2 2

2
0.0249 <O <0.0554
(5d) N591 AR(1)

(5d’) Maximum Likelihood



4-27

s(g,) - +0.015 - 0.1225
(5¢’) 95% Confidence Interval of ¢,

10.483-1.96(0.1225) < ¢, < 0.483+1.96(0.1225)}
10.243 < ¢,<0.723}

(5f) 95% CI of G°

o’ (Lower) = %(D11 - J)l(Lower)Dlz)
= i9(2.079 ~0.723x1.037) = 0.0271
o’ (Upper) = %(2.079 ~0.243x1.037)= 0.0373
4.3 Periodic AR Model
14
Voo = 6lx)
g, = Normal Transform Function
yvyr = u‘r + G‘l: ’ ZV,‘I:
z,, = AR with Constant or Periodic Coefficient

4.3.1 AR with Constant Coefficient

o L . . 2 g 4
11UU$1804 Periodic AR with Constant Coefficient 921389 nManas -, o 1Ty 7, 1ile

o Y I3 Y 0 o A o ~
i=(v-Do+t wazndalas - . Wil 7 udrzihmsdiaes 2 miloumsiraeseynsuansell

HUU1ad9 AR (p)

Z, =, 24 +¢2 Zy o+, 2, g [4.80]
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£ a sA
Fatimadimesno 0.0} 1 o by o By 0L T=1,0f

4.3.2 AR with Periodic Coefficient

AR(0) : 2 = €y [4.81]
AR(1) : 2x = 0117, 0105, Eur [4.82]
AR(p): 2e = O o7y g gt oty rz 1, T &g [4.83]
Fatmsrdimesie 9.() ., 0 Guer s Gper O, T=L,0)

[0} j. — Periodic Autoregressive Coefficient; j=1,....p

Gi = Periodic Variance of Residuals
4.3.3 mstlszanammninesdmsy Periodic AR Models
15191MINTUTLUNYU Periodic Mean LA Periodic Standard Deviation 471
YuUN 1 KV O =2, 3, 4,....., 12

" _ 11X

/’lr = yz‘ = - Z yV,‘C ) T:l. =0 [484]

N,=1
1
~ 1 N _ 2
O-z' = Sr = |:—Z(yv,r _yt)2i| ; T:].,"',O) [485]
(N-1)&

M w>12 asiszinaalaeld Fourier Series ludium 2
uh 2 msdszanaaaely Fourier Series

~ — h*(Y) * [ — * f__ - —_

M=V, + [Ahj(y).Cos (Zﬂhj(y)f/a))-f- Bh;(¥)sin (27Z'hj(y)1'/a))]

i-1
;7=1- @ [4.86]

<l

T

@
y =
Ahf(Y), Bh; (7)= hjth Harmonic Fourier Coefficient for Mean

hr(Y) = ™ Significant Harmonic for Mean
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(e o o-1
h (y) = No. of Significant Harmonic from Total Harmonics of > or
~ _h(s)
o. = S+ [An '(s)Cos (270, (s)r / @)+ BN (s)sin (270, (s)r / o)
-1
=10 [4.87]
%S
s - D=
r=1 ()
Ah;(S), Bh; (S) = hj‘h Harmonic Fourier Coefficients for Standard Deviation
h i (S) = jm Significant Harmonic for Standard Deviation
h*(S) = No. of Significant Harmonic
' 2
msdszanam @, o ¢p,, uag O
Yy B
10 ZV‘C: V’; T;V:l,"',N;T:l,"',a) [488]

T

AUIUN M < 5D [51(,1 (Sample Periodic Correlation Coefficient) U8 z, 1

AR(1)
(1)1,17 = 1251,7 1 T = 1’ @ [489]
AR(Q2)
(’I\)l’t — M;T:L'”(D
l_pl,t—l
(I)z . Po.— p},;—lpl,r—l t=1-0 [4.90]
’ 1_pn4

AN Oy ; 1A7s Fourier Series (k =1,---, p)

hi (1)

Per =Pt Zl"[A*hjk(r).Cos(Znhjk(r)r/oa) +Bh,(r)-Sin(2zh, (r)f/a))]

;k=1,'~,p;2'=1,-~-,a) [4.91]

I
Ek: Z K,t

Ah;, (I’ ), Bh,, (I’)= hjk " Harmonic Fourier Coefficients for Iy .

+th
h i (r) = J~ Significant Harmonic



h; (r) = No. of Significant Harmonics
AR(p)
c. = 1—2'3‘,&%,1'[31,1 t=1-,®
=1
AR()
ol = 1‘&’1,r2 t=L-,
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[4.92]

[4.93]

4 a J
4.3.4 ANNHFDDBVBIIN TN UV Periodic (Reliability of Estimated Periodic

Parameters)

] [ 4 U a 4
msilszu (Approximation) ¥1ANVUUFODD (Confident Intervals) UDIATNITIUHNDT

Var(ii, ) = = s r=l-w

(1-QL) % Confidence Intervals U3 [y

n —t slp.) <p. < p+t sip )| ;=
o=ty e (1) <p. < i e ()] it
(1-AL) % Confidence Intervals U®J Grz
~ 2 ~ 2
(Nzl . <G$ <(N2_1)GT ’ :11" y O
X%,N—l Xl—%,N—l

(1-Q) % Confidence Intervals U®3 d)k,r usan Taemsudaums [4.24]

pk,r

p
z d)j,rp\kfj\,zfu ; k>0
j=1

Min (k.j)

lj

[4.94]

[4.95]

[4.96]

Tagmaunue p, . Tuaumsduuudie p,smuald p=a/2 dmiu ¢; (upper) uag

B=1-0/2 M3V ¢;.(lower)tiio j=1,...p 1ag ==1,..0
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W ™
I
JEny
|

N R

MNo
—
=
de
-
o
£
(¢
=
Q
o
s
En
o
a
=
aQ
(¢
e
2.
=
=2
5
Lo

=

=

F1ANUFNUYDY O gp WHININGUMS

P ~ ~
oF<(uppen) =1 3. §j(uppen) py =10
J:

P A
o2, (lower) =1- 2 bj«(lower) piciT=10
J:
i bj - (upper) uaz ¢; . (lower) 1D Upper 1182 Lower Confident Limits U9 (I)j,rﬁﬁWGmVlﬁ)

A Y v Y A
mwﬂan"lﬂummamm
4.3.5 ANUHEMNZANVOINVVD19049 Periodic AR (Goodness of Fit for Periodic AR Models)
o . . =\ a J . I Y] a =\
11191894 Periodic AR UFUUATIUN Residuals (Et or fv,‘r ) Lﬂuﬁﬁl!ﬂiﬂﬁi&m%uﬂﬁlﬁ]ﬂl!ﬁ]\‘i

2 . . =2 9 = . 1 ] Aa ~
1uU1N@A (Independent and Normally Distributed) 3901090N15NATOU Residual Induanlsoaszuazil

Y
M3uantasnd venINHAISUIMINATeUSoUINeL Model Correlogram NU Sample Correlogram
Eue =21z, “
V,T = 6_[ZV,T - l,TZV,T—l ton + ¢p,rzv,r—p [498]
o r Y
AWTNVB av,r v E;l,pﬂ e T—P = 1 guiu T=P+ 1

(A) MsnaaaunNudaszved Residuals (Test of Independent Residuals)

I a = 2
msnageuaNuudaszi 2 Llu’)rﬂ']\jllﬂllﬂ
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wamait 1 383N EH0IN Periodic Residual Series &y < )11 2 3570
(1) MINAARUNAINYVDI ACF Saidunoudaii

- MU Periodic Lag | ACF 30 1 ((§) ; T=1-",0

- W19 Critical r 1INEUMNS

t(N-2)a
lo = 2
2 \/(N -2)+ (-2

. €)

(2) Mminaaaulaaly¥mani Modified Porte Manteau (Modified Port Manteau Lack of Fit

[4.99]

9 ' o a [ d‘ v a I Y a
- M < ra HAANNYBNITUTNUATIIUYAN Ho NI Dv, 1 Lﬂu@]’)llﬂiﬂ’ﬁﬁg
2

A@0A Modified Porte Manteau Q) UARaauns

Q = Nii [rk,r (%)]2 [4.100]

k=11=1

1 < @ a
81Q, < AfLpq WAAII EJV,I Wudulsdese

a Ada J . . =~ an A
uuIMaA 2 N5ANUATIZH910 Residual Series (&)1 2 3570
d! = OSJ} % dy
(1) Anderson Test FIUVUADUAIU

- fMuoum St ;t=1,"',(N0)—p)

N

- AU rk(gt) :k=1,....,L; L=10-20% V04 N

- 11 Anderson Limit 1NTUNT

-1+1.96vN -k -1

I (95% = 4.101
(95%) o [4.101]
r(99%) = _liZ'SIzIG “li\l_k_l [4.102]

) msnaaavlagl¥madn Port Manteau (Port Manteau Lack of Fit Test)

A1ADA Porte Manteau (Q,) UAIAITUNS
L ~
2
Q- (N —d)kZ I (@) [4.103]
=1

J < % a
§1Q < AfLp_q WAL E.’V,’I: Hudunlsoasy

v
o w

v 13 A a o <
Swamsnaaounui & Lifiudase 1Rifiua e (Order) voauusiaean p iy (p+1)
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(B) M3nNAgaumMsuanuaauuuln@ (Test of Normality)
1 . = a o A amd
AINATDUIN Residual HMsuanuaduuulnd eusaiild 2 33ae
(1) MsnageuIagdsns1w TaensAIUIANT Empirical Frequency U84 Residual 11331111/

)] Aa e kY I Y 1 .
waoaas lunsmsanasuuuln@ (Normal Probability Paper) 91051 1dua51eA991 Residual
UMTUANLAWLLLNA

4 ~
(2) M3naaoumaulszansnnul (Skewness Coefficient, y(é’;)) Tasldaada Smirmov-

Kolmogorov

(C) M3naaauarINzanlaumsiSauieay Correlogram Vo4 Historical, Model t1ay

Generated Data

(1) MsSeuney Historical 11ag Model Correlograms

rk,r (%) Vs. pk,r

2) n511JSe1eD Historical 11ag Generated Correlograms

rk,r(é) VS-lsk,r

[ d o
43.6 Mmadunnzriveyalagliuuudiany Periodic AR

(Generation Using Periodic AR Models)

T Xy 1 fio ounsunausudud lilaimsuanuswnuilnd (Original Skewed Series)

Y

o [ d
YUABUMIAUATIZHIVO A

Xero = 6 (9.) [4.104]

Yir = U, +0.2,. [4.105]

(1) n3aflFuuud1aee AR with Constant Autoregressive Coefficient

zt - ¢1Zt_1+'”+¢pzt—p +Gaat [4.106]
t = (V - 1)0) +1
& = Normal Variate with Mean = 0 and Variance = 1

) n3allFuuu1a09 AR with Periodic Autoregressive Coefficient

ZV,T = d)l,rzv,rfl +--- +¢p,tzv,1:fp +G£TEAV,1 [4107]

iv,r = Normal Variate with Mean = 0 and Variance =1
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4.3.7 @39E13M135919099UNINIAMVY Periodic I8V AR (Example of AR

Modeling of Periodic Series)

mMsaauuuiiaesa lauaaAnd§ 115U Monthly Net Basin Supplies Y94 Lakes Michigan —

li! = = [ dy
Huron 93180 2108AAIY

- Net Basin Supply (NBS) = Precipitation — Evaporation
- ﬁﬁﬁ'ay’amgﬂim’JmNuﬂmﬁamﬂunm 691 (@MANUIN A7.5)
- Drainage Area = 97,400 319 lud

Y H Y

A AAa o 4
- fiunAd = 75,300 ansa lud
(1) Preliminary Analysis and Model Identification

(1a) uag (Ib) X,,=NBS Faiim - fa+

g = 0.6 @NMI199 3.4V, 01000430, Vo e =0-298)

A 1A A =< 1 I A a
199910 X, . vmimaaay 3 amsanasiueynsunanimsuanuaawuni/nd
Y s w . . A . Y o qﬂjl ddyd o - .
TaolHWaf%u Logarithmic 1150 Power Function 18 #a1iulunsaifl 3991m3 Original Series 1agH1
A, o 1 a ' 1 I @
Fmssamsaanutl laensAas 1NN uve s Residuals ivida

(% { % [~} T 1
(10) ndeapynINIAT AU (Y, ) daaalugili 4.7 Fevziiuladie NBS %24 Spring

) ] v
A =2

118z NBS 1198194 Summer UA1g4n3181 NBS Tuggdu teaada Periodicity Tuaynsunaiitiad
= ] d‘ A 19 1 ! d‘ S 1 U d'
NN 9297 NBS Uados Marudeuuninasgiuaziaganinaunae
(1d) M y,, S, uag . ok =1,2,3uaz 7=1,..,12
Y )
(le) waon Yy, uaz St Tugii 4.8
4 [ ] I~} ] [ 1 Y
11109910 @ =12 wod 919 lideatlszunanlasld Fourier Series 1 19 1 lu@108191id 09013
as 1 Y . .
nanI5msUseuan 1aels Fourier Series
Y —
Wy, K

St = o

T

o ) o { % < 1
(1f) s N, dmsuk =1,2,3 wagz =1,...12 udmadealuzli 4.9 Fazmiu'ldn

v

1 A
alunnazinou

53

. lunldeunilasediiied

v o

I, uaz I, nldsuniasedniivedidg luuaazidou
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4’ a 1 = 1 4’ A 1 d' = A o
* IUBDINWIITUIN r1|T UANUUUFBDDUINNIN rk,r 19 k>1 3309 nn1591ae4

Tael#wus1a09 AR Model with Constant Autoregressive Coefficients

jy\'.f

[ou}

o

Vel

o

O -

™

o

B

| y

o

D -
N T T T " ] T T V "

G 30 60 90 120 150 180 210 240

TIME IN  MONTOIS

31111 4.7 oYN3UNIA1 NBS 5101801v84 Lake Michigan-Huron 34 1990-1919

YorSgoby 0y

T

®u_(Fourier)

200

gﬂl‘ﬁi 48(1) Fitted periodic mean fjt, (2) periodic mean
371:, (3) fitted periodic standard deviation 61‘.

and (4) standard deviation S.s for the NBS
of Lake Michigan-Huron.
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gﬂ‘ﬁ 4.9 Variation of the monthly first (1), second (2),
and third (3) autocorrelation coefficients of the

standardized series 2, for the NBS of Lake
Michigan-Huron. ' T

a Jd
?2) msdszanammniimes (Estimation of Parameters)

A~

1 a 4 ~
(2a)M3slszaammisiunes a8 Fourier Series L., o

T

iy = 109.787
s = 65.608
h = % = % = 6 = Total No. of Harmonics

AU A(), B() 1az MSD() (H31999 Explained Variance) U84 LAlT uaz O, A
Tuas1adi 4.7 uay 4.8
(ii) 11911 Significant Harmonics 1n#8/1% Cumulative Periodogram ﬁﬂgﬂ‘ﬁ 4.10 G']i;ﬂﬁﬁﬂﬁﬂ
agl1da
h™ of . = 2
h™ of o,

3
a v o a LAl 4
* WANTHMTINNVANDNITAUATISYIA Significant Harmonics mmmgaﬁmﬁuq”m Great
=2 o Y o o* .. . A . A

Lakes 9401viuald h™ = 4 uag Significant Harmonics 1® Harmonic M1, 2, 3 1lag 5

i) m A(), Bj() weraeeglumsteii 4.7 oz 4.8
~ v = d‘dﬁ % 1 [) ~

(iv) AUIUNIAN ,LIT iag o, muﬁmiugﬂ‘n 4.8 TuNUIZUAAUNIIZAIDH1MTAIUIN W

Hae [y
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ﬂqﬂqrﬁ 4.7 Fourier Coefficients_and Explained Variances for
" the Monthly Mean yt of NBS of Lake Michigan-

Huron.
HARMONIC COEFFICIENT COEFFICIENT EXPLAINED
J Ai(y) B].(y) VARIANCE
1 -93.848 84.036 90.916
2 8.191 -34.842 7.339
3 9.792 -.353 550
4 -.911 6.393 . 239
5 -8.567 -9.185 . 904
6 0.000 . 206

-2.140

ﬂﬁqqcﬁ 4.8 Fourier Coefficients and Explained Variances for
the Monthly Standard Deviation s_ of NBS of
Lake Michigan-Huron. t

HARMONIC ~ COEFFICIENT  COEFFICIENT  EXPLAINED
J As) B,(s) VARIANCE
1 -6.062 3.574 16.535
2 -2.364 -14.685 73.870
3 3.638 1.990 5.742
4 1.297 1.580 1.396
5 656 2.590 2.383
6 -.333 0.000 037

a; = 109.787+[-93.848 cos(2nx1x1/12) + 84.036 sin(2nx1x1/12}

+ {8.191 cos(2nx2x1/12) - 34.842 sin{2rnx2x1/12)]

+ [9.792 cos(2nx3x1/12) - 0.353 sin(2mx3x1/12)]

+ [-8.567 cos(2mx5x1/12) - 9.185 sin(2nx5x1/12)] = 46.93.

Similarly for t = 2,

T
[+
[l

-+

Eq. (4.91) gives:

109.787+[-93.848 cos(2nx1x2/12) + 84.036 sin(2mx1x2/12))

[8.191 cos(2nx2x2/12) - 34.842 sin(2nx2x2/12)]

+ [9.792 cos(2nx3x2/12) - 0.353 sin(2nx3x2/12)]

-+

[-8.567 cos(2nx5x2/12) - 9.185 sin(2nx5x2/12)] = 95.25.
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CUMULATIVE  PERIODOGRAM (%)

g‘]J‘ﬁ 4.10 Cumulative periodogram for the mean y_ and
for the monthl} NBS

o P h =2 h3=3 h4=5
so} -]2= ﬁ]*=

i |

70t ?T ; St

80} ! : -

| ij Useh =4
ao} l‘

20} !

hi=1
|
© ] i 3 r 5

NUMBER OF HARMONICS

standard deviation s
of Lake Michigan-Huron.

(2b) MIAUIUNIAIBDYNTUNIA z,.

Z69,12 -

312049 1A811UUT1889 AR with Constant Autoregressive Coefficients Glmﬁﬁj‘ﬂiwfl}ﬂ (D

(3¢)

Yy —Hy _ -1.0-46.93 _

- =-0.94
5, 50.96

ylvz’\_ M?_ — 162 —9525 = 1374
c, 48.58

-1.619

—-0.364

1.686

() wlas z,, fluz (=1,...,(-1)*12+7T,..NO)

N*w
Zl

Z,

-0.94
1.374

69 x12 = 828
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Zors - 1686

(i) w1 (z) e k=1....,40 daeraslugUil 4.116) Faagd 180
r(z) = 0.229
r,(2) = 0.135

- - - For sereis zt
o For AR(1) model
—— For AR(2) model

"'\\ o" ‘l‘u \
- i - - & PP '.'
\‘ j \‘n ._“.' “.J‘ \\ l{'\- ;‘ £ Noo .‘. K
-.“ ! \/ \ )
T (El) - ' . \\
0.1
k 95%L

T — e e e . e . e e, . et . e et e

3 U 4.11 (a) Correlogram of the standardized series z, and expected correlograms for the first and second

order Markov models, (b) correlograms of the series €, after fitting the first (1) and second (2) order

Markov models (Lake Michigan-Huron)

(iii) Wa®A Model Correlogram Y04 AR(1) 411 ¢, = 0.229 1AZAR(Q) ¥4l ¢; = 0.209
wag ¢, = 0.087 ulSvuriieuiy Sample Correlogram I, (2 ) fananalugalil 4.11(a) Fasiuldh
uuusiaes ARQ) Wanlszanaes r, (z) dnd AR daiuluduiiseagal1d3n ARQ) And1 AR(D)

v a 4 9 a 4 o = ~ [
e luMsATITHAIIABIINT LUV UTIA09 AR(3) 1Az ARMA(L,1) nf3suisuiy AR(1) uaz AR(2)
Y
Ay
(iv) N'= N =828 (eynsunarseouiivoyasa)

1935 Moment iffoszinamariinesvos ARQ)
j = Glon)_ 02200-0135)
l -v)  (1-0.229°)

2 -1 1-0.229°

= 0.209

= 0.087

NNAUNTN 4.38
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o NG2(L+ 4, A
KN (2%?53)[(1)"’2)2 4]
_ 828(1)(1+0.087 s :
G _2)(1_0087)[(1—0.087) ~0.2092]

= 0.943

(v) 9153989 Stationary Condition YDINITADT IAeaunIT 4.18

gp+¢, (1
$,—¢, (1
~1( ¢, (1
é, +$,=0.209 +0.087 = 0.296 ( 1
¢, d,-0.087 —0.209 = —0.122 ( 1
1 ( $,-0.087 (1
(3) MINAADUANUNMZTUVDILUVINADI AR(2)(Test of Goodness of Fit of Selected Model)

A o A Y v dy
(3a) 1NaunsN 4.19 WAWNTORUIUMIOYNTUNIM &, VDI AR(2) Tdaail

~

&3 = 23— G122 — b1
= ~1.619 - 0.209 x1.374 — 0.087 x (- 0.94)
= -1.824

& = 24— 4123 - 2
= ~0.364 - 0.209(-1.619) - 0.087(1.374)
= -0.623

£y = -1.623

(3b) msnageunNMi)udasz Ve Residuals
Taal% Anderson Test of Correlogram
At r (¢) Tavauns 2.5(b)

Then calculate 95% Probability Limits of I', (é) by Eq.2.21a

-1+1.96vN-K -1

N-K

r. (95%)
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Correlogram 04 &, U84 AR(1) HAZAR(2) 11 95% Probability Limits teaeglugii
4.11(b)
r, (£) ¥o4 AR(2) 9gn101U Probability Limits
r. () e AR(1) T 4 A1aneguen Probability iuniAggaauInaEaiiduafe
(1—0.95)L = 0.05x40 =2 iile L = Max lag = 40

Seaglldheunsunan & vos ARQ) Wudasy

(3c) MInaadl Normality Y94 &
$17(E) ) 0 uaach & Widimsuwsnuauilng

e 7(X) ) 0 udhildfinmsulauiiumsuanuaan iiesnn x=NBS 11amil
ManaL
o, v/0.943 - 0.971
- £
d - o091

a o 1 2 a J
WaNIIAUATIZUNITLUINUIINUIN PDF YB3 g t UMILINLAILY L Lognormal 3 W1510L90193

(Standardized)

9
[

1 a o
Taglin1msumesaall

0 =

fme-&,)-af

(&:1.356; f=0246 ; &, = 4]

1
A e P e R

1 ~1[in(e+4)-1.356]
() ~/2(0.246 (£ + 4.0) =173 0.246 14108]

A~

a = Mean ; P = Standard Deviation

Empirical Frequency 1i6i¥ Lognormal-3p Llﬁﬂ\i@@ﬂugﬂﬁ 4.12
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f
os | 1®
Log-normal
0.4 F
3 parameters
03 b
0.2}
01F
0 1 1 | E.J
3 2 0 1 2 3

3 1/ 4.12 The fit of three-parameters lognormal probability density function (smooth solid line) to the

frequency density curve (broken line) of E_,t variable of monthly mean NBS of Lake Michigan-Huron

(3d) mslseuiey Sample correlogram [} (Z) 1A Residuals Correlogram rk(é) Y93 AR(1)
uaz AR(Q2) Tusiade (3b) uaash r, (£) ve9 ARQ) mmnzauiy I, (Z)ﬂﬂﬂﬂ’h r(¢)ves AR(I) uaz
aad r (£) ves ARG) Wnzningiu I (Z) 1A 1, (€) Y03 AR(Q) HazuIgRIUMINATDL
1A Anderson Probability Limits

AMINANOU Parsimony V0IW131311007 10814 Akaike Information Criteria (AIC) W19

AIC(l) =  -41.34
AIC(2) =  —44.59
AIC(3) =  -41.72

v 9y
AIC(2) fifdga Seaqldnasiimisiaesinglsiuusiaes ARQ)

(3e) Correlogram Y93 AR(2) tan30gluzili 4.11(a)

(4) Optional Tests of the Model

o o J . . 2
Vl'lﬂ13ﬁ\‘]lﬂﬁ'lgwfﬂléﬂsml’)ﬁ1i1ﬂlﬁ@umﬂ\1 NBS U84 Lake Michigan-Huron Iﬂﬂi%uuu%ﬁlaaq

AR(2) AUAUNIT 4.105 11ag 4.106
Voo = U.+6.-2,, [4.109]
2.~ 0.2093,,+0.087%, ,++/0.943¢, 4.110]

n 9
[

U a 4
&, = Lognormal 3 Distributed Tagfinms1inosaail

(@ =1.356, p=0.246, £ =-4.0)
In(é?t _30 )_&

u = =

P




In(&, — (- 4))-1.356

0.246
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= Standard Normal with mean=0 and standard deviation=1

&= —4+ Exp{1.356+0.246 u} [4.111]
. uaz G, Hademsnadi 4.9
asnaft 49 m3dnamU_ ez &,

T 1 2 3 4 5 6
l:l\f 46.93 95.25 176.80 277.60 254.98 210.49
OA'T 50.96 48.58 72.15 86.70 88.03 65.01
r 7 8 9 10 11 12
U, 120.49 55.79 26.39 -5.87 33.13 25.35
o, 52.45 59.06 63.80 7231 66.25 61.48

REI R IGE 131;; (Generate) f1 Standard Normal Random No. 148 Log-normal 3 Transformed

Random No. 11e/A40¢ 114715199 4.10

13 N‘ﬁ 4.10 M3FUATILH Standard Normal Random No. 1@z Log-normal 3 Transformed Random No.
Order u & Order u & Order u &
1 0.414 0.297 7 -0.659 -0.700 13 1.195 1.207
2 -1.288 -1.173 8 0.595 0.492 14 -1.160 -1.083
3 1.019 0.986 9 -0.651 -0.694 15 -1.835 -1.529
4 0.616 0.515 10 0.906 0.849 16 -0.468 -0.541
5 -0.289 -0.386 11 0.678 0.585 17 0.68 -0.054
6 1.970 2.300 12 -1.175 -1.093 18 -0.595 -0.648

aundli 2, =0.0 uazz, =0.0 awannsodunTia Z, il
0.209(0.0)+0.087(0.0)+ 0.971(0.297 ) = 0.288
0.209(0.288)+ 0.087(0.)+ 0.971(~1.173) = ~1.079

N> N N>
w N Ll

N>

4

5

0.209(-1.079
0.209

(
(

)+0.087(0.288)+ 0.971(0.986 ) = 0.757
0.757)+0.087(—1.079)+ 0.971(0.515) = 0.564

0.209(0.564)+ 0.087(0.757)+ 0.971(- 0.386 ) = —0.191

4 J A Ao o 4 d a1 oA ~ @ 2/'
Lﬁ@\?mﬂﬂuliﬂﬂ"ll’ﬂﬁ Z, ﬂﬁilﬂﬂ%‘ﬂﬁuNWﬁ Bias Lﬁ@\‘liﬂﬂﬂﬁﬁiﬂﬁ]ﬂW Zy ey Z_q NUY

o 1 % 1 { o J. g Qy
Fiering and Jackson (1971) 34u1211171A9369 50 ASANTUATIZHIUNING
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H H Y
M13190 4.11 udaseynsunm Z, Nda 3 Awsnie vield 2, =2, ,

1 9

M3197 4.11 DYNTUNIAT Z, N 3 AWTNN

t Z, t Z, t Z,
1 0.564 6 -0.607 11 -0.761
2 -0.191 7 0.733 12 -1.492
3 0.242 8 0.668 13 -0.903
4 -0.228 9 -0.858 14 -0.371
5 0.413 10 1.748 15 -0785
vaannduniizian Z, 1d2 9a1mn30A1UIn Periodic Monthly Time Series 18T

Vi = 46.93 +50.96(0.564 ) = 75.67

Vi, = 95.25 + 48.58(— 0.191) = 85.97

Vi = 25.35 + 61.48(~1.492) = —66.38

Vor = 46.93 +50.96(— 0.903) = 0.913

Yoz = 176.80 + 72.15(— 0.785) =120.16

51082188AUDI Optional Test WidA0g lUiIv0 7.3.5

(5) Reliability of Model Parameters

G 50.95
(52)  s(p = —+ = — = 6.13
0 ) IN J69
ms(i,) dminz =2, -, 12 aunsomuwaldludnyaz@eddu

(5b) AMUIUY 95% Confident Intervals VD4 L. 91naun15 4.100
tes 0005 = 2.0
46.93-2(6.13) ( p, < 46.93+2(6.13)
34.67 ( p, < 59.19
AN 95% Confident Intervals Vo L ;T = 2,--,12 Idludnuaizifeniiu
(5¢) AUIMN 95% Confident Intervals Y84 0, MNANNT 4.101
v es0075 = 47.1
% 65,0025 = 92.66
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/68 (50.96) (o ¢ /68 (50.96)
Jo2 66 - Va7 1

43.65 ( o, ( 61.23
AU 95% Confident Intervals ¥03 0 ;T = 2,-+-,12 1§ ludnvazi@eddty
(5d) 1119991031804 1A AR(2) 4111 Constant Autoregressive Coefficients AMWTIATUIUN

~ 4
Variance Y04 ¢; 10835 Moment 19 Iag1deuns 4.46 aail

Var (J)l) - Var (&)2) - 1N__¢§
o 1008 0
828—2
s(0,) - slo,) — 0035

waganusanuIun Cov ((I)l, ¢2) lavineuns 4.47

Ay —b. b
~0.209(1+0.087)
828 — 2

—0.000275

o ) Cov ((T)l,&)z)
P(¢1’¢2) - \/Var ((T)l)-Var ((132)

o -0.000275 o0
0.001201

(5e) AMUIUNI 95% Confident Intervals V04 §;, ¢, NANMNT 4.48

Ugops = 1.96
(IA)j_ugs(dA)j) (< ‘T’j+ugs(‘1§j)

0.209 —1.96 (0.035) ( ¢, ( 0.209 +1.96 (0.035)
0.1404 ( ¢, ( 0.2776

0.087 —1.96 (0.035) ( ¢, ( 0.087 +1.96 (0.035)
0.0184 ( ¢, ( 0.1556

Option: ¥ Joint Confidence Region 404 ¢;, ¢, Tagauuain ¢,, ¢, UNsuanuaanyy

9
a J o
Bivariate Normal Distribution 18U W1513419193A91
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S(Al)
M(A(I)z)
S(¢2)

p(0.9,)
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0.209
0.035
0.087
0.035
-0.229

(51) ATUIWUNT 95% Confident Intervals VDI O'g2 NNTUNT 4.49

Upper G 5

~2
Lowero

4.4 1®NE3019949

NG2(1+ ¢, ) ) -
Oy | L
828 (1+ 0.0184 )
(828 —2)1-10.0184 )
0.982 (f1m3m91n Lower )
828 (1 + 0.01556 )
(828 - 2)1- 01556 )
0.872 (8134910 Upper §))

{(1— 0.0184 )* - 0.1404 2}

{(1— 0.1556 )* - 0.2776 2}

Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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APPENDIX A4.1| AUTOCORRELATION FUNCTION OF AR(p)

MODELS

Section 4.1.2 indicated that the autocorrelation function

Px of AR models satisfies the difference equation
pk = q)lpk-l + ¢2pk-2 + ...t ¢ppk_p, k>0 (Ad.1)
where Gys ens cbp are the autoregression coefficients of the

AR(p) model of Eq. (4.1). For given or estimated set of ¢
coefficients. Eq. (A4.1) can be solved simultaneously to ob-
tain Prs +ovs pp_l. Then for k > p, Eq. (A4.1) may be
used recursively to find Pk Equations (4.14), (4.15) and

(4.16) give the autocorrelation coefficients Pk for the AR(1)
and AR(2) models. A general computational procedure for
determining P follows.

In general, for an autoregressive model of order p, the
matrix solution for the p-1 autocorrelation coefficients pq,

s Pl of Eq. (A4.1) has the form (Salas and Smith,
1978) P
p= AT [-¢) (A4.2)
- T _
where p = [p; Py ooy Py gl [-0) = 1201, =05, -,
T ) :
-cpp_l] and T denotes the transpose of the matrix. The
elements of the matrix A may be obtained from
(liagnnal—aij = ¢2} -1 y, 1 =1°= 1, ..., (p'l) (A43)
lower = . . . .
triangular al] ¢.1'] * ¢1+] ! 12 1’ ] <1 (A44)
G  rz bt (A2-5)
triangular
in which q;i =0 for i> p. Once the Pys oo pp_1 auto-

correlation coefficients are obtained from Eq. (A4.2), the co-
efficients Pr for k > p are obtained recursively from Eq.
(A4.1).

APPENDIX A4.2 PARTIAL AUTOCORRELATION FUNCTION
OF AR(p) MODELS

The partial autocorrelation coefficient q>k(k) in an AR

process of order k is a measure of the linear association
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between P and Pi-k Tor j < k. It is the k-th
autoregressive coefficient and ¢k(k) for k=1,2,... is the
partial autocorrelation function. '

The difference equation for an AR(k) model is (see Sec.
4.1.2)

p; = ¢1(k)pj_1 + ¢2(k)pj“1 + oL+ ¢k(k)pj-k :
j=1, ..., k (A4.6)

where ¢j(k) is the j-th autoregressive coefficient of the
AR(k) model. The partial autocorrelation is given by the last
coefficient ¢k(k), k=1, 2, ..

Equation (A4.6) constitutes the set of linear equations
i

1 [91Kpg + ¢,0py + oo+ 9, (Kdpy 4 = Py
2 ¢, (Kdpy + q)z(k)po oot 0 Ky T Py
3 [0,(Kpy + do(Kdpy + ...+ 0 (KDpy g = Py
K [900R 1 + 09K _o + .o+ ¢, (Kdpy = py
which may be written as
(1 by ey e ppeq| (R [0, |
0 1 p cee Py $o(k) p
1 1 k-2 2 2 (A4.7)
p2 pl 1 ce pk~3 ¢3(k) = 93
P 1 k
| Px-1 Pk-2 Pk-3 IS B 'S
or
Pr %k = Bk
- p-l _
o =P p.,k=1,2, .. (A4.8)

Thus the partial autocorrelation function ¢k(k) is
determined by successively applying Eq. (A4.8).
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The partial autocorrelation function q;k(k) may be also

obtained recursively by means of Durbin's (1960) relations

2
0,Q1) = py || 04(2) = ———5— |, [0,(2) = ™y
! P 1 - plz) 2 (1 - plz)
k-1
pl( = _q; Qﬁ;(}('fl) pl('j
0, (K) = L (A4.9)
=1

To determine the partial autocorrelation function fpk(k)

from a sample series Zqs AT first compute the sample
autocorrelations o from Eq. (2.5b), then replace the p's
by the r's in either Eq. (A4.8) or Eq. (A4.9).

On the hypothesis that the process is AR(p), the

estimated ¢k(k) for k>p is

mean zero and variance 1/N. Hence, the 1 - a probability
limits for zero partial autocorrelation may be determined by
(Box and Jenkins, 1970, p. 65 and 178).

w2/ VN 5+ uy 0/ IN}

asympotically normal with

(A4.10)

where Uy _q/2 is the 1-a/2 quantile of the standard normal
distribution, N 1is the sample size and « is the probability
level. The limits of expression (A4.10) may be used to give

some guide as to whether theoretical partial autocorrelations
are practically zero beyond a particular lag.

APPENDIX A4.3 ANNUAL FLOWS OF THE GOTA RIVER,
SWEDEN

The following table gives the annual flows of the Goéta
River near Sjétop-Vinersburg for the period 1901-1950. The
data is in the form of modular wvalues (actual annual flows di-
vided by the mean) as given by Yevjevich (1963).

Years

01-10 0.935 ©¢.662 0.950 1.121 0.880 0.802 0.856 1.080 0.958 1.345
11-20 1.153 0.92% 1.158 0.957 0.705 0.805 1.000 0.918 0.907 0.991
21-30 0.994 0.701 0.692 1.086 1.306 0.8395 1.149% 1.297 1.168 1.218
31-40 1.209 0.974 0.834 0.638 0.991 1.198 1.091 0.85%2 1.020 0.86Y
41-50 0.772 0.606 0.739 0.813 1.173 0.816 0.880 0.601 0.720 0.955
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UNN 5
N13912890HNINNANILNUVT 1999 AUTOREGRESSIVE AND MOVING AVERAGE

AUTORERESSIVE AND NOVING AVERAGE MODELLING

5.1 MY (Introduction)

1 Y
LUV1ADY Autoregressive and Moving Average Cdﬁﬂl%ﬂﬂﬁl!@] 91 ARMA(p,q) A LUVIIAeIE 1N
A Ao 1 o ~ A I3 Aa A 4
HATANNWAUINDIINUUUIADY AR(p) 1HU%% 4 TﬂEJLWlIfNﬂ‘].]'i%ﬂ@‘]J‘VlNﬁImLﬂﬁ@]ﬂ’f)ﬂi’Nﬂ‘]Ji%ﬂf’]ll
&£ A s . v ° o q ¥ Ay ad L a o o
Yieno 09nllszney Moving Average mﬂmmumam ‘Vlﬂﬁ ARMA(p.q) NUBANNUUADNUIZTINTU

a 4 oy iAo 3 . o
ﬁﬁﬂﬁﬂﬂ‘ﬁ‘u1EJﬂ'i"Iﬂ;]ﬂTﬁﬂlﬂTithﬁ‘]J@\iuTﬁﬁaﬂ’]&lmgﬂﬂ Low Flow (la¢ High Flow NE‘TEJW?("ILlﬂLlhl‘]J

9
Y a [ =1

J ~ 4 a A 1 o
aaAdsenoy AR(p) 1ag MA(q) E‘ﬁiﬂﬁmﬂ’ﬂg1%@‘5‘]J181_]5"Iﬂ§]ﬂ"lim1flNQVIﬂTJVIfJ”IVILL@]ﬂ@]NﬂuﬂQu

[] Y & a a A g’ IJa
AR(p)-Low Flow Tu%23g9uassaunaindninaveirldau
MA(q)-High Flow &u0aa1nmwige

ARMA(p, q)-wmmmuﬂim;]mmfﬂlm Low Flow ttag High Flow

o

Tusiate 1.6 Tuuni 1 1dngad ldsiunannsald ARMA(LD) a511eU5uams Tnaveairlu

L'}
Y
%

18 @

=he

Zt = CSt—l +dXt
S, = (l - c)St_1 +aX,
Z,=(1-¢c)Z,, +dX, -[d(1-c)-ac]X,,......ARMA(, 1)

Y aa v A A

o [ o a 4 v o 4
HUU1a09 ARMA(p, q) iveandidnyae Ismiumsilwesiesiuuiians AR(p) 1o 1y

¢ d‘a

o { o ] v 4 .
uuuSaesididauunn Jaiaulannniulonasanainmani Parsimony

5.2 31JmJumaﬂﬁﬂmaﬂ%mmgmm‘ham ARMA(p,q) (Mathematical Formula of ARMA)

p
AR(p):zt = Z:(I)J Zi | +&,
=1

MA(q):th—iej St—j ; 902—1
=0

ARMA (p.q)=AR(p)+MA(q)




p q
2 =20, 72— 208

=1 =0

Taglimsiimosao { w 6% 62 (1=l ) ej(jZL......, q)}

5.3 e NUAVDS MA(q) (Properties of MA(q))

5.3.1 HUUD1809 MA(q)

(== 0,6, :0y=—I
=0

E(g,)=0=5(z,)
vale, =5z P =2

E(Zt.zt_k ):Cov(zt.zt_k )=yk = Lag k Autocovariance Y9N z,

q 9
Y :E[— >0, st_jJ[— >0, st_k_jJ
=0 =0

yk:E(st—Gl € "rneens -0, st_q) (st_k—el €] e -0 at_k_q)
2 e
V=0 26,0, k<q
=0
:O k>q

q-k
.Z 9j 6j+k )
ACF ; py e =0 (iekeq
Yo d 2
2 6]
7=0
Yk =0 1o k>q

5.3.2 uUU91a99 MA(1) azdianvoziilu One Step Long Memory
Z =8 _61 €
NAAUMNS [5.4]

1-1
q=1 k=l ; y,=0. ».0,0,, =0, 6,6,
=0

_ 2
- _el Gs

5-2

[5.1]

[5.2]

[5.3]

[5.4]

[5.5]

[5.6]

[5.7]

[5.8]

[5.9]



1

q=1 k=0 ; Yo:(’i Zej ej+k

=0

=52(0,0,+6,9,)

= (1+0} )s?
_n_ 9

P (—)
Yo 1+ 912

q=1L k>1, vy, =0

5.3.3 Residual 493 MA(1)
g, =z,+0 ¢

g =2z,+0, 8,
g, =2z, +6, (zt_1 +0, et_z)
2
=z,+0,z_,+6 g,
2
=z,+0,z_,+0,"z_,+......
4
auMI9E Converge 10 [0,| <1

_ 2
z,=-0,z_,-0,z_,+...... + €,

9a311d91 MA(1) Ao AR(00) naziianuaziiu Long Memory

5.3.4 Invertible Conditions
0,/<1

130 51N09AUNT Characteristics 9208 1129nANI

r-0,=0

N5V MA(q)

rf =0, -0, — ... -0,=0

$151nvesaums [5.16] oglu Unit Circle uaaadn 6, 1ifu'liam mvertible Condition

A58 MA(2) #4i) 0,=0.6 waz 0,=0.2

P —=0.6r—-0.2=0
[ =0.839
K, = ~0.2385

5.3.5 Partial Autocorrelation Function (PACF) 9493 MA(q)
PACF ¢y (k) 499 MA(q) Ao ACF 403 AR(p)

ACF p, 93 MA(q) AiD PACF Y04 AR(p)

9428 (Unit Circle)
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[5.10]

[5.11]

[5.12]

[5.13]

[5.14]

[5.15]

[5.16]



5.3.6 pauanUANl)ves ARMA(p, q)
z, =0,z +...... +0,2z ,+e -0, &, —...... -0
Lag k Cross-Covariance U84 z l1aig €
YZa (k) = COV(Zt—k’gt)
Y4 (k) #0 ; k<0
=0 ; k>0
(1) Lag k Autocovariance Y93 ARMA(p, q)
E(Zt 'Zt—k) ="y

12 q
Yo =20 Vi = 2.0, Y.(k—) ; k<q+lork<gq

=1 =0
p
=07  k=q+l
j=1
Mk=0
Yo =E(z,.z,) = Var(z,)

2, 2 d :
=0g + _Zl¢j Vi Zlej V26 (=)
= =

(2) Autocorrelation Function(ACF)

Tk 4
—=pk=20jpx-j ; k=2q+l
Yo j=1

ACF 989 ARMA(p,q) 9215 AuaIua o; uaz 6; At

pili=L ... a) o ¢; (j=1, ..., pJuaz 0, (j=1, ..., q)

pj(j=q+1, cees q+p+1)oc d)j (j=l, cees p)

Favziinai1d ACF ¥99 ARMA(p,q) Hanyuziuana1enuasgili 5.1 819 q-p > 0 15U
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[5.17]

[5.18]

[5.19]

[5.20]

[5.21]

ARMA(1,2) ACF 923d Az Irregular Shape AUAY Exponential Decay 130 Damped Wave At

qgp<0 1 ARMA(1,0) ACF %ﬁgﬂ‘fNﬁJu Exponential Decay n30 Damped Wave ﬁﬁgﬂ‘ﬁ 5.1

PACF 493 MA(p) tiaadaglugin 5.2 nag 5.3
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Ifg-p = oi.e. ARMA(L 1) or ARMA(L.2)

Exponential Decay

Irregular
Damped Wave

If g-p<0 i.e ARMA(1,0) or ARMA(2,1)

Exponential Decay

qp+1

Y
Damped Wave

31l 5.1 dnvazves ACF vos ARMA(p,q) nsdidi p uaz q Uaanee i




5-6

1.000
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Stationary and Invertibility

uP - (I)lup_1 - ¢2up_2 —eens —0p=0 [5.22]

rf =0, -0, - -0, = [5.23]

() puaNTANUgIMYEI ARMA(, 1)
z. =0z, +g,-0 g
z. =, (elzt—2 +&., =6, 8t—2)+8t -0e
2
=0,z,_,+¢g + (¢1 - el)gt—l -0, ¢,
= ( —018¢_3)+&¢ +(p) — 0y Je_1 — 910
2y =01 (01213 +&(_p — 0183 )+ & +(91 =01 Jer—1 — 916182

=017z _3 +eg + (01 =0 et — 01 (01 — 01 ) — 010183

9
LY

Win Jeemnsaagyd 1891 ARMA(, 1) i MA (00) deduns
Z, =€ +VYE TV, E ,+.. ... [5.24]

4 A A a g .
"UNIT [5.25] 9% Converged D |91| <1 w5eweonszuIumsd lauaaanily Stationary

Y = a J
91 ARMA(1,1) ¥W151U§D7

¢ =0.79
0,=0.35
V; = (I)li_l ((I)l - 91) [5.25]
i 1 2 3 4 5 6
72 0.44 0.35 0.27 0.22 0.17 0.14

Tusihweauasdnuy ARMA(L, 1) annsaenlugiyes AR(C0) Asaums

et =2t — 1241 + 018

=2 —§1z¢_1 +01(z_1 — 0125 +015(_2)
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2
=z, — (91 =01 )z 1 — 010125 + 07

2
zy = (91 — 01 )z¢_1 + 01012 — 075 +&,

= (¢, -0,)z_,+06,(1, =0,)z,_, +07(, =0, )e 5 +..r..... iy

=Mz _,+T,z_,+T,z _,+...... +¢€, [5.26]

T =0,""(¢;-6))
oy ¢1 =0.79, 91 =0.35

i 1 2 3 4 5
. 0.44 0.15 0.05 0.02 0.01

1

eums [5.22] 9% Converged 81nszuanmsalauaadmiunuy nvertibility §1 (0, <1

Admissible Region @145 ¢ 110z 0] Ao

-1<¢; <1 waz —-1<6, <1 [5.27]

ANTUNTEUIUMIA TauAaAnNIgNNINg

0<¢r <1, 0<0,<1 waz ¢; >0 [5.28]

(4) Variance U939 ARMA(L,1), v,

NNANNIT [5.20]

Yo =0p + 0171 —017,5(-1)

Y2s(—1)= Bz 81) = E(012¢-1 +8¢ — 0181 121
= 0B(z¢_1.£-1)+ E(er8-1) - 01Ele1.£1)
= 172:(0)— 0107

Y26(0)=Elzy.8) = E(912¢-1 +& — 01811 Ney)

= E(01z(-180) + E(er.£0) - EOpe-1.8)

- Gg [5.29]

Yo =02 + 01y, — 01 () — 0 )o? [5.30]
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VINAUMT [5.19] drk=1
Y1= 0170 —80v26 (1) = 017,5(0)

=d,7, —9105 [5.31]
Mk>2
Y2 = 0171 —0072(2) 017, (1)

=17

Tk = 017k-1 [5.32]
ANANUNIT [5.30]
Yo — i1 =[1-01(61 -0 oz [5.33]
NNAUNIT [5.31]
d1v0 =11 = 0107 [5.34]
ufferums [5.33] uae [5.34] 92181 Y, uaz y, §eft

(1+912 —2<1>191) )

Yo = 2 [5.35]
T el
_ (=98 )(4;1 _61)05 (5.36]
i-o7)
P, _h_ (1_¢191)(¢1 _61) [5.37]

Yo (1 + e12 - 2¢191)
dTaums [5.32] 420 7o 9z 14
Pk = d1Pk-1 5 k=2 [5.38]

n38l ARMA(I,1) 9zenunsonmial @, mnaunis [5.38] 1o k=2 unum ¢, asluaums [5.37] a2
4
awnsnie 0, 1810837 Trial and Error tazdugaieunum ¢, waz 0, asluaums [5.35] wie

[5.36] 1ii011A1 O

n3MLiaAg ACF tiag PACF 993 ARMA(1,1) n3dif ¢;uag 0, UA1enee nu uaaseglugli 5.4

Hag 5.5 MuaIAL
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0,250
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0.000 1000 2000 3000 4000 5000 6000 7000 8000 9.000
LAG
(2) PACF 484 ARMA(1.1) n5dif ¢;uaz 0 Taniluwin
1.000
SYMBOL  PHI THETA
] -.J -.7
0.6677] | oy -3 =2
- + -t _ 3
P -.3 3
4 ] 4
¢- - 5
0.3334 b -9 N
=
Fd
& 0.000-
T =4
[N
-0.333 -
-0.667
-1.000
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LAG

(b) PACF 494 ARMA(1.1) n3di# ¢ uaz 0, lauiluay

319 5.5 Theoretical Partial Autocorrelation for ARMA(1.1) Model 3@ dpuaz 0, UA1AINY) A
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5.4 M3a3 WUV ARMA visuaynsuase

(ARMA Modeling of Annual Time Series)

5.4.1 HUUD1999 Annual ARMA

aq ¥ A a 2 = a 1y 1y Y=
auudld x Av oynsugnNINes el Feenalimsusnusauuing uam x, lildlmsuanuas

<3| a o o ! 09/’ 1
suvdesdimsudasldidueynsunawuuilng y, Teeldileddumsulasimmunzan  duaelidaons

< o
wagy, 1u z, deauns

y, = U+z [5.39]

k4
RIMITasoynIuNaT z ABUVUTIADI ARMA(p,q) Al

z, =0,z +d,z, , +...... b,z ,+e -0, —0,6 ,—...... 0.e._ [5.40]

wa o A Yy qv Y, ~
ﬂmﬁuﬂ@]ﬂl@%iﬂﬂﬂ]aﬂq AR, MA 11a¥ ARMA @nllmﬂa]:llﬂl!,a’!”lﬂﬁﬁqﬂ131“@]151\3% 5.1

M3 5.1 Identification Properties for AR, MA and ARMA Processes.

Process Autocorrelation Partial Autocorrelations
AR(p) Infinite in extent, consists of damped Finite in extent, peaks at lags 1
exponentials and/or damped waves. through p then cuts off.
Attenuates as
p
Py = Z(I) iPi-j
j=1
MA(q) Finite in extent, peaks at lags 1 through q Infinite in extent, consists of
then cuts off. damped exponentials and/or
damped waves.
ARMA(p, q) | Infinite in extent, first q-p lags: irregular Infinite in extent, first p-q lags
then damped exponentials and/or damped irregular, then damped
waves. Attenuates as exponentials and/or damped
P waves.
Pk = Zd)ipk—i
j=1
(k >q+ 1)

5.4.2 4UADUN5I1a049
- mimgﬂgmmmuﬁmm (Identification)
1 a 4
—  msUsznamwsumes (Estimation)

—  MIATIVADUANNNNIZ AN (Diagnostic Checking)
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(1) msmzluuunuv91a8a (Identification)
Msmzluuuuuuiiass agisannIleynINNE ACF tag PACF (gaaauiinves

ACF 11a2 PACF 1041131004019 1415199 5.1)

N
95% Probability Limit iD ~——

) M3UszINuMINNIAND3 (Estimation)

am 1 a 4
MU IR0 VDI MA(q)

MNANNINSs  ol = qy"
S0
J
=0
_ . Yo . [5.41]
1+0, +...... +0,
: q-k
MAAUMIN 54 . =02 .00, ; k< q(k =0, 1,...... ,q)
=0
Gy k=j; j=0,...... , k; k<q
2q—j
YJ _Gszeiel+J
i=0
= 62(0,0,+6,0,, +......+6,_0,)
’Y.
0, :_(6—;—919j+1 ~0,0.,...... —eq_jeqj [5.42]

C, ~7Y, (Variance)
C;~ Y, (Autocovariance)

mo,(j=L...... , Q) MINAUMST [5.41] 1az [5.42] TagmsmuInUD Tterative A4

(5) asvaeud 6, (Mudw) =0, (auud)

U Y v
(6) swamsmuia lum lindu T Fufmuadun ) auua ej(j =1,



nsal MA(1)
A2 Co
S, =—=
1+6;
A C1
61:——2
GE
=
NI MA(2)
A2 Co
G, = N2 2
1+6; +0;
__%

nsal ARMAC(p, q)
a 4 .
MINIMNINADT ¢, (J =

N5 k> q+1

p
K= Z(I)ij—j
=1

2 AUM3 2 Unknown aza@mnsafiuiama 6,,62 18

o 1 a 4
> TAIVITOMUIUNRIATNITINIANDT

; k>q+1

Uszanumiaie Sample Lag k Autocovariance

p ~
:Z(I)jckfj ; k>q+1 [5.43]
j=1
115U ARMA(L, 1)
p=1,q=1,k=2
k=2; ¢, =, 3wldn ¢, ==
¢
115U ARMA(2, 2)
p=2,9=2,k=3
k=3; ¢c; =0,c, +0,¢, . a o7 A gy
. . WANNTOMAIMNISINS ¢, Loz ¢, 1A
k=4; ¢, =¢,c; +d,c,
ifonswm ¢ szmunsauilas ARMA(p,q) 111 MA(q) 18@ail
’ p
= Z [5.44]
j=1

5-14
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Aun ¢, (j=0.......q) MNoYNIUI Z,

o o o Ay y A . A )
HAIINUUNITTINITDNN Oj hlﬂi]']ﬂﬁllﬂ'li [5.41] uag[5.42] Iﬂﬂj‘ﬁ [terative AIUNNA1IVULAD

mu@aumimmmuuu Iterative

AUUAA éj HAIMIUIUNN

n C
6. =—2"— uay
q ~)
2.6,
=0
6= o =00, 00, ... —eqjqu

9 n a v Ao yq I ¥ o
d 0,@ ) = 6, (@und) uananmndnna ldl41d Jangamad o

Efficient Estimate

A5m31szumaIN Efficient Av Max. Likelihood 1350 LSE 81 € Imsuanuaauuvlnd

p q
g, =2, z z
j=1 j=1
fmuald SSE =S(p, 6)= isf [5.45]
t=1
L= S(?TQ) = Variance Y0 &€, [5.46]

Y o Y ' a My o L .
ansoldvian Optimization Wmmmsames 1a Tasmsivua Objective Function Lo

Y
Constraints 9911

Min.  S(¢, 6)
ST -l1< (I_) <1 1% Solver 11 Excel
-1<6<1

Excel 11079411mM MM 190Uv04 Optimization Model Tagmsisonld Solver
@MTU ARMA(L, 1) : z, =d,z,, +€, -0,
& =Z, _(I)lzt—l +618t—1

dimuald z, =0 uaz g, =0wSe (z,=7 &, =¢)old

en =Zy — 012y +0,8y
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N y
wansamam SSE = S(@, Q): > el e lummsiimes 14 Tagld Solver 1u Excel

t=

1

4 a Jd
3) ANUY aﬁemmﬁ1ﬂigu1mw1i 1IND9 (Reliability of Estimated Parameters)

Variance-Covariance Matrix ¥94W15 101005 1aasog luauns

vp)

[5.47]

_ - -1
0°S o’s(p
oB; BB,
2
V(B)% 262 G [5.48]
oB;
o°s|p
I By
@M FVUVVUT1099 ARMA(L, 1) Variance-Covariance Matrix 929¢ 14g1vodaunis
20(X A ) 20 A )] -1
s((,0,)  os(6,6,)
| Varld Cov($,0 o> 06,00
G)[e) - codo) oo -
cov(pd,)  Varl,) s(p,0,)  os(,6,)
| 00,00, 20,
3 1)1 Variance-Covariance Matrix 1151 ARMA(1,1) ¥94 Box and Jenkins(1976)
A (1_&)12X1_&)1é1) (1_&)12X1_é12)
A 1 1_(1)191
v(q>l,e1);E i [5.50]
(q)l _el)z

(l_élle_&)lél)



tas

1azA Standard Errors ﬁ’t’]

o L2
6(&)1): 1 (1_4)}91)?(1_4)12) [5.51]
N (¢1—91)2
B 1/2
6(él)= % (1—¢}61)2(1—612) [5.52]

[ Bi _ua/Zé(Bi) ; [—3’1 + ua/Zé(ﬁi) ] [5.53]

Standard Error Y94 &

S(B)= S(ﬁ){l - @} [5.54]

a d
@ mMsiszanammsinesiuy Non-Linear

ef = Sum of Square of Residual

M=

smualid (o, 0,)=

-
I
—_

a o a,
WHIN313A05 1A8IT Least Square
oS

yb(q’ei): 0 (Linear) [5.55]
% ((I)l ,0. )= 0 (Non-Linear) [5.56]

5-17

14 Linear Approximation of Taylor Series Expansion of €, gﬁwaz!ﬁﬂﬂiu Box and Jenkins (1976)

5.4.3 MSNATOUAINMHNTANVDIUUDS 1299 Annual ARMA(p, q)

z, =0z, +g -0 [5.57]
z, =0z ,+¢.,,—0¢, [5.58]
AU [5.58]-[5.57]

z,-z,,=0,z,_,— 0z, +¢, —(1 +0, )at_l +0,€,,

z,=(1+4,)z_, 0z, +&, —(1+6,),_, +0,g,, [5.59]
aumsi 5.50 Ao ARMA(, 2) #4 lulifiudaszanaums [5.57]

Corrected Residual Variance
1 (A A
A2
G.).=— S ,9) [5.60]
C
N = No. of Observations

n = No. of Parameters
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1) minaaeunNiludaszuod Residuals € 10835 Porte Manteau Lack of Fit Test
- 2
= NZ P (g)
k=1

1 <
0 Q< xLu1pq) MR € 1TUOYNITNIAWUY Independent

(2) MmInaa aunNMIUBaIz VD9 Residuals €, 1ag3B Cumulative Periodogram 482 Smirnov-

Kolmogorov Statistics

Msn<hj>:§ [iet cod ) + S, sn )

t=1 t=1

- N—2 FY I J
1.0 s < | N'= 21 N 1 uavn
P, : VN’ [ 2 j ’

. A S N-1 4
o o NiNg N':(Tj A N duavd

0 - 05 i K = Smirnov-Kolmogorov Statistics 91AN1519% 3.1
0 0.01 0.05 0.10 0.20 0.25
K 1.63 1.36 1.22 1.07 1.02

d
3) MIinaaay Parsimony YBINIINNDI

AIC(p, @) =N In(MLE of 6,”) +2(p+q) [5.61]

(v d
5.5 M3 mmswwﬁ’em (Generation)

|
'Mn
D>
y

p
=202
j=1

(1 GI’ENﬁ\‘llﬂi?’ﬁ@uﬂﬁm’mﬁﬂuﬁu Nw+Ng Lll’f) Nw =50~ 100

[5.62]

5.6 ﬂ1§Wﬂ1ﬂiﬂiﬁjﬁﬂ!!UU51ﬁi’N Annual ARMA

56.1 wWanmIngnsamsalaunan
a JY o 1 ~
uuna lumsneInsalddenuuI 1899 Annual ARMA tiaageglugiin 5.6

tilo t = Time Origin of the Forecast




L =Lead Time > 1
z++1. = Value to be forecasted observation at time t+L

zt(L) = E(zHL | Z3Z, fyereenenne ) = Conditional Expectation

z(L) = [Zt + L] =Forecasted Function = Min MSE Forecast

5-19

Observed Values
at time t+L

Time of Origin
T Time origin Forecasted Value
(Min. MSE Forecast)

Y a 4
51U 5.6 uunAalumswensal

Y

HUDTIa03 ARMA(L,1) eusaenlug1lued Infinite Weight of Sum of €,

2= Z\Vj g o y; = o 1((1)1 _el) [5.63]
=0
L1 o
Zi = Z\Vj €T Z\Vj €L [5.64]
=0 j=L
A
LU®

L-1 '
>y, €., A0 Future Values ¥04 €, &1 lins i t
=0

d! =) 1 A
413801 Forecasted Error 1139 e (L)

o0

>y, €,,_; 10 Past and Present Values ¥4 €, N3 1AM ¢
L

d! =) 1 . A
4138901 Forecasted Function 130 z(L)
& (L) =Z—Z (L) [5.65]

= Forecast Error

5.6.2 AMaNAYed E(E,)




P q

ZiL = Z(bJ Zig-jteup _Zej €
j=1 j=I1

Taking Conditional Expectation

od=Y ol el S0k )
MLj<0

[ZHHJ: ZiiL-j

|.8t+L*jJ= EiiL-j
fL-j >0

|20 ]= 2L+ )

[eci s |=0=E(e,(L)

5.6.3 One step Ahead Forecasting (L = 1)

P q
[Zt+1] =z ()= Z¢_] Zigt [8t+1]_ Z ej €]
= =

P q

Zig = Z(I)_] Zt+1—j +8t+1 _Zej 8t+1—j
i =

anms [5.72]-[5.71]

Zig— Zt(l) =&, =6 (1)

5.6.4 Forecasted Function
ARMA,1)

z,1)= ¢z -6,

2,2)=z(1)

2,3)=0z,2)

ARMA(2,2)

z()=0z +d,z_, —0 0.,

Z (2) = ¢1Zt(l) + ¢zzt - 628t

[5.66]

[5.67]

[5.68]

[5.69]

[5.70]

[5.71]

[5.72]

[5.73]
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2,3)=0.2,2)+¢,2,(1)
z,(4)=62,3)+0,2,2)
AR(1)

z,(1) =z, +[
7(2)=0(1)
2,3)=02(2)

AR(2)

2,()=dz, + 6,7, [e,..]
22)=92(1)+ 0,7
2(3)=6(2)+¢,2,1)

8t+1]

5.6.5 Forecast Error

L-1

et(L) = Z Vi€
j=0

15U ARMA(L, 1)

V= (¢1 - el)¢1j_1

Variance of Forecast Error

Var(e, (L)) = E(et (L))2

g

I
el
1
- =
I :
(=) —_
=
m
T
=
L
| I |

2 2
i Oc

I
<

i=0

(l - OL) Confident Limits of Z

-1

A 2

z,, =z(L)x u,0, / V;
2 j=0

[5.74]

[5.75]

[5.76]
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=z, (L)£tu,6, [1+> v} [5.77]

o0
2 j=0
5.7 msﬁmmmgﬂ‘mnmiwﬂﬁ'ﬁmmuﬁmm ARMA(p,q)
z o
VUADUNITINADN

(1) MuUIUMER z, s

o ! . . 9
(2) AMUIUAT Lag k Autocovariance 1182 Lag k Autocorrelation 4ag Waoan3

1 N= N
C, =— X; —X X -X); 0<k<—
k=Y El =X )Xk —X) 1

Ck .
sz—k= Pk

C0

3) AUIUNIAT Partial Autoregressive Function 3108%UN13

I 1 P1 Py © Pk—1 | _d)l (k)_ _pl ]
P 1 o pra || 2(0) P2
pr o 1 s |Bk)] = P3

Pkt P2 pees o 1| Lok(K)] [Pk ]

(4) MIA1VYBI ARMA(p,q) 310 ACF 1agPACF

p q
z¢= X0z - _ZoejSt—j +050

=1 =
4 (P
o 040 =2 1- 2 9; [5.78]
=
©) wiamlszinaudoduves 0, ..., 0, 11z, 1o
' P
Zy =7t~ _Zld)jzt—j [5.79]
J:
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- MUIUNIA C'k (Lag k Autocovariance U994 z’ ) Tae35U04 Box and Jenkins (1976, p202)



1

_.
Il
—

—
I

d_] _Cj+i+cj_1 J:O, 1, ...... 5 q
¢ = -1
R C

+O +. + q

G an e w
e] — A_2_elej+1—929j+2— ...... Oq_Jeq

w1 ¢,0 Akl S(g,0) fArdrga (Minimum)

6(B):Diagonal Terms U84 Variance-Covariance Matrix

Bi —ugé(ﬁi)< Bi < B +ug'57(l31)

2 2

(8) Porte Manteau Lack of Fit Test

L 2 N N
Q = NkZ::l[rk (8)] 5 E <L< Z

Y '
01 Q< Xé’L—p—q : uaasi g ilu Independent

(9) Akaike Test

AIC(p,q)=N 1n(c§ )+ 2(p+q)

6. = MLE %94 Error Variance

p A2 p AA AR ~ ~
1= 2420+ B bobi + brbian +ot by by ),

[5.80]

[5.81]

[5.82]

[5.83]

[5.84]

[5.85]

[5.86]

[5.87]

[5.88]

[5.89]
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(10) Generation

. b q . A
2y = 20jz¢-j— 2 0j&r—j+ 050 [5.90]
= 0

(11) Forecasting

L < q
2(1) = 1z + oo+ GpZy_ps1 — 018 — .= OgEy_q [5.91]
2(2)= 012¢(1)+ 22 + ..+ dpZe_pr2 =028 = = OgE_q12 [5.92]
z(L)= 01z (L=1)+ oo+ Op 12 (1) + 2 +ooerot OpZypiL 5031
—OLer — e mOgE_giL
M L> q
z(L)= 41z (L—1)+.....+ ¢pze (L —p) [5.94]
WIN \l[ Weight 91naNN13 [5.75]
vi=(¢ - 0 )"
Vasy(L)]- 3 wie?
i=
zio (£)=2,(L)tu, {1 + Lz_;wjz}cg [5.95]
2L =

5.8 f3ed1amsdIavseynsunMsnanimseldenuusiass ARMA(p,q)

v Y
aynsunanimseiluowith Niger 11 Koulicoro 80301 Hidoyasening 1906-1957 §1uau 52

= o Y < 1 . A Y o
U lumsiaesazuilasdoyaiilua Modular Coefficients agoynIuIa z 13197 5.2 Taeldaseauns

Annual Flow

uyy=—— 5.96
t Mean Flow 15.96]
z, =28 [5.97]
Su
E(ut) =1
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Wil w=1 . Z=-0.0001~0
2200575 ; s2=0.9804 ~1
Fufi2 vomm o, 1, by (k) vesz, ; k=1,......29
oy(1)=1,=0.53478
2 _ 2
5,(2)= 2 r; _ 046292 0.5342178 09478
11 1-0.53478
. n—-(1-1) 0.53478(1-0.46292)
¢l(2): 2 = 2
-1 1-0.53478
= 0.40226

('1\) 3)= 3 —@1(2)1‘2 _A&)Z(z)rl =0.12096
®) 1=6;(2)5 —92(2)r

o A = = ' 0 = & A
AuUN 3 1NN I, Tuasen 5.2 LL@S’JE‘]_]‘VI 5.7 %xﬁ;ﬂmmumammmmmma AR(2) Y139

ARMA(1,1)

a1l §,00 Tumsied 5.3 nazqilf 5.8 wagiliuuniaesfiunzauie AR()
naaodsanalaeld ARMA(L)

%uﬁ 4 fhﬂizmmufﬁymﬁumm (Initial Estimate) U9 J)l M5 ARMAC(L, 1)
¢2 = iey
b2 045385 ool

i 0.52429
Fuis Asvanandiosdved (initial Estimate) v04 6,

7 =2, — b1z
ey = (7o + 670 )+ (bobi Ko
Ci = (%01 + &)1201)+ ((Bo&)l )dl
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M15199 5.2 Niger River at Koulicoro, Africa, Modular Coefficients (Annual Flow/Mean), Annual

Flows (CFS) and Standardized Flows. 1906-1957 (after Yevjevich, 1963)

MODULAR COEFFICIENTS STANDARDIZED

(u) ANNUAL FLOWS(x,) FLOWS(z,)

1 0.73200 39792.98 -1.106432
2 0.78900 42891.62 -0.871109
3 1.27000 69039.74 1.114689
4 0.80300 43652.69 -0.81331
5 1.04300 56699.57 0.177524
6 0.84600 45990.25 -0.635785
7 0.52900 28757.50 -1.944512
8 0.60500 32889.01 -1.630748
9 0.90000 48925.80 -0.412848
10 0.89200 48490.90 -0.445875
11 0.95700 52024.43 -0.177524
12 1.03500 56264.67 0.144497
13 0.90200 49034.52 -0.404591
14 0.80300 43652.69 -0.81331
15 0.67700 36803.07 -1.333498
16 0.96100 52241.88 -0.161011
17 1.00800 54796.90 0.033028
18 1.42700 77574.57 1.762859
19 1.52900 83118.50 2.183964
20 1.09100 59308.94 0.375691
21 1.27600 69365.91 1.139459
22 1.40100 76161.16 1.655519
23 1.34100 72899.44 1.40781
24 1.31100 71268.58 1.283956
25 1.13200 61537.78 0.544959
26 1.15100 62570.66 0.623400
27 1.05700 57460.63 0.235323
28 0.94900 51589.54 -0.210552
29 0.93600 50882.83 -0.264222
30 1.12000 60885.44 0.495417
31 0.83200 45229.18 -0.693587
32 0.95600 51970.07 -0.181653
33 0.88300 48001.65 -0.483032
34 0.76100 41369.48 -0.986706
35 0.80400 43707.05 -0.809181
36 0.64500 35063.49 -1.465609
37 0.77200 41967.46 -0.941293
38 0.64600 35117.85 -1.461481
39 0.80200 43598.32 -0.817438
40 0.99600 54144.55 -0.016514
41 0.81700 44413.75 -0.755511
42 1.08500 58982.77 0.35092
43 0.89900 48871.44 -0.416976
44 0.98000 53274.76 -0.08257
45 1.38500 75291.37 1.589463
46 1.06000 57623.72 0.247709
47 1.28000 69583.36 1.155973
48 1.35200 73497.42 1.453224
49 1.33300 72464.55 1.374783
50 0.88300 48001.65 -0.483032
51 1.35500 73660.51 1.465609
Mean 1.0000 54362 -0.0001

Std.Dev. 0.2398 13167.569 0.9901




M519N 5.3 Auto-Covariance, Autocorrelation and Partial Autocorrelation of Standardized

Annual Flows, Niger River

5-27

AUTOCOVARIANCE AUTOCORRELATION PARTIAL AUTOCORRELATION
LAG(K) n
() (1) (Pr (k)
0 0.98039 1.000000 1.000000
1 0.52429 0.53478 0.53478
2 0.45385 0.46292 0.2478
3 0.39196 0.39980 0.12096
4 0.19723 0.20118 -0.1583
5 0.15919 0.16237 -0.01121
6 0.16544 0.16875 0.09781
7 0.52430 0.05348 -0.07003
8 -0.10133 -0.10335 -0.26015
9 -0.19676 -0.20069 -0.20307
10 -0.34234 -0.34919 -0.19383
11 -0.40911 -0.41729 -0.11954
12 -0.41522 -0.423520 -0.09932
13 -0.36725 -0.374600 0.02018
14 -0.37725 -0.384800 -0.05115
15 -0.39769 -0.405640 -0.13012
16 -0.32919 -0.335770 0.00465
17 -0.38113 -0.388750 -0.12676
18 -0.23566 -0.240370 0.08039
19 -0.11537 -0.117680 0.04421
20 -0.12348 -0.125950 -0.16125
21 0.06959 0.070980 0.0926
22 0.05039 0.051400 -0.11353
23 0.14841 0.151370 0.11483
24 0.19536 0.199270 -0.03871
25 0.18428 0.187970 -0.147950
26 0.25974 0.264940 0.02967
27 030171 0.307740 0.0255
28 0.23339 0.238050 -0.09234
29 0.26462 0.269910 0.01801
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o1 =c1+¢;°Cp —yca +¢,)
co = (1 + 0.86562)0.98039 —2(0.8656)(0.52429) = 0.8074

¢ = [1+0.86562.52429 — 0.8656(0.45385 + 0.98039) = ~03244

2 ¢y 0.8074

_ 0 _

O ==~
1+61 1+91

A —¢; 03244
uag 0 = ;1 =—=
cASS 68

- 0.3244(1 + 67 )

: 0.8074

0.32446> —0.80746, +0.3244 =0

A

0;=1.9852, 0.5037

Invertibility |0,/ <1
6, =0.5037
52 = O80T 6440
1+0.5037
b, =71-d)

=-0.0001(1-0.8656)

=-0.000013 =~ O
Preliminary ARMA(1, 1) Model

Z=-0.0001 ~ 0
z, =0.8656z,_| +¢& —0.5037¢,_

u=1
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Boo = Tl -y )=1(1-0.8656) = 0.1344
u =0.1344+0.8656u,_ +&; —0.5037¢_|

a J
f'ni‘1.]583»11&!?’1'1W1§13J!ﬂﬂi"llf‘)\iﬂ‘léﬂillnﬁn zZ, iﬂﬂ Fortran Library Function FTARPS* tlay

FTMPS*
d; = 0.865634
6, =0.503631
6., =-0.000011

&7 =0.643987
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=-0.871109 +0.8x1.106432 + 0

=0.0140
€3 =23~ &122 + é182
=1.114639+0.8x0.871109+0.4x0.014

=1.8172
g, =—0.9782

& =2t — 1241 + 0181

; 51
M e, e uﬁmagiummmm 5.4 wam3saaalam S= Zetz =32.0923
t=1

luihueuReanu wamsdiuiua S e ¢, 1az 0, 1152119 0.0500-0.9500 taasod lua1s1a
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Mmmsmuimedvazda lvinnwansaualumsedn 5.5 Tasdmuali ¢, Ua1sening
= | [ [ d‘ d! Y s c;
0.7550-0.8500 t1az 0, Uf1521119 0.30500-0.4000 Aduaaalua1snei 5.6 deagil1dan s azlisndrga

Wiy 3201119 iile ¢, = 0.7900 uaz 0, =0.345



5-31
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M1319% 5.4 Residuals (1*" line of each entry), Squares of residulas (2™ line of each entry) and

Sum of squares of residuals for 1=0.8 and q1=0.4. These results were obtained with the T1-59
calculator program shown in Appendix A5.3.
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N15M1A1 Standard Error ¥94W15158035 ¢, 9Inauns 5.51

1
N

51

1

(1—$1él)2(1—$%) 2

61-6,)

|1 (1-0.7905x0.348) (1 —0.79052)

(0.7905 -0.348)

=0.140

1

T

311A1 Standard Error ¥9aW1513ia03 0, vinaums 5.52

1
(1—431‘31)2(1—@12) ?

1
N

51

6,-6,f

1 (1-0.7905x0.348)° (1—0.3482)

(0.7905-0.348)

=0.215

1

T
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1 a J
Maaenlun1311a1 Standard Error ¥99W151311003 (I)1 g 91 APNIN Variance-Covariance

a o [ ~
Matrix ¥09W15 100035 ¢, az 0 deaunsi 5.49

V(A): 262

0°s(61,6, )

odt

0°3(61,6, )

0,06,

0%8(1,0,)

0,06,

82(&)1,é1)

007

(1) M3M1 Second Derivative ¥4 S fgui ¢, Tagldnansmuiuainasieh 5.7 dwaaseg

lua1319N 5.8

M1519% 5.8 N34 Second Derivative 404 S 118UAU ¢, 1 O] = 0.3480

fi 6,=0.3480
&)1 S’ AS' Azs'
0.7895 172
0.7900 -530 172-(-530)=702
A, =0.005 0.7905 -812 (-530+812)=282 702-282=440
0.7910 -674 -812+674=-138 282+138=420
0.7915 115 -674+115=-559 -138+559=421




S’ =(S-32.011)x10’

A1 Second Difference ¥84S” 1HUAL ¢, 7 ¢, = 0.7905 uaz 6, = 0.3480 fv 420 Hazs

Second Derivative ¥4 S* NGV ¢, Ao

os?

420

89> 107x0.005°

. . v A 9 o { o
(2) 1 Second Derivative ¥04 S 18UV 0, Taaldmanisfiuinainasai 5.7 lusiiues

a4 o o . &
19yInU (1) muamagiumﬂm 5.9
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13197 5.9 115111 Second Derivative ¥94 S 1BUNL él #l ({)1 =0.7905

&’1 =0.7905
0, s’ AS’ A
0.3470 -401
0.3475 712 -401+712=311
AB, =0.0005 0.3480 -812 ~7124812=100 311-100=211
0.3485 -700 -812+700=-112 100+112=212
0.349 -376 -700+376=-324 -1124324=212

S’ =(S-32.001)x10’
#1 Second Difference (S°) s 8, @ ¢, = 0.7905uaz §, = 0.3480 fiv 212 waze

Second Derivative U949 S* 1RgUNU 0; Ao
0S? N

212

00?

~107x0.0005>

3 = v v 1 d'
MUUAYINY (1) ﬂﬂllﬁﬂﬂ@giuﬂ"ﬁﬁ‘ﬂ 5.10

(3) "1 Second Derivative ¥4 S tiiouiu ¢, uaz 6, Tagldmamssiuruainaisiedi 5.7 lu

@319 5.10 N3 Second Derivative Y04 S 18U ¢; tag

0
0.3470 0.3475 0.3480 0.3485
O S' | AS' | A4S | S| AS' | AS' | S| AS' | A%eS' | S| AS' | A%eS'
0.7895 | -294 -167 172 742
263-482= 482-702= 702-940=
0.7900 | -557 | 263 219 | -649 | 482 -220 | -530 | 702 -238 | -198 | 940
0.7905 | -401 | -156 219 | -712 | 63| (-219) | -812| 282 | (-220) | -700 | 502
0.7910 | 174 | -575 218 | -355 | -357 | (-219) | -674 | -138 | (-219) | -781 | 81
0.7915 | 1170 | -996 =220 | 421 | -776 217 | -115 | -559 -219 | -441 | -340

S'=(S-32.001)x10’
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A1 Second Difference 04 S” tRgUND §; taz O;f ¢, = 0.7905 uaz 6, = 0.3480 sxiaumny

=(-219-219-220-219)/4 = 219.25
1Az Second Derivative ¥4 S* 1YL &)1 uay él Ao

882 219.25

~ — 877
90101 107 x0.0005%0.0005

(4) ¥I1 62 U3 5.46

&2 =§S<<T>1aél)

= %x 32.0109 =0.6277

(5) Variance-Covariance Matrix YDINIT AT
S 825(61,8, )]

8sl61,6,) JM
A Bt 34100,
v(p)=252 !

828(&)1, 0y ) 52@1:@1 )

06,00 007

168 —-87.77)
=2x0.6277

877 8438

=2x0.6277

[0.01294 0.0134
| 0.0134  0.0256

Var(&)l) Cov(&)l, él)

Cov(&)l , él ) Var(él)

Var(¢;) = 2x0.6277x0.01294
oldy)=0.127
Var(;) = 2x0.6277x0.0256
o(6;)=0.179

MU 95% CLINANMST 5.51 1AL 5.52 92 19
95% Cl of (1)1: 0.7905 £1.96x0.14

0.5161< ¢; <1.0649 (Stationary)



95% Clof 0, = 0.348 £1.96x0.215

—-0.0734 <0, <0.7694

o J
wamsMuIMNINneslaalilsunsy FTMXL

9 Iterations :  ¢; = 0.791457 ; 6, = 0.348672

A

e00

—0.000017 ; &7 =0.627668

50 Iterations : &)1 =0.790691 ; él =0.348173

6., =—0.000017 ; 62 =0.627668
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HaMIMUINM g,e2, Te2 TavTilsunsu FIMAXL uaasegluasiai 5.11 aaauiiams

aa . [l § 1 a 4 o a 1 {
091U Residual( &¢ ) L!ﬁﬂﬁﬂgiuﬂﬁﬁﬁ 5.12 L!ﬁ%ﬂ'lW"liWiJLﬂ@i"’U’fN!L‘]J‘U%WaﬂﬁﬁjﬁuﬂﬁﬂﬂlmﬂﬁNﬂ i

fuasTaaTisunsy FTMAXL uaagoglunisan 5.13

M99 5.11 Residuals, Squares of Residuals and Sums of Squares Obtained from IMSL Program

FTMAXL
t £¢ €42 S=2g¢2
RAMK RESIDUALS S.RESIDUALS S.S.RESIDUALS
1 0 [e] o
2 < 004602 . 000021 . 000021
3 1.805755 3.260753 3.260774
4 -1.065305 1.136153 4.396927
s - 443590 .202131 4.599058
=5 —.B619512 - 533795 4.982853
7 -1 .685730S 2.746660 7.729513
8 —.669583 - 448349 8.177862
9 .644370 415213 B.S59307FS
10 . 1L0SS67 ~0L1l144 B8.6042139
1L 212192 . 045025 8.649245
L2 .353002 - 128883 8.778127
13 —-.393763 « 155049 8.933176
14 —.630371 . 397367 9.330544
1S —.909574 .827324 10.157868
16 .S77270 .3332491 10.491109
17 .361756 . 130867 10.621976
18 1.862870 3.470286 14.092262
19 1.438284 2.068661 16. 160823
20 —.851317 724740 16.885663
21 .545302 .297354 17 .183017
22 .943834 .830823 18.073840
23 . 426643 . 182024 18.255865
24 .318510 .101448 18.357313
25 —-.3601E5 .129719 18.487032
26 . 066525 004426 18.491458
27 —-.234859 .055153 18.546616
28 —-.478673 225127 1B8.775744
29 —-.264462 . 069340 1B.845584
30 .612344 . 374965 19.220650
.31 -.872161 . 760665 19.981315
32 . 063208 . 003335 19.885310
33 —-.317206 . 100619 20.0853923
349 —.714991 511212 20.597141
35 -. 277526 .077021 20.674162
36 —-.921525 .B49946 21.524108
37 —.1027S8 .0105539 21.534667
38 -.752300 .565955 22. 100622
39 07E972 . 005925 22. 106547
40 .657309 . 432055 22.538602
41 —-.513239 .263414 22.802016
42 .7E93940 .592808 23.3948c4
43 —.426241 . 181681 23.576595
ad . 098848 . 008771 23.58627E6
45 1.689=96 2.853721 26.439937
46 -.421256 L 177457 26.617454
47 .813053 .ES1065 27.278519
48 .B21828 .675401 27.39539=0
49 .S511183 .261309 28.215223
50 —1.392861 1.840083 20. 155292
51 1 .362273 1 .BS55787 32.011073
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M5199 5.12

Statistics of the Residuals in Table 5.11

MEAN = .0533 UAR = .6248 2
K () rp (6) 1y (€) ¢1;(1‘)
LAG AUTOCOUAR  AUTO CORR. S5Q AUTOCORR PART AUTOCCRR
i. -.02256 ~.03610 .00130 -.03610
2. .04016 . 06428 .00544 . 06306
3. .07045 .11278 .01815 .11785
4, -.06901 -.11046" .03035 -.10792
5. -.03044 ~-.04872 .03273 -.07369
8. . 66030 .09651 .04204 .08839
7. . 08379 .10211 .05247 .14944
8. -.01173 -.01877 . 05282 -. 02655
9. ~-.01794 -.02871 .05365 -.09669

10. -.08876 -.15807 ,07863 -.1B132

if. -, 12622 -.20202 .113844 -.17457

12, -.10522 -.16842 . 14781 -.16197

13. -.03131 -.05012 .15032 -.04763

14. ~.06448 -.10323 .16098 ~.11166

i5. -,07973 -. 12761 17726 -.18308

16. -.00033 -. 00052 17226 -.04139

i7. -.12737 - 20387 .a21883 -.15880

18. -,01558 . 02494 .21945 -.00182

19. .02623 04193 22121 .04408

20. -. 08068 -.13913 .23789 -.16143

21, . 12255 -, 19615 .27636 .10352

22, -.01591 -.02547 27701 -,09944

23, .05219 . 08354 .28399 .04289

24, ', 04297 . .08877 .28872 -.02014

2s. -.02497 -,03957 .29032 -.17118

28, .05075 .08124 .29592 -.05581

a7. .083940 .14309 .31739 .03417

28. -.00S31 - -, 00850 3174 -.12399

29. .09308 . 148399 (zzgggiij .0309?

M3199 5.13 Mdmesveauudaesa Tauaadnuuuain Adaalasl1sunsy FTMAXL

A

~2

Model 0., &)1 é1 5
AR(1) -0.000036 0.5588 - 0.663424
AR(2) -0.000028 0.4036 0.2534 - 0.622512
ARMA(1, 1) -0.000017 0.7907 0.3482 0.627668
ARMA(2, 1) -0.000017 0.7351 0.0586 0.3171 0.625062




519 Solver 14 Excel MiA1W15151A031A83% Optimization tanseglumsian 5.14
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d' Y 1 a o an .. .
M3199 5.14 M3 1% Solver 11 Excel H1AMM15131A035 1A875 Optimization

ARMA(1,1) #1 079067
Example 5.1 Al 0.34817 [ Van Sab=5(4,8) =| | 32.0109|
t z et
i S1 10643 -0,00008
2 DT 00036
3 111465 1.s0474[ Noon-linear Optimization via Excel Solver |
4 {LB133] -1 06632 Min, S5E
5 0.17752 044933 st. I =1
6 063579 061971 8 =1
T 194451 -1,.65757
Y SLE3OTS 067039
9 DAL2ES 064313
10 -0.44588 0, 10447 _
11 017752 0.3113% Zt_q)lzt'l_i_st- B1Et']
12 0.14450 0. 35846
13 DAB4SE 0 5404 Et:Zt-q)]Zt_l-FB‘]Et-]
14 ORI 063060
15 -1.33350  -0.90999 2
16 018101 0,57652 = &t =SSE(¢']- 81]
17 0.03303 036106
I8 1. 76286 186245 SOLVER
19 218386 143856
20 0.37569 -0 5025
21 113945 054638
22 1.65552 0.94481
3 1. 40781 042779
4 128396 0.31978
25 0. 54456 £ A5HAD
26 0.62340 006756
27 0.23532 023406
78 021055 0D4TEI
29 026422 0.26421
£ 0.49543 061234
a1 069358 087210
32 18165 006311
33 OAR301 031743
4 DOEETT A0.TISI0
5 OBOPIE  DZTEOG
T SLAGS61 092262
a7 084129 D.10370
£t 146148 -0.75333
59 3BT DOTSR3
40 001651 65621

v
U

YUN 7 Goodness of Fit

L=£+p+q=%+l+1:7.l~8

10

o= T (®)]

=1

Q < 3052011 (=40.113) uaas €, 11Ju Independent AuaUNAFILTAAT

2

=51x0.33966 =17.3227

Y
U

13
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N1 ACF ¥04 ¢, uaasogluglin 5.9

1.0
LINE -- EXPLANATION
o AUTOCORRELATION
667 ] +85° PCNT CONF LD
& =35 PCHT CONFID
l‘k(ﬁ) : 2ERD AKLS
.333 4

= .
S u Y /\
= B E R A |
= V \{ i
&
: =333 -
=
(=]
=
=
..&‘_l_
-
=] .00G T T T T T
R 'l'.m 3.00 12.00 16.60 28.0C 24 .60 28 .00 32.00 36.00

3 1 5.9 Autocorrelation function of residuals

[
(Y4

YUN 8 MINAADY Parsimony #18 Akaike Information Criterion(AIC)

VINAUMSN 5.61 AIC(p, @) = N In(MLE of 6, ) +2(p+q)

HUVI1ADY AIC(p,q)
AR(1) AIC(1,0)=51xIn(0.663424)+2(1)=-18.9174
AR(2) AIC(2,0)=51xIn(0.622512)+2(2)=-20.1736 ....qA

ARMA(1,1) AIC(1,1)=51xIn(0.627668)+2(2)=-19.7529

ARMA(2,1) AIC(2,1)=51xIn(0.625062)+2(3)=-17.9651

=R A 1A

uuu$aes AR2) 11 AIC Mga 19D INANUHIIZAUAINNEN Parsimony HaZHUU1009

Y 1 =\ <3 Y R A 1A Y 2 o
ARMAC(1,1) Gh"iﬂ'] AIC g0 AR(2) leNLaﬂu@fﬁ]\jﬂﬂjﬁluﬂfnwLﬁll'lgﬁilalﬂalﬂﬂﬂﬂll AR(2)

:.’1 d' [ 4 9 o ] ~
TuN 9 MIdunsIzHoynIuIa 7 laglsuuuiiass ARMA(L,1) uaadogua131ei 5.15 nsl
1 { o L "o Y v ' {
waal3euMenszHINeYNTNNNFUATIEH AU YNTUNAIRIBE1UBI 7, 1aE q UaAIDglu31N

5.10 uag 5.11
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M3197 5.15  Generation, Forecasting Weights, Fore 95% Forecast Confidence Intervals Calculated for
by = 0.790691, 6, = 0.384173, 0, =—0.000017 and 6 = 0.627668

i
Z4(Gen.) Wy Z#(L.)

LEAD SIMULATION HIEGHTS FORCAST DEVIATIONS
1 2.383685 442518 .684271 1.540301
2 2.665586 -349835 .541030  1.684376
3 .531424 .276653 .427770  1.768497
4 1.277433 .218751 + 338217 L.B19114
5 -.775660 . 172365 267408 1.B50055
B 161317 - 136762 .211420 1.863140
7 -1.268832 - 108136 167151 1.880373
8 -.043270 085502 .132148  1.888333
3 +S60117 . 067606 .104471 1.E52320
10 -. 1473956 .053455 .0B2587 1.B835782
11 -.992489 .042267 .065284  1.897569
12 -1.010478 - 033420 .051603 1.898E686
13 474262 .026425 .040785 1.899383
14 . 080840 .020894 .032231 1.899819
1S -.328435 .016521 .025468 1:800082
16 -1.2839060 -013063 020120 1.800282
17 .555338 1010328 015832  1.300369
18 170012 .00B167 .012549 1.800435
13 1.017159 -006457 .009305  1.300477

20 -.053452 .003106 007815 1.900503
21 -.339637 .004037 .006162  1.900519
2c -.262400 .003182 . 004856 1.800530
23 -. 593587 002524 .003822 1.800536
24 . 133808 .001336 003005 1.800540
23 =1.737364 .001578 »002353 1.500542
26 -.941933 001258 .001843 1.3900544
27 -1.930718 . 000367 .001445 1.300545
28 - 750438 . 000780 .001125 1.3900546
23 =1.445572 .000B17 .000873 1.300546
30 -2.061807 -000488 .000673  1.900546
31 -1.016151 -000388 .D00515 1.300546
32 -B835530 .000305 .00D331 1.300546
33 .830336 .000241 .000282  1.300546
34 -.007729 -000181 .000214 1.3900546
35 - 348253 000131 .000152 1.300546
36 «541326 000119 .000103 L.300547
3r -E15442 - 000094 .D000ES 1.900547
38 -.BB5720 . 000075 - 000034 1.3900547
23 -.581482 - 000053 +000010 1.300547
40 -. 079517 . 000047 =.000003 1.300547
41 -.287367 -000037 =.000024 1.800547
42 1.050647 -000023 =.000036 1.300547
43 893465 .000023  -.000045  1.800547
44 ~1.913883 .0oootLs =.000053 1.900547
45 =. 134653 .000014 -.000053 1.300547
46 =.305882 .000011 -.000063 1.3900547
a7 -.842695 .000003  -,000067  1.300547
48 =.713380 . 000007 -.000070 1.300547
43 - 035385 - 000008 =.000072 1.300547
50 .126156 .000004  -.000074  1.900547

With the parameters ¢; = 0.750691, 6, =

-0.000017,

2, (L) = §y2(L-1) + & . L>2

251

= 1.465609.

and

£51

-

0.348173, 6
= 1.362273,

FTCMP

we

Rve
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3.000
Actual Data Synthetic Data
Fay 2.000 - |
Ly |
|
% 1 000 l | h
[ !1
= | \
00 I \
0 I \ l
|
2 |
-1.800 - |
g |
I
E ~2.000 I
w2 I
I
-3.000 x . - — r - r r
- 12.0 2.4 .0 8.0 6.0 2.0 .0 2.0 108 .0
Time (years)
gﬂﬁ 5.10 Generation of z series , Niger River
+*m
| - .
Actual Data | Synthetic Data
I
1000 |
|
Iz S .oeoo- |
>
= | .
W = |
¥ - E A0 I JN |
N
g | I |
. |
c l;zl: JO400 = |
|
|
10200 - |
|
|
I
R 12.0 2.0 3.0 €. © 2.0 ev.0 9.0 109.0

.0
Time (years)

3 10 511 Actual and synthetic annual flows , Niger River
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z5,(1) = 0.790691 x 1.465609 - 0.348173 x 1.362273 -
0.000017 = 0.68415

v
U

a ¢ .
YHN 10 NITWYINTM (Forecasting)
Zt (l) =§12¢ —018¢ + 0,0

Zt(z) = &)lzt (1)+ éoo

z(L)= élzt(L_l)‘*'éoo ;L2

¢; = 0.790691 ; 0, =0.348173 ; 0., = —0.000017

75, =1.465609
g5, =1.362273

z5,(1) = 0.790691x 1.465609— 0.348173x 1.362273—0.000017= 0.6845
z5,(2)=0.790691x 0.6845—0.000017=0.5412

251(2)=0.790691x 0.5412—0.000017=0.4279
u,(L)=2,(L)x13167569+ 54362

4 ] g’ . ' { d
WaMININIal Z, (L) Vo1 Niger uaasog lugin 5.12 uazwamsnernsaiai q(L) vo4

Y [
130491 Niger ueragoglugiin 5.13
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3.500
LINE — EXPLANATION
] LT FORECAST
2.500 | (V] ZT+ DEVIATION
1.500 |
-
N
T
S 500
N
w1
=~
&~
& .00
—
=
=
-1.500 4
-2.500
0a 400 y y ! ’ T T T
. . 8.00 12.00 16.00 20,00 24.0C 28.00 32.00 36.00
-
Time (yrs)
= . . .
gﬂ‘n 5.12 Forecast of z; Series , Niger River
1898 - UINE == EXPLANAT ION |
o Q FORECAST
5 QI+DEVIATION
& A QI-DEVIRTION
o 1367 ~
=
L1137 -
=1
&
wer +Deviation
= 55560 6 5B 0 b 0 b 5O b oo
]
2 oo uy(L)
- B‘H“ka—g_a___a B G At O BB !
u (L), !
\\\‘w -Deviation f
f
o . y co I.E] oo lﬁt oo : 2‘|I 00 29I 00 32I,00 SEl.OO
o te e 7 TINE (YRS '
= . .
gﬂ‘ﬂ 5.13 Forecasts of Annual Flows, Niger River
! 2 4

71

=1

111 100 %0 1Az ACF Y0901 NINNDINIDE

1 5.14 uananslFeumena1 ACF 4031131099 ACF IR08Y00YNINNANTUATIEH
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1 .00
LINE -- EXPLANATION
m SAMPLE AC
® s &
8141 e +CONF 1D
- -CONFID

AUTOCORRELATION

= BET

-1 000 T T T

.00 5.00 12.00 e.ge lﬁl'so? 30.00

54.00

gﬂﬁ 5.14 Sample ACF Series, Average ACF of 100 Series and Theoretical ACF

MIMUIN \|,fj Weights 1@ N7 5.75

V= (¢1 - 61)(|)1j_l

frogramsdnnn Vi

v, =1

w1 =(0.790691 - 0.348173)0.790691° = 0.44252

v, =(0.790691-0.348173)0.79069 1= 0.34989

MIAMUIUTIINNUFNY (1-OL) CI Y89 Min. MSE of Forecast, 2, (L) lasaans 5.77

A L1,
2L =2¢(L)Fuy Gg |1+ X W]
2 =

+ U,y =+1.96

2

&2 =0.627668

&, =0.79226
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L

I | =1.96(0.79226)7/1+0 =1.5528

2 | =1.96(0.79226)\/1+y? =1.96(0.79226)/1+0.1958 =1.6981
3| =1.964/1+(0.1958+0.1224)(0.79226) = 1.7829

-1 .
1+ \ij Idaauaaaluasian 5.11 T

Tisunsu FTCMIP dnnsafiiimual u 6
@ pu

2
WIT9d0U01 Salas ef. al.(1980)

' A o ' o o = a Y 7 o
FIANUBOUU 95% VDIATWYINT U Zt+L(i) QﬂWﬁﬂﬂlﬂiﬂUlﬂﬂUﬂUﬂWWﬂWﬂim Zl(L) AL AN

' A [ A o 1 Jd v ~ ) = ~
agiugﬂﬂ 5.12 HAZHINANUIBONU 95% 611ﬂQﬂTV‘lﬁﬂﬂiﬂ!E)ﬁﬂﬂﬁ]lﬁﬁﬂﬁlﬂ u, (+) QﬂWﬁ@ﬁLﬂﬁﬂ‘UL‘ﬂﬂ‘U

t+L

@ 1 L4 @ ' { o
AuAneInsal u(L) aaaaseglugili 5.13 fvuald

Uyl (i) =Z¢L (i)*Su +u

mswmnmﬁamu Real Time (Real Time Forecasting)

' b i o a g o
(1) bz dlot=1,.......30 @MneyunIuET N = 51) tiefuiurimsinesuuuiiaes

L‘]jzlﬂﬂﬁgl} U (Initial Model Parameters)

@) AEmmNeNsal (Forecasted Value) i
L=1,t=30
L<q=1
z()=z,,-€,,
= ($1Zt tEi4— é1<‘3t )— €41
= &)lzt - élgt

230(1) = h1z30 — 0130

4 1 o o a o 1 o 3 v
(3) WensWAm z, 11 MMsAUNIWSTAS Mz, ... , 7, HAIDINUUIINIA

4
v A

WenTal (Forecasted Value) AL=1aaU

231(1)=dyz3; — 023,




A

vinoma: ¢; taz 0, anldsumaweynsuna z inlasu
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' 1 ' A
HANIINENNI AU Real Time a39W1N 1 AL W50 z(DNt=30, ..., 51 naasegluzin 5.15

% 1 a i A -4 1 a o L4 . = o
Tasmslseumeunua1n3a z_ NAATU LAZAIWITINADS 1UAITNEINITDILUY Real Time FIA 11U 1ag

T15unsu FTCMP uaadeglua1s1ai 5.16

t+1

4.000 |

2.667

1.333

-0a0

STANDARROIZED FLOW

=1.333

-2.667

f
/ \\f/\// v

LINE —-— EXPLANATION

O
D

ACTURL DATA

FORECRST OATA

~4.000

.ao 59.78 11.56

23.11 28,89
TIME (YRS

T T
34.87 404y

uE .22

1
52.00

H % 1 $ =) 42} =)
517 5.15 MINNTALUD Real Time 15 s0AsUAUMNAATUDITI

UG

! . a s . {
A5199 5.16 AMITITADIUALHANININT DI Real Time N =30,.....51 TaaTa5un31 FTCMP

YERR(N) ARPS PMAC PMAS WNU FORECAST( M) ACTUAL
L. d)l ()CH) ()1 Z&(l.) :Zt t
1 .64709 . 02297 .09839 .61940 .28173 -.69358 31
2 .B6173 .01374 . 14080 .62937 -.31189 -. 18165 32
3 .BE36E L01133 .14750 .61098 -.12818 -.48303 33
4 .67100 . 00583 .15486 . 59659 -.26454 -.98671 34
5 .673889 -.00368 .15102 . 59455 -.56810 -.803818 35
6 . 68569 -.01079 .14838 .57942 -.53231 =1.46561
I . 71851 -.02085 . 16758 . 58689 -.92385 -.94129
8 . 72000 -.02731 . 16830 .S57117 =.70370 =1.46148
9 . 75393 -.03283 .18723 .57056 -.99393 -.81744
10 . 748689 -.03794 .19705 . 55679 -.68424 -.01651
11 . 72065 -.04123- . 16769 .55346 -.16035 -.79551
12 . 73932 -.04234 20159 . 54845 -.48652 . 35092
13 .73301 =-.04010 .20883 .95167 + 04456 -.416398
14 . 74025 -.04082 .22786 .54378 -.24718 -.08257
15 . 74086 -.04010 .23010 .53200 =. 13830 1.58946
16 . 73385 -.03083 .21816 « 908489 . 7B0SY .24771
17 . 73393 -.0287S . 24686 .97723 . 26834 1.15597
18 . 75955 -.01952 27520 .58037 .62239 1.45322
19 .77424 -.01111 .27 123 .58100 . 8398086 1.37478
20 . 78550 -.00432 27054 . 97252 .95484 -.48303
=3 .73518 -.00778 24702 .60037 -.02742 1.4E6561
2c . 73067 -.00002 .34816 .B2767 . 68425
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é'hashennﬁmammswmnmﬂamu Real Time

(1) MUUABYNTUNIAZ,, ...... Ly, MUIUMINITNDT

oy = 0.64709

6. =0.02297

6, =0.09899

Z,,=0.495417 (N34 5.2)

€5, =0.612344 (N34 5.11)

Z.,,(1)=0.64709x 0.495417-0.09899x 0.612344+0.02297 = 0.2829
Ly = ZSl(iﬂﬂﬁﬁN‘ﬁ 5.2) =-0.693584

(2 MNZ,,...... , Z,, MUIUN z,(1)

231(1) = 0.66179x (- 0.69358)—0.14080(— 0.872161)+0.01374=0.32246
2y, =2, =—0.181653
(3) NNZ,,...... , Z,, MUIUN 2,,(1)
Z,,(1)=0.66364-0.181653)—0.14750.063208)+0.01133=—0.118549

Zy,., = Zy, =—0.483032

11oATI9AD ACF Y00 YNTUNFUATIZH 100 3A uaazayaiiamen 511 mineyniunal

A196719 NUIIAUNABYDY ACF U0I0YNTHIA1 100 A IndiAesiy ACF voaunuanaz ACF 409

AYNTUIIAIAIDY AN 5.14

59 N1591999038 ARMA @MU YNINIAWVY Periodic (ARMA Modeling of periodic Time Series)

Gl,ﬁ} YV.T = f(xV;E)

_u o <%
Zyr= Yyl (MIN19A Within the Year Periodicity) [5.98]
2 G’C

n58l ARMA (p, @) with Constant Coefficient (ACF Stationary)



P q
z¢ = Zld)jzt_j +& — Zlejst_j s t=(v-lo+t [5.99]
= =

N8l ARMA (p, q) with Periodic Coefficient (ACF Non-stationary)

P q
Zyr= .zl¢j=T Zyrjteyr— .Zlejﬂ' Ev,1-j [5.100]
= =

5.9.1 YHADUNITI1A09

(1) MUINKIA I ¢ of Zy ¢ NINAUNT 2.10

N
I:VEI (XV,’E —Xq Xxv,r—k - ir—k)

It =
StSt—k

@) dsznma ;. uaz 6; . MNAUMS Yule-Walker

T

Initial Estimates 611151 ARMA(p,q)

ARMA(L, 0): ¢y ¢ =17 ¢ [5.101]
R . —1 1.1
ARMA(2,0): ¢y, = Lt 1’; L2 [5.102]
l-1
ARMA(L, 1) 1y r =1 ¢ 4 [5.103]
(1-6, by Sy —b
o= lfz 1,7 Al,r _ l,r) [5.104]
1+ (I)l,‘c - Z(I)l,rel,r
Fourier Series Fit
22
. 1-
6 =0 b [5.105]
v+ e1,1: - 2¢1,’E61,T
(3) Goodness of Fit Test
Modified Porte Manteau (Tao and Dollar,1976)
L o 2
Q=NX X 15 [5.106]
k=1 =1

(4) Generation and forecasting

5.9.2 ﬁa'e)sham‘sﬁmmeunsunmnmu Periodic ﬁI’JSJ ARMA with Constant Coefficients

T x, ; feoynsunaIIsvesdusIefouiani Salamonia a5y Indiana (9A13197 5.17)
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YN 1 Normalization
Yyt =+/Xyr (B91397 5.18)

1 =1.5145 ; s, = 0.5660

yIZ =1.6540 ; S12 = 0.5402

[ v
v A

VYUN 2 Standardization

Yy Ve
Zyr=—
ST

= 4/3.920 —1.5145 _0.8222

’ 0.5660
FUR 3 MU ACF 1102 Partial ACF
1 (2) 4
Ak } k=1, ... , 29 (113190 5.19)
oy (k)

Yun 4 1@oNUVIIADY ARMAC(1, 1) with Constant Coefficients

~ ! a Y Y .. .
YUN 5 MsUsznummnsumes (1)1 1UD9AU (Initial Estimates)

A r 0.0179
oy =2 = =0.62
r  0.0288
3 A ' s oA A g9 .. .
Tun 6 M3szaumnIaiwes 0; 1e9AY (Initial Estimates)
2 €4
08 ~
1+91
A C
0, =— Alz
(e}

1 a o as
MsUsznummsimes lag2s MLE

2
=
3
BN |

Min S(&)l, él)z tglfltz

5-51



5-52

Min S(0.9,0.9) (15199 5.20)
anlszanmganiennTdsunsy FTMXL

¢y =0.914 ; 6, =0.961 ; &2 =0.961

v
(Y4

TUN 8 MINAAOUN g, L‘ﬂuauﬂimamu‘uu Independent Taeld Modified Porte Manteau
2
Q(=28.61)< 2411 0.10(=30.8)

HAAIN g, ilu Independent
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A
M1919N 5.19

Autocorrelation and Partial Autocorrelation Functions, and Partial and Final Parameter

Estimates for the Standard Scores of Square Roots of Precipitation (in) at Salamonia ,

Indians.

LARG AUTOCORRELATION PART. AUTQCORRELATION

0 1.0000 1.3000

1 .0288 . 0288

2 .0179 .0171

3 -.0517 -.0528

q .0168 .0136

5 -,01383 -.0182

6 .0701 . 0682

I'd 1144 L1137

8 .0107 -.0004

3 . 1394 . 1460

10 -.0073 ~-. 0068

11 0279 . 0252

12 -.0844 -.0729

13 0145 -.0048

14 -.02350 -.029%

15 0091 -.0213

16 -. 0067 -.0334

17 . 0546 .0480

18 -.0376 -. 0566

19 . 0052 . 0256

20 . 0090 .0101

cl -.0218 L0001

ce -.055%8 -.0515

23 -, 03505 =.0420

24 -. 0699 ~-. 0836

25 .0083 .0248

26 .0260 -.0022

27 .0130 . 0282

28 .0390 .0435

29 -, 0175 .0082

Parameter Estimates ARMA(1,1)
~ ~ ~ 2 A~ . *
¢1 e'l GE S(¢’:9) Q
Preliminary 0.62 0.59 0.974 - -
Sum of Squares Surface 0.9 0.9 439.0 -

0.914 0.961 0.961 28.60

FTMXL

2 9 = = 2
*x22 (90%) = 30.8, n = 24
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v
U

VUN 9 MINENIal (Forecasting)

[z ]=2(L) = dy[zesr 1]+ e —Olersr 4]

z(1)=11z; — O, 5 [egs1]=0

2(L)=iz(L-1); L>2
MIAIUIN Y-weights (@umsfi 5.75)
Yo =1

vy =6 -6

V2 = (&)1 - é1)&’1

V= (4)1 _élﬁ)lj_l

M3AIUIY Standard Error of Forecasts

5.9.3 ﬁaadnmii‘immeuﬂsuwmamu Periodic ﬁ?ﬂ ARMA with Periodic Coefficients
Y o o 3’ 1 [ ] g’ ~ o
GL’H‘I/Hﬂﬁi]'lﬁﬁ]\‘l’f]lalﬂim’lﬁ1u1‘l/ni18’31!"1]6\1&111!'] Salamonia 1 Dora yasy Indiana

v
U

YuN 1 Normalization Taeld Log

Yvr = log(Xv,r - Ct)

ce

a o A A ¥ . . = . =
un2 Auiwn L uaz 6, Iagly Fourier Series 1 6 Harmonics (31 5.16)

=

Qe

~ ° A A 9 . . = .
N3 Ml r (@umsh 2.10) uaz P, 1981% Fourier Series 1 6 Harmonics

2

Wek=1,2,3 (31N 5.17)
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VU 4 1ag 5 MUIUM &’jﬂ waz 0, , (w3 5.103 wazs.104) waz Yszam1Ae 6
Harmonics Fourier Series (§ 17 5.18)

v
(Y4

YU 6 MUIUN 1 (€) HAL Q, Statistics

HAN13A 119 Cumulative Periodogram 84 € U84 ARMA(1, 1) uaasoglugilii 5.19 &4

annsoagl1ddn € 15lu mdependent

{ ] I
517 5.20 uaasmsuanuanNVziiuves € Tugived Bi-grammar distribution

Periodic Coefficients ARMA Modeling

Xy = Daily Flow of Salamonia River, Indiana
b

12.00

Mean

"1'

=
A A

=
=
e

Standard Deviation

A A
l—lt s O~ 6 Harmonics Fourier Series Estimate

T L] T T T T
0.0 0.0 100.0 160,0 200.0 260.0 200.0 260.0 400.0
DAYS

0.000

3 1N 5.16 Means and Standard Deviations of Logarithms of Daily Flows (Station 33245)
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-1 6 Harmonics Fourier Series Estimﬂte

Lok _Wwwwmmw 3

ey 2T

R
2,1 'tl.|“- : ,l1 "l‘-il. ‘ “*t l“”' 11‘11 A
| y u,. bubllay pz;c
T
g
| 3.T
[A L] ; i h’! ‘ 1] tlil | |f1 ‘3&
S ; ! llv!||.'lrl:"'1|! p
g ‘“d ‘ il 3.T

1 L 1 1 T T
2 0.0 HI:I A 1= 1600 [N [~ B e 0.4 3.0

Days

gﬂ‘ﬁ 5.17 Seasonal Serial Correlation Coefficients of Lags 1, 2 and 3 for Daily Flows (USGS Station 3-

3245) (Logarithms).
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g & A
t‘j":'- il i J /1 _”l i N Ll o !l. d)l T
5 MV ) 'l,l ..-.._,.".-"1'u-'-‘-l‘-jxlr*"'!‘ s
wh e B

8. E

2 | “% b -

f '.:tu'll'r'J.. i hg 91 T
U | PR
g g
S e o 1o w00 0.0 0.0 0.0 700

Days
0 Harmonics Fourier Series Estimate

=h.

3 1/ 5.18 Seasonal AR and MA Coefficients for Time Varying ARMA Model Applied to the Cyclically

Standardized Daily Runoff Logarithms

400 1.000

00

C vy 4
77 ARMA(1,1) with
Seasonal Coefficients

MOD

200

99% probability limit
—— 0.99 Limit

a. 208. 1o, 616, 820. 102G .

0.000

3 1 5.19 Cumulative Periodogram of Residuals in Time Varying ARMA(1, 1) Model
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Et ~ Bi-Gamma Distribution

=
v 24
A
Lt
a
©
28 Bl- GAMMA
RT= .
a - DAILY RESIDUALS
g .
=
18,000 -6.000 -4.000 -2.000 0.000 2 .000 Y.000 5.000 8,000

3 i 5.20 Probability Distribution of Residuals

5.10 901591999
Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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1) IsmsmnarinmveIananvulags Difference

@ 1 o 1 a . 1 )
AIVYNNITAIUIUNIAN(19) 1ae7% Difference 311nMUITIA%FU IUA1519
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X 11 17 21 23 31
f(x) 14.646 83.526 194,486 279.846 923.526
X f(x) A | Ao | Ao | At v
11 14,646
17 83,526 | 11,480
21 194,486 27,740 1,626
23 279,846 42,680 2,490 72
31 923,526 80,460 3,778 92 1

Af(x)=(83,526-14,646)/( 17-11)=11,480

2
A f(x)=(27,740-11,480)/(21-11)=1,626

A f(x)= (2,490-1,626)/(23-11)=72

A f(x)=(92-72)/(31-11)=1

f(x)= 14,646 + 11,480 (x-11) + 1,626 (x-11) (x-17) + 72(x-17) (x-21) + 1 (x-11) (x-17) (x-21) (x-23)
f(19)= 14,646 + 11,480 (8) + 1,626 (8) (2) + 72 (8) (2) (-2) + (8) (2) (-2) (-4)
= 130,326
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do
(2) 2arMUINIATuIAeIS Finite Differences

g U o Y A s w 1
Areg1eamsmuIn laely Lagrang’s Formula LW@ﬁTEﬂLLUUﬂJ@QWQﬂ%U f(x) voumM U

X 0 2 3 6

f(x) 659 705 729 804

14 Lagrang’s Formula

f(x)
x(x—Z) (x—3) (x—6)

“(0-2) <o6i> (0-6) (<xio>j+ (2-0) Jf} (2-6) (QJ

+729 ( 1 } 804 [ 1 J f(x)
(3-0) 3-2) 3-6) \(x-3)) (6-0) (6-2) (6-3) ((x-6)) x(x=2) (x=3) (x—6)

659 705 729 804
36x 8(x-2) 9(x-3) 72(x-6)

~1,318(x —2) (x=3) (x-6)+6,345x (x-3) (x-6)-52832x (x-2) (x—6)+804x (x-2) (x-3)

72x(x - 2) (x - 3) (x - 6)
72f(x) = —1,318[(x2 ~2x—3x+ 6) (x - 6)]+ 6.345x [(x2 - 3x) (x - 6)]— 5,852[(x2 - 2x) (x - 6)]+ 80[(x2 - Zx) (x - 3)]

=1,318(x3 —11x2 —36x —36)+ 6,345(x3 —ox2 4 18x)— 5,832(}(3 —8x2 + 12x)+ 804 (x3 —5x2 4 6x)

3

= 1,318x™ + 14,498x2 —47,448x + 47,448 + 6,345)(3

—57.105x 2 +1,414,210x — 5.832x° +

46,656x% — 69,984x + 804x- — 4,020x> + 4,.824x

_ X7 1+ 29x2 +1,602x + 47,448

3
N
—h
—
o
N—
Il

- x3 + 29x2 +1,602x + 47,448
f(x) =
72
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UNN 6
M5918090YNTUNMAIENUUT1899 AUTOREGRESSIVE INTEGRATED MOVING AVERAGE

AUTOREGRESSIVE INTEGRATED MOVING AVERAGE MODELING
6.1 A1

4
(UVIADY  Autoregressive Integrated Moving Average ‘H?’aﬁﬂﬂﬁ’uﬂ’n ARIMA fi©
o a A o £ g . Y 19y
LLUUﬂWﬁ@\‘lﬁIﬁLLﬂﬁ’fﬁﬂ‘ﬂﬁWNﬁﬂﬂ1ﬁ@ﬁ@l§ﬂﬁul’3a1%’ﬁ!ﬂu Nonstationary Vlﬂiﬂﬂﬂﬁx‘i Iﬂﬁlhlilﬁf]ﬂuﬂa\‘l

v A A

v . A ' =L o q U ° AY adA o

oynsuna1 iy Stationary mwinanunluunneus Jehlduuusiaes ARIMA fideand iAo

a s Y 1 o 129 o w 9) A I ¥ 4 ]
wisimesiosnmuuiaes ARMA ualdedinalumsldauneld ldmmzmnensal luawise

@ L4 1 o J 1

1Hlumsdunsigrdoyalny (Generation) 18 msizuuusiaes ARIMA fiaanuudsdsiuvesa

2 . Y v 0 S o A4 9 o
ANUAANAIA (Variance of Error) 1411nd 00 unudiass ARIMA unuusiaesiinerdesny

o A o= = ) 3 . Y
uuu1aes ARMA Anandaluuni 5 deiife 81 x 1WueynNsuNAMDY Nonstationary 1A2A14150
o w 1 A . Y o . . ] Y A o Y
fdadIunily Nonstationary Tueynsural x, Iagldnan Differencing 19U u=x-x_, Ha a1
aunsndiaeseynsuna u, 1dlaelduuuiaes ARMA 18 naashemnsadiaeseynsunal x, 18
Taglduuuiias ARIMA

Y v
Tuynilaznanuuuiiaes ARIMA giluuuaea v dail

ARIMA(p,d,q) Simple Non-periodic ARIMA 130 No Seasonal ARIMA

ARIMA (P, D, Q),, Periodic ARIMA %38 Seasonal ARIMA

ARIMA (p, d, q) x (P, D, Q) Multiplicative ARIMA Gﬁﬂlﬂumﬁ @ Original Seasonal Series
#18 ARIMA(P, D, Q). 182 W9 Residuals A98 ARIMA (p, d, q)

6.2 3UuUVYRIMVVTIa99 ARIMA

Simple non-periodic ARIMA | ARIMA(p,d,q)
IR D S P Ist Order Differencing
p q
Up = 20U €= 208 i ARMA(1,1)
j=1 j=1
p q
X =X¢-1 = Zl¢j(xt—j _Xt—j—1)+ &t~ . 19j8t—j
= J=

p q
Xt =X¢_] + Zd)j(xt—j _Xt—j—l)+ 8= 208t oo ARIMA(p,1,q)
j=1 j=1




Periodic ARIMA or Seasonal ARIMA ARIMA(P,D,Q)w

U = X 7 Xy eeeneenenenaneneiteneeiteneeiaeeae e Ist Order Seasonal Differencing
P Q

U= 2 DU o +E— 2O i eveneneeiiiiiienn, ARMA(1,1)
j=1 =

p Q
X =Xot X0 P 2021 .ARIMA(P,1,Q)
]: J:

Multiplicative ARIMA(p,d,q)x(P,D,Q)e
ARIMA - Fit Original Seasonal Series with ARIMA(P,D,Q),
- Fit Residual with ARIMA(p,d,q)

Condensed Form U939 Multiplicative ARIMA(p,d,q)x(P,D,Q),,
®(B®) ¢(B)(1-B*)°(1-B)’x=O(B)0(B)z,

Bx=x., : Backward Operator

B"X=Xt:n

(1-B)x¢=X¢-X.1 3 1* Order Simple Differencing
(l-B)thzxt-2xt_1+xt_2; 2% Order Simple Differencing
(1-B)*x= d" Order Simple Difference

(1-B®)X=X-Xc ; 1* Order Seasonal Differencing
(1-B®)*x=X¢-2X X120 ; 2" Order Seasonal Differencing
(1-B®)x, = D" Order Seasonal Differencing

O(B)=(1-¢;B-p,B".. ..-0,B") =Autoregressive Operator
0(B)=(1-6,B-0,B".. ..-0,B%) =Moving average Operator
O(B®)=(1-®,B°-0,B*"....-0pB"®) =Seasonal Autoregressive Operator
O(B®”)=(1-0,B®-0,B*"....-0,BY") = Seasonal Moving Average Operator

6.335M3 Differencing
Differencing  Ap35mslumssisadauiiily Nonstationary poNIINEYNTUNAT MR 1A
PUNTUNAWDY Stationary 1uauuA 1R x, Ao oYNTNIAWUD Nonstationary 353 Differencing
ansautseanidiu 2 uuInede Simple Differencing d@135us1nIsNamUy Nonperiodic tag
Seasonal Differencing @1115U01n3UIA WY Periodic ﬁﬂﬁy
(1) Simple Difference
- First Order Difference
u, = X, —X., [6.1]
- Second Order Difference
W= U, —u = (Xt - Xt—l)_ (Xt—l - Xt—2) =X~ 2Xt—l +X [6.2]

(2) Seasonal Difference
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- First Order Seasonal Difference
Uy =X, —X,, [6.3]

Lﬁﬁ) ®=Maximum Period

Period=——— [6.4]
Frequency

- Second Order Seasonal Difference
Wt = ut - ut_w [65]

Wi = (Xt - Xt—a))_ (Xt—oa - Xt—2(o) =X, = 2X,_, + X ,, [6.6]

6.4 ianM 9 Infinite Variance Concept

Y
T x, :(Xt _Xt—1)+(Xt—1 —Xt—2)+(Xt—2 _Xt—3)+ """ —> ®©
X[ — u[ + ut_l + ut_z + ...... % o0 [6.7]
X, =) [6.8]
i=0
o0
E(X;)=E| Yu; [6.9]
=0
E(X,) 92 1 Converge 11109910% u_ $142U Infinite 1101
o0
Var(Xt)= Var| Yu;_ = [6.10]
i=0

4 1 ERK:L o Y o Il { o FY 12 J
1109910 Var(X)) iimeduaseilduuuiiaes ARIMA limangisgiinnlglumsdunsies

Yoyalwi uaannsalslumsnensalla

6.5 uuudiaes ARIMA (p, 1, q)

Y . . . % o 9 o
8 U =X — X A9 First Order Simple Difference FI W50 009UV VTI0

Y 4
ARMA(p,q) oy azenunsadiasseynsunal x, laoaseldaouuusiiaes ARIMA(p,1,q) sl

p q
Uy = Zld)jut_j - ,zoejst_j; 90 =-1 ARMA(p,q) [6.11]
= =

p q
X —X¢ ] = Z¢j(xt—j _Xt—j—l)_ 2 05e;j
J=1 =0

p q
Xt = Zl(¢j —0j-1 )Xt—j —OpXi—p-1~ 'Zo 0iet_ ;00 =g =—1;ARIMA(p,1,q) [6.12]
= =

nsal ARIMA(1,1,1)
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Xy = (1 +0, )XH -ox,,+e —0¢
] [ A o o’dg’ & A A 4
mat’mﬂ'iwimgﬂimaammmiwzw’uuiﬂﬂ ARIMA(1,1,1) saumnisiuees ¢,=0.5, 6,=0.3

uaz o.°=0.6 nansaglugilil 6.1 Autocorrelation Function 1oz Spectral Density ¥oatuud1aoa

=) v 1
wefuuaasedlugll

6.2 18z 6.3 Mua19L

X(T)

20 .00 —

—1<$2<1
10.00 - .
o.00 Y
-10.00

ul 4']11[‘] ::1-511::[_]
ARIMA(L1,1) 5t=(1+¢ %1 -9y X2 + £4-0, 8.

parameter stationary condition ¢ 1+¢2<1

d2—dl1<1

~30.00

TIME

1ag 6.2=0.6

H { o o g o 1 J a o
517 6.1 eynsunaiiduasiziiunnuuuiiaes ARIMA(1,1,1) ilamsimes ¢,=0.5, 6,=0.3

= AN
Py 1.000 —— Py 1.ooo LINE--EXPLANATION
c ——— < i ® 0.95 Confidence
0887 0667 A -0.95 Confidence
+ Sarple Autocorelation
0333 0533 T //\
0.000 0,000 " 7 X
i LINE--EXPLANATION
-0333 @ 095 Confidence 0353 7
0667 A -0.935 Confidence . 0557 4
+ Saraple Autocorrelation
-1.000 T T T T T T T -1.00a T T
0.00 247533 8.00 1067 1333 16.00 1847 21.33 24.00 00 5561111 146.7232.2 2777 3333 3820 444 4 500 0
Lag ) Lag (B
Lag 0-24 Lag 0-500

ﬁﬂ‘ﬁ 6.2 Autocorre

. . { o J. H o {
lation Function mmauﬂimamﬁmmiwzwﬁummmumam ARIMA(1,1,1) #1

U
liansdwes ¢,=0.5, 0,=0.3 uaz c,°=0.6
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Spectral Density

8
T

0.0 -85 & -G -6 B—558

T T T T i T T
0.0000 0556 111 1867 -2222 278 333 3809 LaLY 5000

Frequency(CPM)

51 6.3 Spectral Density ¥o30ynsuMNFUATIZHUIUMALDDI 1809 ARIMA(1,1,1) #ill

a

Ansiwes ¢;=0.5, 0,=0.3 uaz c,°=0.6

ACF Tuglit 62 fidanasedadg (Slow Decay) uaash x, ifueynsunawuy
Nonstationary m3f13a Nonstationary pon11neynsuia1itld laeas Differencing wanssi 1%
Differencing voseyunsunarlugzild 6.1 ueasegluzilii 6.4 waz ACF wea 1% Differencing 1ans
oglug1lii 6.5 ACF feanauiluguii Lag 4 Fuaaslfifiudi 1 Differencing vosoynsuim x,

iy Stationary uaddaliiiflu Stationary 1¥% Differencing Tagld d=2, 3,.. aundiwuiu
Stationary

T T T T T T
w87 . 700. e17. 833. 1050.
TIME

[l
=

. . A o o g o
511 6.4 1% Differencing (u=x:-Xc.1) mmmgﬂimaammmswﬁﬁummmumam ARIMA(1,1,1)

UG
{ 1 a 4
AUAIIINRes ¢,=0.5, 6,=0.3 1az 5,°=0.6
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1.000
LINE -- EXPLANATION
287 o +95 PCHT COMFID
=95 PCNT CONFID
T SAMPLE RUTOCORR.
a4
=
=1
b=
= 4
£ -0 e ——————
Rt P 267 5.3 #.00 1057 13,3 16,00 18.87 2.3 2400
LAG

4 . . . . { [ 4
511 6.5 Autocorrelation Function veq 1% Differencing (u=xX.1) maamgﬂimamﬁmmﬁw

_
P4

Funnuuuiians ARIMA(L,1,1) fifimwsiimes ¢:=0.5, 0,=0.3 1az 5,2=0.6

6.6 WaATUMINENNT O] (Forecasted Function)vaanuudiass ARIMA(p,1,q) d1%5u Lead

Time v L

2
Ty A

MINEUM3 [6.12] $ t=t+L awamnsadisunuuiiaes ARIMA(p,1,q) lalwidaii

p q
Xt4L = ja(d)j = ¢j—1)xt+L—j —OpXt4L-p-1— Eo 06t [6.13]

S v [ y
MNauM3 [6.13] rannsaeouilandumsnensal Il

p q
xeL)= Zl(¢j —j-1 IXt+L—j]—¢p [Xt+L—p—1]_ 'Zo 0; [8t+L—j] [6.14]
J: J:
p , q
x((L)= (6 b5 K (L= dpx (L—p-D— 3 Ojler,; [6.15]
j=1 j=0
tj>L #j<L
Xt+L—j = Observed Value Xt+L—j = Future Value
[Xt+L—j J:Xt(L TITX |_Xt+L—j J = X¢(L — j) = Forecasted Function.
€,.-j = Error Value in the Past €,1-j = Future Value %30 Random Value
l8t+L—jJ: Ct4L—j [SHL_]'JZ 0
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QJ dy
mﬂmemmiﬂumsnmmm ZIUIUIL AN TOAVGUTUMNT [6.15] Glﬁilll AR

x(L)= (¢ Y o D+ £ o)

J

- q
~OpXtiLp-1 - ,Zoej [8t+L—j]_ .ZLej Et+L—] [6.16]
j= j=

uazieenn g (L—j) =0 o j<L ag'ldn

L-1
x()=1 0~ i1 xo(L—i)+ z (¢J i KoL~ OpXesLpot - z 0L
= =

=

[6.17]
oy gq<L
L-1 p
x¢(L)= '21 (¢j —¢j—1)Xt(L—j)+ .ZL(¢j_¢j—1)xt+L—j —dpXtsrL-p-1 [6.18]
= =
oy g<L uag p=L-1<L
b .
x((L)= ‘Zl(q)j —¢j—1)"t(L—J)—¢pXt+L—p—1 [6.19]
i=
81 q<L uay p<L-1
p .
x;(L)= Zl(¢j _d)j—l)xt(L_J)_(l)pXt(L_p_l) [6.20]
J:
)l 4 p _ q
P naums i [6.15] x(L)= 2(0— 0 (L= 0px (L-p-D~ X 0fersy ]
L<p j=1 j=0
uaz
L<q
p q
L=1 | x(D)= Zl(de —¢j—1)xt+1_j —dpXip + Zlej8t+l—j
J: =
=2 | x@=01+ )0+ X (¢J Oj-1 K j — dpXerip + z Ojeria-
]_
L3 | %)= z( ~0j kB )+ z (¢j—¢j_1)xt+2_j—¢pxt+2_p+ DUCEE
J:
L=L | x¢((L)= X ](d)J —i- 1)>€t(L D+ Z

J_

q
((I)j —¢j—1)xt+L—j—1 —OpXtiLp-1+ ZL Ojet42-j
J:

[6.21]




6.7 WUV Multiplicative ARIMA §1%35U8YNINNIMMVY Periodic

6.7.1 Seasonal Differencing
u, =X, —X,, (1" Order Seasonal Differencing) [6.22]
n3dioYNTUINTIWADY (O = 12
Wi =U¢ — Uiy, (2nCl Order Seasonal Differencing)
= (X{ = X_ )~ (Xt—(o - Xt_2w)
=Xt —2X¢{_q + Xt [6.23]

(1-B0))Dxt =D" Order Seasonal Differencing

6.7.2 Simple Seasonal ARIMA(P,1,Q),
U =X X
P Q
Uy = Z q)jut_jw +8t - Z ®j8t—j0) [624]
=l =
P Q
Xt~ Xt = ‘21 D;(X¢—jo — Xt—(j4l)o) T & — .21 Oi&t—jo
J= =
P

Xt = Xt—(l) + z

Q
| q)j(xt—jm _Xt—(j+1)co)+5t - .Zl ®j8t—j@ [6.25]
= ]=

x, VU U18991UY ARIMA(P,1,Q),

6.7.3 General Simple Seasonal ARIMA(P,D,Q),

U109 ARIMA(P,D,Q),, Tugidodutioulugilues Backward Operator

®(B®)(1-B®)°x=0(B®)¢, [6.26]

(1-B®)x, = D" Order Seasonal Differencing
®(B®)=(1-0B°-®,B*....-®pB"®) = Seasonal Autoregressive Operator
O(B®)=(1-0,B"-0,B*"....-0oBY") = Seasonal Moving Average Operator

(1-®B-®,B*"....-®pB"*)(1-B®)"x = (1-0,B®-0,B*"....-0oB)g;
81 D=1

(1-®,B®-0,B*"....-®pB"”)(1-B*)x; = (1-0,B®-0,B*....-0oB%)g;

(1-0,B®-0,B*....-DpB°-B+®, B**+®,B*".... +®p_ BP+DpBFO)x,
= (1-9;B®-0,B*....-0oB¥)e,



e

=

(1-B® -@,(B®-B**)-d,(B**- B*®)....-Dp(B*V-B™)... -Dp(B"*-BF V),

= (1-0,B®-0,B™"....-0oB)g,

X= (BOJ +q)1(B0)_B203)+q)2(B20)_ B30)). . .+(DP_1(B(P_1)(D-BP(D). . .+q)P(BP0)-B(P+1)O))Xt

+(1-0;B®-0,B™"....-0oB®)g,

& <
auNg [6.27] ﬂfJf:ﬂJﬂﬁLL‘]JiJLmJ?,‘]J(’UfNGUfNﬁiJﬂTi [6.26]

6.7.4 ARIMA(0,1,Q), ¥130 IMA(1,Q)g,
u =X —X,
Uty =&t — ®18t—0) — ®28t—2c0 ........... — ®Q8t—Q0)

x, WUU100UY ARIMA(0,1,Q),,

Autocorrelation Function Y99 ARIMA(0,1,Q),

Pko = 2 2 5 k< Q(D
1+ 07 +.....+ O
=0; k>Qo
6.7.5 ARIMA (P,1,0),

U =X =X
ut = (Dlut_o) + (Dzut_zw +...... + (I)Put_PO) + 8t

x, WUDU1903UY ARIMA(P,1,0),

Autocorrelation Function Y99 ARIMA(P,1,0),

Pko = P1P(-1)o + P2P(k-2)o T+t PPP(-P)o: k>0

6.7.6 M3¥ 1" Order Seasonal Difference Y930YNINIATENADUABIVLT A0 AR(1)

Ut =Xt —X¢-12
ut :®1ut_l + gt ...... AR(I)

X¢ —Xg_12 = Q% —X_13)+¢

Xt = DX + X2 —P1X¢_13 + &

[6.27]

[6.28]

[6.29]

[6.30]

[6.31]

[6.32]

[6.33]

6-9

fqUNI [6.33] Ao ARIMA(1,1,0),, N30 Nonstationary AR(13) Faiian Autoregressive Coefficients



6-10

6.7.7 M51® 1" Order Seasonal Difference Gummgnsammﬂmﬁaué’hmmuﬁmm MA()

U =X, =X

Ui =0 — @10%_12 .......... MA(1) [6.34]
Xt~ Xg_12 =0 —Or04_1

auMs [6.35] An ARIMA(1,1,0),, 150 Nonstationary ARMA(12,12) $33IA1 Autoregressive 1A%

9
Moving Average Coefficients Aail

¢1=¢2 =...... =¢;1=0
¢1p =1

61—g3 = .. —611—0
012 =0,

6.7.8 HUV1@09 Multiplicative ARIMAC(1, 0, 0)x(0, 1, 1,

U =X =X

i
Ui =0 — @10%_12 .............. MA(1) [6.36]
Xt =Xi_12 T Ot — @10Lt_12 ............. ARIMA(O,],])12 [6.37]

Ol ﬁaauﬂiunmf’um Residual 11 MA(1) Feamnsndiaeldde AR(1)

7

Oy =0 O] +& e AR(1) [6.38]
UUM o, 1Az o, , NNANNS [6.38] asluaums [6.36]

up = (0104 +8) =01 (010013 +£12)

up =y (o —Ogay3)+8 ~Opgy, [6.39]
unum u,_ | =g - 003 avluaums [6.39] 9z 14

up =dpug +8 —O18_pp

X¢ = Xeo12 = Q1 (X —Xo13)+ 8~ Op8p2

Xp = QX o) T X2 = Q1X¢—13 + & —O18¢_12 [6.40]
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aumsi [6.40] Aotuu1ae9 Multiplicative ARIMA(1, 0, 0)x(0, 1, 1), Funannmssiaos 1

Order Seasonal Difference (u,) 91 =12 A28 MA(1) 148291999 Residual (o5 fe AR(1)

6.7.9 11UV ARIMA(p,0,9)x(P, 1, Q),,
u; = 1™ Seasonal Difference ¥4} (=12

Up =X¢ —X¢-12

P Q
ug=2 Queppjtog— X 0o [6.41]
=1 =1
194 Residual (OL) U949 6.40 TunUT 100U ARMA(p, q)
p q

j=1 j=1

iiounue O 11ag O, INAUMS [6.42] 1Az uy = X, — X adluaums [6.41]

p p q
X{—=X¢-12 = '21 Djuy_ppj +[Zl hjo_j+eg— '21 ejgt—jj
= = j=

Q p q
-2 0 (Z Gjot—(12+1)j +Et-12) ~ 2 9j£t—(12+1)jj
=\ J=1

P p q
Xt =Xt_12 + Zl (Djut—IZj +(Zl d)jOLt_j +& — -21 ejSt_j]
)= = =

Q P q
- Zl © [_Zl Gjort—(12+1)j +Et-12§ ~ Zl ejgt—(l2+1)jJ [6.43]
=t = =

]

waglla x luaums [6.43] uvusiaesuun ARIMA (p,0,q) X (P, 1,Q),,
6.7.10 HUVUD1Ad9 Multiplicative ARIMA(p, d, q)x(P, D, Q),,
HUDT1803 Mulitplicative ARIMA(1,1,1)x(1,1,1),, N381 =12
®(B” ) (B)1-B")1-B), - 0(B?) 6(B)e. [6.44]

(1-®,B2)1-¢B) (1-B2)1-B)x, - (1-0,B) (1-0,B),
(1—c1>1B12 —¢1B+CI>1¢1B13)(1—B12 —B+B”’)xt =(1-©,B*-0,B+0,0B" k,
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{ (1 ~®B"? - ¢;B+ ®1¢1Bl3) - (B12 ~pB**—¢;B + ®1¢1B25)
- (B ~®B3 - B>+ (I)1<|>1B14) + (B13 ~®B* —¢;B"*+ CD1<|>1B26) bx,
- (1 ~©,B">-0,B+0,0,B" )et
-0+ ¢)B+ ¢, B> —(1+®,)B? +(1+ D +® ¢ )B (0, +,d B0 B
- (@,+D B+, P B ]x, - (1-©,B”-0,B+0,0,B"k,
x,= (140, x_ O, x_+(1+D) x_,-(1+Q, +®+D D) x_ H D, +D D) x -
D x,, +DD, D) x D P x,+E-0,E -OE ,+O O €, [6.45]

6.8 M3U5z3NUMININDI VD9 Simple ARIMA (p,d,q)

[ o . . < < .
HAINNITM dth—leferencmg UNTUIAT X, (X, 111 ARIMA(p,d,q)) 911U Stationary 1Al 9z
¥ Differenced Series A8111U$1899 ARMA(p,q) 1@ IN5OMIMNT M5V UUVT1909 ARMA(p,q)

ana 1 = A
adsnnanaeluuni 5

6.9 M350 0V Goodness of Fit Y93 ARIMA(p,d,q)
0’1’ ad tﬂ‘Q % d’ 1
YUADULALITNITNATDYU Goodness of Fit U9 ARMA(p,q) ﬂT\lﬂﬂUﬂHﬂﬁMl’Jﬁ?ﬂWTUﬂ?i
. . A . A v a4 _ 2 yy o
Differencing 3¢tHUBUNUNITNATDU Goodness of Fit Y93 ARMA(p,q) awinan A luuni s dalaun
a 1 I a a
—NMINATDUANUATIUI Residual L‘]_I1!@ﬂ'i$Llﬁ$ﬁﬂ1ﬂﬁ]ﬂ!m\‘lll‘ﬂ‘ﬂﬂﬂﬂ
{ o 4
—M3nsaaeul3euey Model Correlogram 1ag Correlogram U940HNIUNIANAAUATIEH
Ed
Yuny Sample Correlogram

a 4
— M3A329801 Parsimony U94NW13131tA03 1At 1% Akaike Information Creteria

6.10 THADUMIIADIN Y Simple ARIMA (Procedure of Simple ARIMA Modeling)

9
(Y

TUNDUNITIAD9A28 Simple ARIMA

o [ o 1 1 & I
(1) A529801 Normality Y840YNINNIAIAI0E1 B1oYNTNIAIAI0619 11T U Normal THuaailu
<
1114 Normal

o . . (2] [ 1 'o . 1
(2) M5 Differencing IﬂEJﬂﬁ'WaﬂﬁﬂuﬂﬁﬂlﬁﬁTQTJﬂﬂNﬁvnﬂﬁ Normalized LL’sgI)'J fg]JTWTJTJ”IﬂdJ

k4
Nonstationary ¥4 Jump 130 Trend ¥30%M3g 13 Differencing N3 il Jump 130 Trend

Y

9
%

iegega@en 1 1 Differencing NIAUNUNY Jump 1% Trend Tty 2™ Differencing
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(3) A5989U ACF 91WU3IA1ana908199 (Slow Decay) MEA9IIA0991 Differencing M3
Differencing 1H34910816UN 1 Now

(4) M3AAUUVTIA0I ARMA(p,q) MUIBYNINIAINHIUMS Differencing
6.11 Mevghamsa3auudiass Simple ARIMA (Example of Simple ARIMA Modeling)

If$1a09dusIo@oUN  Salmonia wasy Indiana (Station 12-7747) A9MISNA 6.1 A2
ARIMA(1,1,1)
Tui 1 1 x AedusIoAeu AIs19R 5.1

Vi =X ... 505U Normal Distribution Tag15zu1al

%uﬁ 2 W1t Differencing Lﬁﬂﬁ”l%ﬂ Nonstationarity Tu Y, ﬁ\i‘lﬁ‘
u; =4/4.910 -+/3.920 =0.236
Ham3IfLINe u 849 TasTUsunsy FTRDIF* ¥eq IMSL uaateglua1ssdi 6.2
%uﬁ 3 1135Wa ARMA(1,1) 71 17 Differenced Series (u,) mm’?umﬂuumﬁ 5
(@) v,=-00011
s2 =0.6065

(b) ACF uaz PACF 404 u aategluzili 6.6 1ag 6.7 audiau

95% Confident Interval U84 ACF ttag PACF (1101

SE2_F2 10004
IN V455

v
=

nngilit 6.6 wifud1 ACF Tanudidauams Lag 1 Wi @ PACE Tugila
6.7 UANNAIAYHN Lag 1-10

(c) Identification
- ACF uag PACF uaaslfiifiuin ARMA(I,1) thizninzfueyniunan u,

(@ msdsznammsimes ¢ ¥93 ARMA(L1) Taods Tumud
. 20036415
= T 048208
000 =1,d—$;)=-0.0011(1+0.0754)=-0.0012

-0.0754



3197 6.1 Monthly Precipitation(inches) at Salanomia, Indian

YEAR | 2 3 7 8 1 12 TOTAL

| 3,920 4.910 3.850 3.680 1.460 S.070 7.970 54,170

e 3.900 2.710 7.950 6.260 9.630 2.010 4.840 S5.710

3 2.880 1.230 3.510 1.360 1.220 5.870 4,860 37.240

4 .320 2.200 2.480 2.560 7.000 3.450 2.260 41.900

5 1.660 2.820 1.760 4.600 .800 .330 2,780 26.680

6 7.430 4.500 3.130 4,950 4.470 4.600 2,960 48.650

7 S5.B80 1.260 2.880 1.660 4,700 3.180 3.240 47.330

g 500 3,370 1.970 5,570 1.310 1,680 1.0G0 40.450

3 770 L.3%0 1.370 6.930 4,620 2.000 1.530 35.440
10 1.060 4.240 2.460 2.730  .660 3.310 1.630 29.600
Il 6.560 1.430 2.350 2.680 4.330 3.280 1.530 43.930
12 1.580 5.330 4.430 3.710 4,300 430 2.810 35.950
13 1.940 1.080 1.790 5.850 4.600 7.730 4.000 41,320
14 .250 2.930 3.370 4,650 3.700 2,360 5.970 47.610
Ib 3,160 4,160 2.270 2.190 8.510 3.630 .S60 44.010
16 2.%240 4,580 3.350 8.720 5.150 4,000 2,930 43.GB0
17 1.380 2,280 1.120 6.040 3.940 2,130 2.160 37.620
M 360 7,800 5,340 1,510 3.380 C.780 &.720 S52.B40
19  4.440 1.080 4,930 5.870 4.390 3,910 3.460 51.790
20 2.530 6.640 1.550 3.130 2.810 2.670 3.070 42.060
2l 1510 0 5.800 3.210 2.670 1.620 3.740 35.790
g 1.580 2.170 S.320 3.580 3.990 1,310 .160 36.270
23 1.140 1,080 2.110 3,530 1.850 9.510 3,850 30.860
24 3.860 1.230 3.070 2,330 2.910 1,200 5.830 45.370
2 5710 3.270 .750 4,140 3,340 3.400 2.250 44.440
eb 2,660 1.560 2.460 6.790 6.340 2.830 2,350 46.E30
27 2.860 7.550 6.410 3.000 4.850 3,760 B.440 32.110
28 1.200 2.860 1.140 1.310 3,770 3,010 1.500 34,920
23 4,000 2,330 3.840 1,530 3.970 2.410 .970 39.730
30 2.450 2.910 1.940 3.550 8.330 4.270 950 44,320
31 2.B00 3.720 3.930 «730 4.450 2.820 2.240 42.010
32 2.290 1.960 2.410 1.380 2.730 2.580 1.590 26.380
33 .160 l.280 .910 6.980 1.950 2,180 2.050 34,930
4 510 2.550 5.590 4,770 2.250 2.610 7.430 46.480
35 3,360 1.320 1.250 7.400 2.530 4,230 2,870 40,330
36 |.760 3.600 3.620 4.650 6.280 4,390 1.010 38.610
37 3.890 4,960 5.690 3.870 9.530 2.940 4.140 51.280
38 1.340 4.330 5.450 4,320 4,190 3,130 2.180 46.820
MEAN 2.606 3.021 3.252 4,013 4.187 3.246 3.020 42.1BB
gTpy 1.770 1.846 1,754 1,953 2.253 1,554 1.866 7.453
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= st
M3197 6.2 1" Difference of Square Root of Monthly Precipitation at Salamonia, Indiana

MONTH
1 .236 =-.254 .903 -1.225 372 084 =.710 797 .078 . 168 571
2 -.848 -.329 1,175 =-.l146 -1.210 1.198 ~-.lB3 .B11 =-2.513 .B53 . 165 782
3 -.563 .528 .764 =.B61 -.193 .88 -.851 =-.082 1.708 =1.427 1.037 ~-.186
4 =1.651 .918 082 .423 -1.086 2.219 -1.530 1.046 ~-.359 ~-.S53 .523 =.354
S -.215 .391 =-.353 073 =-.225 . L117 =1.250 .210 .508 =.617 672
G 1.069 -.B15 =-.352 1.015 -l.222 508 1.171  -.111 =-.007 -1.202 1.239 ~-.424
7 704 -1.302 .575 =-.145 -.149 1.331 -1.447 .880 =,354 1.249 -1.279 L017
8 =-1.093 1.}123 -.432 .704 =-.048 .322 -.023 -1.216 1.123 .074 =1.045 ~-.267
9 -, 152 .301 =-.003 »497 .437 .763 1.291 =-.483 .359 -1.271 JATT =J )77
10 -.207 1.030 -.491 =-.205 ~-.602 .040 .931 -.840 1.629 -.299 ~-.323 ~-.543
11 1.235 =1.341 .316 110 162 212 .383 597 .345 -,498 .270 -.574
12 020 1.052 -.204 =-1.299 .470 1.255 .E06 .148 -.801 .474 =-1.091 1.021
13 -.283 -.354 .293 =,304 912 .482 .010 =-.274 =-1.431 1.035 1.03! ~-.780
14 =-1.500 1.228 L1107 -.513 1.263 .495 .059 =.233 .B6B -.878 -.377 907
15 -.650 .256 =-.533 -.058 703 - .407 1.437 -1.038 507 =-.480 -1.157
15 «366 425 =-.310 .282 -1.495 .744 1.593 -.E6B4 037 L.133 =-.433 -.274
17 -.319 106 ~-.455 .534 .238 .593 .125 =-.473 -.051 -1.213 .733 010
13 .057 1.257 =-.432 -1.763 1.247 .643 -1.208 .766 1.102 -1.280 .TB7  =-.535
19 ,453 =1.063 1.176 =.G20 1.017 670 L4766 -.189 292 =.650 L1101 117
20 270 .835 -1.332 1.457 =-2.702 2.486 717 -.0B63 .399 -.820 .349 .118
21 -.533 -1.229 @2.408 -.4439 -.157 .430 .491 ~-.158 .237 =-.309 -.289 .G51
a2 -.G?7 216 .833 -.132 =-1.320 «984 .054 105 -.504  1.169 "‘I. 518 -.745
23 6533 =.024 +409 «2368 015 =.408 564 -.482 .213 =-.443 1.:B81 =-.357
24 -.025 -.855 .643 -.239 1.380 .518 ~-.829 . 160 .238 247 -1.055 1.312
23 .025 =-.531 -.842 576 1.253 -.B848 172 207 .384 -.265 ~-.103 344
25 .131 =.332 .319 .405 -.044 -.859 1,333 -.088 312 -.B23 -.325 .035
27 -.023 1.057 =-.216 =-.922 ~-.745 .B42 297 470 -.093 5671  -.B4l .5%3
23 =1.442 .595 -.623 1.812 =-1.080 -.077 ~-.567 797 —.221 ~-.0G2 077 510
23 775 =.454 A14 =347 .238 -.915 276 732 1.046 =1.001 =-.465 ~-.5G8
an .530 141 -.313 .013 +520 .B07 -.Gi8 1.002 -.B881 .035 027 =1.092
3 .693 235 .054 .0339 .413  =-.479 -1.116 1.223 ~-.481 L3558 =-.343 ~-.l183
32 N7 =-.113 .152 =-.404 ~-.260 -.606 1.l24 .263 -.010 .7B8 -.815 -.345
33 +B31 722 -.168 .405 .192 .576 .514 =-1.246 1.434 -1.187 ~-.1GF ~-.045
34 713 .833 767 -=.G651 .439 -.315 . -.684 .206 .345 =-1.035 L1110
35 -,893 =-,684 -.031 1.138 -.047 =-.837 1.353 =-1.130 JATT 533 005 -.377
25 -y 307 571 L0035 -,703 017 778 «161 .350 617 207 .413 =1.090
37 oty .255 .153 -1.040 =-.624 1.533 .287 1.120 -1.803 1.3%9 -.539 «320
33 LB77 .923 254 405 =-1.545 231 752 -.032 .361 =-.082 =-.557 -.233
1.000
SYMBOL --- EXPLANATION
() S COMF JDENCE
5T s -95 COMF [DENCE
+ ZERD RXIS
w AUTOCORRELATION
333
=
=
E
| 3
o T 5 A e SN\ A A _x_ A w -
0 — WJE&TAVAVE&?‘
& | ‘u{ RV AV
=]
—
E
-]
_‘m_
=1, 000 T T T T r I | |
00 4 .00 a.0a 12.00 16,00 20.00 24.00 28.00 32.00 36,00
LAG [MOWTHS)

A
‘IJ‘VI 6.6 ACF 994 1" Differenced Square Root sumvluswmauw Salamonia Naiﬁi Indiana
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Sro. -z I
@ 95 CONF [0ENCE
2 ERO AXIS
n: PART . AUTOCORR

T T
1800 20.00 =400

LAG (MONTHS]

%.00 8,00 12.00

gﬂ‘ﬁ 6.7 Partial ACF 494 1" Differenced Square Root Upa¢u3 181A0UTN Salamonia Mﬁ%ﬁ Indiana

(e)

®

(2)

msdszanummnaiines 0, uaz 62 lasis lumuddieldsunsy FTMPS voq
IMSL
6, = 0.5873
&2 =0.4207
mMslsznamnsimes 1as3s MLE
1 ] ~ =& Y 1
A1 SSE U84 ARIMA(1,1,1) uan3aglua131an 6.3 sauaaalimiu
&)1 =0.0 uag él =0.9
Min SSE =154.39
.. . . . v ¥ o &
910 Initial Estimate 9¢813150%1 Final Estimate 19 10819 11/5n353 FTMXL @44
b =0.0451
090 =—0.0010
6; =0.9593 nsain Oy HAuihlnd 1 e19fiTanI ARIMA(L1L1) limanga
1Y A I ¥
AUPUNTUNAIVEIHUTIBAEUN |A
62 =0.3332
N1TINATOU Goodness of Fit

Porte Manteau Lack of Fit Test




Q=0.0448 x 455
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20.06 < X%z,o.os =33.9 uaAINBYNINIAIVEY €, ilu

Independent 1taz ACF 404 €, Tu3ii 6.8 uaasliiiud ru) hilidoddny &

< o { <
iWumstududoazdni € 15u Independent

3

1000 -
SYMBOL --- EXPLANATION
o +38 CONFIDENCE
Q -85 CONF 1DENCE
o7 4 26RO BXIS
P RAUTOCORRELAT [ON
~3E8
&
1 X
E 000 L..l( pr K\M - " e e
S . ST e
E -3 =
= 887 =
=1 /000 T T T T T T T T
00 .00 800 1E00 16.00 =.m 4.0 o8.m =0 36,00
LAG (MINTHS)

g‘lj‘ﬁ 6.8 ACF 484 Residuals ¥4 1" Differenced Square Root Yol U 10RO UN Salamonia uai’g

Indiana

Salamonia, Indiana

13197 6.3 Sum of Squares of Residuals of 1" Difference of Square Root of Monthly Rainfall Series at

PHI

THETA| =50 =-.40 =30 =.20 =10 0 10 20 +30 +40 +50

ol 211.59 213.42 220.76 233.62 252.00 275.89 305.31 340.24 380.68 426.65 478.13
10| 207.60 206.39 210.22 219.08 232.99 251.93 275.90 304.92 338,97 378.06 4e2.18
.20 | 204.82 201,04 201.91 207.42 217.57 232,37 251.82 275.91 304.64 338.03 376.05
.30l 202,95 196,95 185.27 197.81 204.87 216.15 231,75 251.67 275.81 304.47 337.35
.40 201.71 193.77 189.88 190,04 194.24 202.48 214.77 231.11 251.49 275,92 304.33
.50l 200.78 191.15 185.33 183,32 185.12 190.73 200.15 213.38 230.42 251.27 275.93
60| 199.77 188.68 181.20 177.32 177.04 180.36 187.29 197.82 211.95 229.68 251.02
70| 198.27 185.97 177.09 171.62 169.57 170.92 175.69 183.88 195.47 210.48 228.30
.80l 195.14 182.87 172.83 166.02 162.46 162.13 165.04 171.13 180.57 193.13 209.05
.90 194.51 180.33 169.22 161.20 156.25 154,39 15,60 159,90 167.27 177.73 131.e7
1,00] 321.86 297,38 276.21 258.34 243.77 232,50 224.54 219.88 218.53 220.48 225.73

6.12 fMvENIMIT319UUT 1809 Multiplicative ARIMA

Y Y
=1

o { o < :’ 1
Blue River 1n@ White Cloud 85§ Indiana Iufiguii1 461 m1319'lud Joynsunarveanim

= [ 4 A
19D U (Xv’r)ﬂﬂllﬁﬂﬁiu@ﬁ"ﬁcﬂ 6.4
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9% Y. =Log(x,.);v=1...381=1..12
YV,‘C _yr

S

T

V4 =

v,T

[ 2
M3197 6.4 ﬂiéﬂi11&’3211%16@1311’1131&5614%6@ Blue River Near White Cloud, Indiana

Month
Year 1 2 3 4 5 (3] 7 8 9 10 11 12
1 181. S07. 922. 2776. 11S8. E13. 755. 467. 308. 309. 246. 307.

146. S38. 1132. 2675. 1093. 1818, 2185. 2163. 214. 112. S6. 107.
128. 9§3. 225. @207. 78. ?52. o63. 91, 120, 131. 79. B8S.
46. 23. S8. 385. 208. 2197. 952. 1569. B48. 201. 115. 73.

5 ss. 92. 128, 293. S03. 709. 1126. 1S0. 41, S8. 34. S2.
407. FEl. =273, 6290. 1088, 335. E%9. 1299. 247. gE. 224, 43,
260. 114, SE63. 631. 1053. 1780, 1111, S72. 245. S15. S10. 177.
2g. 52. B3. 763. £185. 1973. 2050. 268. 489. 348, 203. 64.

30. 28. 26. 173. 1098. 558. 1770. 453. 182. &7. 38. 24.

10 19. 45, 7?4, 210, 141, 71. 421. 94, 261. 213. 88. Sl.
68. 17C. 320. 659. 1061. 1155, 1106, 453. 816. 304, 87. 43,
25. 1396. BE0. 486. 595. 2549. 680. 723. 414, 21B. 67. 24.
18. 23. 21. 5S7. 106. 1132, 1549, €39. 145. 6B2. 239. 419.
6. 53, 191. B©67. 1969. 4293. 1379. 533, 993. 335. 69. 2il.
15 420. 4BS. S939. B30. 1898, 1197, 361. 1656. 425. 160. 307. 44.
33. 163. 532. 1415. 426. 275. 2422. 966. B%2. 467. 174. S6.

33. E5. ©99. %53, 891. 1882. 2277. 396. 98. 363. 98. 74.

38, 1203. 1267. 3178. 1699, 2334. S75. 423. 1545. 233. 386. 130.

249, BE. 922. 4504, 3404, 108B4. 1781, 973. B8B65. 138, 138. 314.
20 117. 1028. 1095. 2344. 1980. 2154, 1609. 375. 179. 109. 6l. 105.
4l. SS7. 20B6. 15i1. 1533. 1933. =41. @217. 256. E9. 33. S0.

22. 33. 193. 1124, 489. 1214, 9i15. 1030. 161. 2%2. 55. 19.

15. 22. 24. 123. 170. 303. 4. 189. 1Bl. 45. 7l. @249.

247. §9. 334. S553. 2155, 2061. 639. 382. 230. 328. 83, I62.
25 51S. 589. 230. 350. 3149, 1374. 639. 640, 334. 143, 88. 7S5,
45. 36. 109. S27. 1284, SE0. 1979, 1771. 745. 2BS. 106. SS.

37. 1337, 2417. 797. S27. B61. 824. S944. 193, 879. B00. 384,

195. 258, SE3. 2664. 1288. BB89. 626. 437. 206. 70. S7. 7l.
g3. 137. S20. 72S. 1004, 779. 477. 253, 1B82. 771. 5. 42.

20 24. 33. S6. 182. 603. 2302. 1368. 2939. 395. 352. 127. 70.
49. 140. GE16. 14%0. 2019, 1471. 630. 253. 152. 73. 36. 107.
70. 104. 110, 216. 200. 2575. 443. 246. 125. 216. 101, S7.
18. @20. 1B. 112, 151. 4058, 885. 316. S53. 145, 30. 22.
14. 28. 281. 583. 1279. 1153, 902, 248. 86. 302. 57. 541.
33 247. 1l6. 99. 1389. 1557. 725. 1546. 1068, 137, 89. 10l. 36.
49, 161. 671. 383, 554, 1349. S43, 1583. 1%92. 9i. 146. 42.
51. 140. 1308. 539. 646. 1237. 1463. 1511. 428. 121. 2l6. 75.
30. 98. 1028, 2032. 1033. 376. 1127. S05. 358. 412. 189. 78.

v
nnmsnegluuuveuiaesd laupadnveteynsuanimNe@ey (z,) I 16
=1 . 1 a (% 9 qﬂ/} =1 % qul = A ) [ =
’dmugl,u Indiana WU AR(2) V‘I@]ﬂﬂ"lli’]llva'ﬂ\i 16 491U AIUUUADN AR(2) FIHIUMTANEN
=l = [ . . . & A o a < Y U = a 4

Lﬂﬁﬂllﬁ/lfl‘ﬂﬂ‘ﬂ Multlphcatwe ARIMA BIUATUIUNITIUEIDTUDINI AR(2) U 27 N151UE0T 12 Mean,
12 Standard Deviation, ¢;, ¢, O S

o A v .

VYUN 1 ﬂ”liLlﬂadﬂlﬂu“a(Transformatlon)

1 d' 1 1 d‘ = a g‘ 1 1 dl 1
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A9 4 [2) ~ 1
Y04y, ;=Log(x, ) HAnd1lnd 0 uagwamsnaen x,; 1unsza1unI M Log-Normal Tugili 6.11 wud
IS ' IS
naliluduase uaaaii x, ¢ 11 Log-Normal
A J < . 1 [ Y] 4 '
Correlogram Tu31 6.12 uaasdiounsuauily Stationary ud 1, luiivgud uansieynsy

I
a1 UYLV Dependent

G (a) Mean Monthly Flow
00 —
w_,—li ‘I_\_ﬁ
o T r r T T T T T T T T
10 12 2 4 & 8
Ilonth ()
800 —
s
: l (b) Monthly Standard Deviation of Flow
OO0
100 -“_’__
° I I L] L Ll 1 T U T T T T
10 12 2 4 & a
Menth (7)

a ' > A ' A A a J A
51]7] 6.9 (a) ANURNAYINUADU (b) ﬁ?u&u&ﬁlﬂuw'lﬁiﬁ'll‘lﬁ'lfllﬂf)u(’llﬂ\jﬂﬁu']ﬂ!ﬂ'ﬁl‘lﬂa"llf)\‘]u'li'lmﬂ’ﬂu"ll@\‘]

U

Blue River 1nd White Cloud ¥ 9 Indiana

4.0

Cy i Monthly Skewness Coefficients

]
LOG-TRANSFORMED SERIES

w 12 oz a4 gl gl

Wonth (1)

v 7 F
’i‘l.]‘ﬁ 6.10 ﬂ?ﬁ'ﬂJﬂiZﬁWﬁﬂ?WNLﬁ (Skewness Coefﬁcients)iWﬂlﬁﬂuﬂl@ﬂﬂiMTmﬂﬁllﬁﬁsUﬂﬂuﬁ']fllﬁ’f)u

Y

Y
1aZU03 Log-Transformed voalSuams lave oo uved Blue River 1nd White Cloud llﬁﬁj
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[ E
517 6.11 Lognormal Probability Plot 494 Logarithms ¥03131ains Tvave s lu@eummienves

Blue River 1n@ White Cloud ua%“g Indiana

1.0

0.5 -

'_l_— I

1

T I T4 E
Month(j)

H 1 1Y 1Y 4 a g/
317 6.12 ManduIUT (Serial Correlations) 51819V Log-Transformed ¥031/511mms lvavoqii

5101A9UUDY Blue River 1n@ White Cloud m%“g Indiana

(4 v
v A

UYUN 2 Differencing LLae Identification

111017 Differencing y,r=Log(x, ¢) 411 Nonseasonal Differencing Lﬁﬂ d=0, 1, 2 1t Seasonal
Differencing (w=12 months) Lﬁﬂ D=0, 1, 2 ﬁ'\iﬁy

w=(1-B)'(1-B")"y,

y=In(x)

N=456



o w .. 9 A = ~ Y = < Y
D=1 22111301197 Cyclicity lrlﬂ‘l/iiJ@!&J’E)L’]JﬁEJ‘UL“I/]EJ‘]Jﬂ‘]J N3l d=0 tiag D=0 ﬂWﬂgﬂﬂZLﬁHVlﬂ’N I,

Lag=1,2, 11, 12, 13 limannngudediiioddn uaz Lag 1 uag 12 ianwdifnil Lag 0uq &9
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ACF(r,) ¥948Yn3541a1#ign Differenced ttansagluzili 6.13 vziiiuldnn ACF 1uile d=1 1oz

=

¥ o W = <

LLEAIDN Seasonal 1A Nonseasonal Moving Average #30019a31 ld1muudassimng aude

Multiplicative ARIMA(0,1,1)x(0,1,1),, 130
LHAIBNITAUIDIN Monthly Correlation U934 Nonseasonal Component nuudraesitmungaune
Multiplicative ARIMA(1,0,0)x(0,1,1),, 130
Multiplicative ARIMA(2,0,0)x(0,1,1),,

[ 4 Yo A a 4 o =
Lmi]’lﬂﬂigﬁ'ﬂﬂ']iﬂ‘lell’t’]\iFji]'lﬁ'f)\‘]i]&ﬁﬂﬂ')l,ﬂi'lgﬁ 2 LUV

Multiplicative ARIMA(0,1,1)x(0,1,1),, tta& Multiplicative ARIMA(2,0,0)x(0,1,1),,

Tufi 3 MImesve 109 Multiplicative ARIMA(0,1,1)x(0,1,1),, 1a83% MLE
General Form U84 Multiplicative ARIMA(p,d,q)x(P,D,Q),,

w d w\D _ 4
¢(B)O(B*)(1-B)*(1-B") "y, =6(B)O(B" )¢,

I
06 [

04t
2| IH
o2t |I.|||||_|l“l,.||h s

ozl

04f |

}?jl d=0 , D=0

n.4§|

0zt l

oo AL 1t P N ]
_|:|_25 llll lllll k

o d=0 , D=1
ki
0z} 1111 ETINT L]

1
PR AL TTT] [T

04l

T
04

_SDE[[!-'III-“III L ﬁ—ﬁ—rL"‘T'—-—‘-‘--k

04
06 d=]. . D=1

d=1, D=0

517 6.13 A11/520191UP9 ACF 04 Differenced Series ¥04 Blue River 1nd White Cloud 423§ Indiana

U

w=(1-B)'(1-B")"y, , y=In(x,) , N=456
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(3a)Multiplicative ARIMA(0,1,1)x(0,1,1) ,
(1-B)(1- Blz)Yr =(1-6,B)1- ®1B12)8t
Yo=Y t+tYin Yoz te—0g,-0¢g ,+00¢g

N '
nam3fuIn Sum Square Surface ¥ SSS=>¢7(6,,0,) 1o 0<0, <0.8uay

t=1

0.4 <0, <1.0 uerasegluzilfi 6.14 Fawud1 Minimum SSS o4t ,=0.55 ag ©,=0.9

1 / S00
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0.5 460

440

0.6 /
420
@ 0.7 /’:uf .

0.8
d
362 \
0.9
400
§&8 440
500 480
600 550
.0
o3 'D,Iﬂ 0.5 0.6 0.7 0.8

TC
(3v ]

; 2 .
gﬂﬁ 6.14 Sum of Square Surface 28t (@1,91) VLU VI10DI Multiplicative ARIMA(0,1,1)x(0,1,1),
#5vgnA 1970 Natural Logarithms ¥09131nams lvaveatis1eieuued Blue River 1nd White

Cloud a7y’ 3 Indiana

(Bb)MIMINTNNDF VDMLV Multiplicative ARIMA(2,0,0)x(0,1,1),, 1nei33 MLE
General Form Y94 Multiplicative ARIMA(p,d,q)x(P,D,Q),,
d(B)®(B*)(1-B)!(1-B")"y, =6(B)O(B" )¢,

(1-4,B-¢,B)(1-B")y, = (1-©,B")e,
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Yt =01+ 02Yi—2 T Yic12 —d1Yi-13 — P2Yi-14 + & — O1€_1,

N y '
SSS=>"&/(4,,4,,0,) 1o 0.2<¢, <0.8, ¢, =0.1 uaz 0.4<6, <1.0 naasagluzi

t=1

6.15 %My Minimum SSS og#i ¢,=0.5 , ¢,=0.1 uag ©,=0.9 ugienfasus ¢, 1 o uag 0.2

sss lunlasunilas
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B 0.7 ﬁs\
L 0.8 30
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r 0.9 s ____ﬁ-—mo
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4z ———————— 1 *°
S
5—-—-'1#0
L |a, 3 30—
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L

gﬂﬁ 6.15 Sum of Square Surface 2812((1)1,(1)2,91) V94411209 Multiplicative

ARIMA(2,0,0)x(0,1,1),, 110 §,=0.1 i1l524nd 197 Natural Logarithms ¥o41/53naims Tnavesiine

IADUUDY Blue River 104 White Cloud ¥ Indiana

d o 1 a J o
(3c)iJszmmmﬂﬁmmzmuma@ﬂﬂsﬁ% Nonlinear Iterative Estimationhlfgljﬂ1W1313JLGIE)'§N

AT N

Multiplicative ARIMA(0,1,1)x(0,1,1),,

Iterative 0 1 ) 1

Initial Estimate 0.55 0.9

Final Estimate 0.549+0.040 0.942+0.009
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A1919% 6.5 LEAAIAINIININBS VB VTIaD ARIMA(2,0,0)x(0,1,1),,

3191 6.5 Multiplicative ARIMA (2,0,0)x(0,1,1),, Applied to the Natural Logarithm of Monthly Flows,

Blue River Near White Cloud, Indiana

sSuMHARY OF HMODEL 1

B T T T e e e L L T e T e eI et et
DATA - % = BLUE RIVER MEAR WHITE CLOUD 456 ODBSERUATIONS
DIFFEREMCING ON X - 1 OF ORDER 12

MODEL DEUELOFED WITH TRANSFORMED DATA = LOGX(T)+ = w(T) )

[P epeEE E  E  LL LrTE

PARAMETER PARAMETER PARAMETER ESTIMATED 95 FER CENT
NUMBER TYPE DRDER UALUE LOMER LIMIT  UPPER LIMIT

AEEEEARERESERABERB RS E RSB EEERRR AR ERRERREA RS ERE R IR AR R GBI B R

1 AUTOREGRESSIUE 1 1 5.55343E-01 4.58522E-01 6.51164E-01
2 AUTOREGRESSIVE 1 2 9.38650E-03 #— . B63BE-01 1.05161E-01
3 MOUIMG AUVERAGE 1 12 8.98802E-01 8.56587E-01 S9.41007E-D1

A AR B OB B0 OB A DS A

OTHER INFORMATION AND RESULTS

(2RSSR RS S SR RR R R R R A RS R R R R R RS R R R L R s b RS b b R L s b b b b b L b Rl b bt b L L L L L]

RESIDUAL SUM OF SGUARES 3.28623E+02 439 D.F. RESIDUAL MEAN SOUARE 7.48572E-01
MUMBER OF RESIDUALS 442 RESIDUAL STANDARD ERROR 8.SS201E-01
(3d)Diagnostic Check

ACF 904 € 194 ARIMA(0,1,1)x(0,1,1),, aagoglugili 6.16 %3 Lag 2-Lag 6 imaaavuazin

\ 1 N W o v 1
mamﬂg{us‘fammuam W il StandardError—+—= =10.047

JIN 456

24
=N r}(e) =71.3>x3,,, =30.8

k=1
Fasoagllan € Til¥ Random Series W3eilu  Independent d4'liemninld
¥ A 1 3 ~ Y I v o w
ARIMA(0,1,)x(0,1,1),, 18 8snimiu ACF lugilh 6.16 uaasliifiudi Seasonal Component gninia

Y
MR 9171 Seasonal Part YBLLUI1a09991192 1% 14 116 Nonseasonal Part #3147 13'1&

1’11

S L

gﬂﬁ 6.16 ACF 494 Residuals Y83111/131009 Multiplicative ARIMA(2,0,0)x(0,1,1),, (Standard Error =

12

{ o Y a 3 .
+1/N"*) N1l52gn@ 19171 Natural Logarithms 9313113 Tnaveiiseidouved Blue River 1nd

White Cloud ¥a5§ Indiana
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UK €, DI Multiplicative ARIMA(2,0,0)x(0,1,1),, Ataa1ua13199 6.6 ACF 1ag PACF
Y04 € VD4 Multiplicative ARIMA(2,0,0)x(0,1,1),, sanaasluasei 6.7 Faaaaludiui g iy

Independent

k4
v K [

2 Y
Q D330 Lag 50 = 17.30 < (", o, (29.6) AIUUIIEONTY ARIMA(2,0,0)x(0,1,1),,

M35197 6.6 Residuals Y9 4111UF18094 Multiplicative ARIMA(2,0,0)x(0,1,1),, 11J32gnd 1911 Natural

Y
Logarithms wo9Sunams Inaveiise@euved Blue River 1n@ White Cloud Mﬁ‘%ljj Indiana

T FITTED UALUE RESIDUAL DATA UALUE
412 5,87F13E+00 1.3651E+00 7« 2363E+00
413 7.1448E400 2.0571E-01 7. 3S0SE+00
414 7.E022E+00 -1.0161E+00 £.5862E+00
415 E.3E2SE+00 38.80392E-01 7. 3434E+00
416 E.4865E+00 4,8702E-01 E.9735E+00
417 E.1258E+00 -1.2059E+00 4.9200E+00
418 4.9393E+00 -4,5123E-01 4,4886E+00
413 3.9698E+00 5.4532E-01 4.61S1E+00
420 4.6154E+00 -1.0313E+00 3.5835E+00
421 3.5533E+00 3.38S6E-01 3.B91BE+00
422 4.5193E+00 S5.6155E-01 S.0B814E+00
423 S.5856E+00 9.2314E-01 6.5088BE+00
424 7. 07S2E+00 -1.1272E+00 5. 94B0E+00
425 -6.4EBLE+00D -1.508FE-01 E.317V2E+00
426 6.3134E+00 2.9367E-01 7.2071E+00
427 6.7963E+00 =4,939B1E-01 6.297 1E+00
428 5.960BE+00 1.4065E+00 7. 367 1E+0D
429 6.2125E+00 =9,5504E-01 5.257SE+00
430 S.0853E+00 -5.7447E-01 4,5103E+00
431 4.0S0EE+00 9.3298E-01 4, 9836E+00
432 4.715S8E+00 -3.7B15E-01 3.737FE+00
433 3.67EEE+00 2.5524E-01 3.931BE+00
434 4.6003E+00 3.4130E-01 4,34 16E+00
435 S.6018BE+00 1 .S744E+00 7. 17S3E+00
436 7« 3305E+00 -1.0408E+00 6.2837E+00
437 E.6489E+00 -1.7807E=01 E.470BE+00
438 7. 031FE+00 B8.87439E-02 7. 1204E+00
433 E.6996E+00 5.8860E-0L 7. 2882E+00
440 6.6525E+00 B.GB01E-0L 7. 3205E+00
441 6.0993E+00 -4.0216E-02 6.0531E+00
442 S.4713E+00 -6.7615E-01 4, 7958E+00
443 4.,310BE+00 1.064SE+00 5.3753E+00
444 4.B370E+00 -5. 1953E-01 4.317SE+00
445 4.0281E+00 -6.2689E-01 3.4012E+00
4456 4, 3456E+00 2.3932E-01 4,5850E+00
447 5.5581E+00 1.3773E+00 5.9354E+00
448 7. 0881E+00 5.2862E-01 7.616BE+00
449 7. 3656E+00 -4,2534E-01 6.9402E+00
4350 7. 313BE+00 -1.3842E+00 5.9236E+00
451 6. 1023E+00 9.2503E-01 7. 0273E+00
452 6.5640E+00 2.4330E-01 6.8073E+00
453 5.8082E+00 7.2378BE-02 5.880SE+00
454 5.2935E+00 7. 2150E~-01 E.0210E+00
455 S.0973E+00 1.444BE~-01 S.2417E+00Q
456 4.721BE+00 -3.6508E-01 4,3567E+00
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M3197 6.7 ACF 11a PACF 994 Residuals Y94 Multiplicative ARIMA(2,0,0)x(0,1,1),, #i1)52gnd 191

Y
Natural Logarithms woeUSuams laveaiise@euved Blue River 1n@ White Cloud llﬂ‘f}:j Indiana

1 AUTOCORRELATION FUMCTION
DATA - THE ESTIMATED RESIDUALS - MODEL 1 442 OBSERVATIONS

ORIGINAL SERIES

HEAM OF THE SERIES =#-.70S0E-01
ST. DEU. OF SERIES =B.E0346E-01
MUMBER OF OBSERUATIONS = 442

- 12 -.01 =-.03 .01 04 =.0% .02 07 =.01 .05 .05 .05 .01
5T.E. .05 .05 .05 <05 «03 05 «05 «05 «05 05 +05 «05
13- 24 .08 .00 04 =.04 .04 .05 .01 .01 =.06 02 =.06 =-.05
ST.E. .05 .05 05 .05 .05 .05 .05 .05 .05 .05 .05 .05

MEAM DIVIDED BY ST. ERROR = 1.72295E+00

TO TEST WHETHER TMIS SERIES IS WHITE HODISE. THE UALUE 1.73010E+01
SHOULD BE COMPARED WITH A CHI-SOURRE VARIABLE WITH 21 DEGREES OF FREEDDM
1 THE ESTIMATED RESIDUALS - HMODEL 1

1 PARTIAL AUTOCORRELATIONS
DATR - THE ESTIMATED RESIDUALS - MODEL 1 442 OBSERUATIONS

ORIGINAL SERIES

MEAM OF THE SERIES ==-.7050E-01
ST. DEV. OF SERIES =B8.80346E-01
MUMBER OF OBSERUATIONS = 442

1- 12 -.01 =.03 .01 04 =04 .02 068 =.01 .05 .05 05 02
13- 24 .06 00 .05 -.04 .03 04 -.00 .00 -.08 01 =07 =07

(Be)MINNT ﬂi(Forecasting)
111191804 Multiplicative ARIMA(2,0,0)x(0,1,1),,
Yt =01Yt—1+92Yt-2 + Yt-12 —01¥t-13 —92Yt-14 + &t —O18¢-12
Wﬂﬁﬁé’uWMﬂi al (Forecasting Function) Gﬁﬂfl Lead Time =L A0
vt =lyt g I=dlyt+L-11+ 20yt L-21+[ye+L-12] = d1lye+L-13] = d2[yt+L-14]+[et+ L1 - O1let+1-12 ]

A A 1 = S v Y o dy
ATUN L YNN8 ﬁwmmimmﬂuﬁqmuwmmmﬂﬂmu

L=1 DoV (D) = 01y 02V 1tV 11701V 12702V 137018 1y

L=2 P V(2) = 01y (I*62Y +Y, 1071V 11702V 19701819

L=3...12: y (L) 01Y (L-1)+02y (L-2)4Y 1 19791Y41,-13"

02 141.-14701841-12

L=13  : y.(13) = ¢,y (12)+¢2y (11)+y (1)-41¥~02¥,_,
L=14  : y,(14) = ¢1y,(13)+¢2y (12)+y,(2)01y,(1)-b2y,
L=L... : y (L) = 01y, (L-1)+¢2y, (L-2)+y (L-12)-9,y (L-13)-

62y, (L-14)
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[ 1 1 4 4 1 4 [
A10819MIIAINeINTaIN =456 uaz L=1 Tasldan y oy € 911nM15197 6.6 9e50HIAN

4 o J
wensal y, (1) ldeail

Ya56(1) = 019456 * 92¥g55 * Vgas - 01Y44q - 92Vag3 ~ O1845
= 0.55534 x 4.3567 + ~ 0093865 x 5.2417 + 3.4012 -

0.55534 x 4.3175 - 0.0093856 x 5.3753 + 0.898802 x

0.62689 = 3.9852

@ 1 1 oA 1 { 1 S
A0E19MIANYINTIN =456 ag L=14 Tag1¥n1y, uaz € 9110A15197 6.6 LAZAINEINTAIN

A J L4 Y o dy
L<14 910015197 6.8 ag@mnsomismensal y,. (14) laasdl

¢2Y456
= 0.55534 x 3.9814 + 0.009386 x 4.3596 + 4.6945 -

0.55534 x 3.9852 - 0.009386 x 4.3567 = 4.6945

A =) = oA A [ A = 1A
WworlSeumneunanIswensainmal =456 GluﬁTiN‘ﬂ 6.8 NUAURAYTIUADUNUI WA

Y
IndiReanu fail

L Y456(L) ¥y, % Difference
1 3.9852 4.1443 -3.84
2 4.6945 4 .8189 -2.58

3 5.7638 5.5837 +3.23

4 6.4920 6.5030 -0.17

5 6.6869 6.6632 +0.36
6 7.0225 7.0079 +0.21
etc. ..

1 1 A J .
msimnnuelsUsivvesmanuamanaoulunswernsal (Variance of Forecast
Error)
2 2 2 2
L) = (1+y? + oty o7 [6.46]
A
1o
. . o
S2(L)= anuuilsdsmvesmanuamanmaeulunisneinsalil Lead Time=L

V= y-weight
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v Y

Mneynsunawuy lulindugaves Moving Average
Yo =2 WiE; = W(Be, [6.47]
=0

Weunua y, luaums [6.47] aslunuusiaes Multiplicative ARIMA(p,d,q)x(P,D,Q),, #14

d(B)D(B*)(1-B)!(1-B")"y, =6(B)O(B" )¢,
2wl
d(B)D(B*)(1-B)!(1-B")"y(B)=6(B)®(B") [6.48]

4
wansamwum Y, laanaums [6.48] Tasmsifieuaduise@nives B niidaumiiy
E4

dmfunundiaes Multiplicative ARIMA(2,0,0)x(0,1,1),, 9ga 3o, lddal

(1 - ¢1B - ¢2B2)(1 - B12)(Yp + 4B + ¢yoB% + ...) = 1-0,B12

or
(1 - ;B - ¢2B2 - B12 + ¢,B13 + ¢,B14)
(Wo + Y4B + YB2%+...) = 1 - §,B12
Thus {5 =1
$1 = ¢; = 0.555343
Y2 = 1Py + ¢ = 0.555343x0.555343+0.0093856 = 0.31779
Yz = dyliotdoy = 0.555343x0.31779+0.0093865x0.555343 =
0.1817

11 = ¢1¥0 *+ 2l

Wiz = 11y + Qoo + 1 - 6y

Y1z = O1¥1z + G211 * Y1 - @
= 012 t Gl

‘tl’] = Q'l'i’]_l ¥ @2‘1‘1_2 + ‘-b]_lz = 01¢j'13 - ¢\‘2¢]—_14- _'I 2 14

-+

%
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M519N 6.8 MININTAl Multiplicative ARIMA(2,0,0)x(0,1,1),, 11)52¢nd 1910 Natural Logarithms

v
woslTunams lvavesiisei@ouues Blue River 1nd White Cloud 13§ Indiana

Period Lower Forecast Upper Actual If Known
Ahead Confident Limit Confident Limit
1 2, 23505235400 2.8351772E+00 5,6/520162+00 2,5333187T409
2 3,76122251+90 4,63453955 +00) 5.6277BESZ +00 482725372477
2 3.7373237E+00 5, 76375482 +00 7.77025555+00 .81 34775400
1 4.4E215532+90 G.4319300E+00 B.521B2407+00 G.002172240)
5 4,64345231+90 £.6353329Z +00 B. 72423732 +00 6. 79455552000
B 4,9322070T+30 7.02249322+00 9,0623794E+00 7220507 1E4N0
7 4,75975915+20 5. 8904527E 00 B.B4] 14625400 7 E50PaeaTH0)
8 4,4220301E+99 5. 472337GE+00 8.5138451E+00 6.87318337440
3 1.53529512+00 5.62733282+00 7.66828355+00 G.C2435525433
10 3.15771225+00 5,2237841E+00 7 .2GIBSB0C+00 89544755240
1 2.6284551E+00 1,E5934732+00 B.710E2042+00 .
12 2.31535242+20 4,33333655+00 G.4007207E+00
| 192302305 +00 3.9314322E+00 5. 02983845+00
14 2,63182365+00 3,63243732+00 5.74314752+00
15 A,71122152+70 5.7e26195Z+00 7:+8140182E+00
16 3.4333733T220 5.49131B3Z+C0 B.54E85770+20
17 4, 83473052+90 5.63343832+00 8. 7382171C+00
18 4,97052932+00 7.02227362+00 9. 07401762 +00
13 4, 74E3747Z+09 5,80032722+00 8.6320755E+00
20 4,42116965+00 3.47231582+00 B.5246710E+00
21 3.9753427E+00 S, 62722556400 767503452400
22 3. 17700422400 5.2287EQEE+00 7.2805170E+00
. 23 2.E177773E+00 4,6695338E+00 6.7212903E+00
24 2.39707242+90 4.35852355+00 G.4113854E+00

FOZECAST RESULTS IN TEM™S OF UNTRANSFORMED DATA
1 2.02305032+00 5. 3794024E+01 2.0157335E+02
2 1.5130230E+01 1.0934843E+02 7.558073rE+02
3 4.2333637E+01 3. 1853488 +02 2.3631009T+03
4 8,85741152431 5.59835145+02 3. 028321 15E+03
] 1.0452341E+02 3.0181300E+02 B, 1505524E+03
E 1.43934 1 3E+02 1.1215795E+03 8. 624647EE+03
r 1,167 1FalE+D2 3.93253a7E+N2 B.9129126E+03
8 8.410197EE+01 B.4741504E+02 4, 9B37ESTE+03
3 3.6100116E+01 2. 7T92181E+02 2. 1356201E+03
19 2.4332323+01 1.BE5658ZE+02 1.4363437E+03
11 1.33525022+01 1. 06549445+ 02 B.210BB44E+02
12 1.018059555+01 7. B220E98E+01 6. 022TRESEL 02
il 6.9103892E+00 5.3533736E+(1 4. 1564TETE+D2
14 1.4038824E+01 1.09124205+02 B.4B2267 1 E+02
I3 4, 02037 40E+01 3, 181B0B3IE+02 2. 47505585 +03
1B B.4747T10E+0L 5.5339206E+02 8. 1049E5E+03
17 1.0200531E+02 B.0151111E+02 B.2JETEGEE+D3
ia 1.441031BE~02 1:.1213332E+03 B.TESB0SAZ+03
13 1, 1541966E+02 8.3814103E+02 E.SBEJ0EIE+03
20 8.3192781E+01 5. 473BESTE+D2 5. 0375201E+03
2l J.5713396E+01 2. 72104 0E+02 2. 1E257495+03
g8 2.3574823E+01 1.8656144E+02 1.45]7IB4E+03
23 1.3705227E+0L 1.0664801E+02 8. 258876 E+08
24 1.0653013E+01 7. 822809BE+01 B.0B7IG45E+02

GARV e i=1,....,24 uamagﬂumiwﬁ 6.9

1 Standard Error veeAMengalile L=3 sz

S23) = (142 +ylk?

$2(3) = (1+0.555343 +0.31779239? )0.865201° = (1.0271)
S,(3)=1.0271

f1 Standard Error °lumi‘wmﬂm‘fi}zgﬁuﬁuadn%m U

S, (12)=1.048
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S, (24)=1.054

# L=24 @1 Standard Error Tumswennsaitinuneunsi sauaasimaimdeauuunasgiu
a A = 1 1 4

vo3UTuams luasameu lutinadeaineinsal

§0019MIMUIUNIFIANFITUT 95% VoI NeInTal v, (3)

95% Confident Limit Y94 y,;(3) = y,5,(3) + 1,4,:xS,(3)

Upper y,(3) = 5.7638 + 1.96 x 1.0271 = 7.77

Lower y,.(3) = 5.7638 - 1.96 x 1.0271 =3.75

o 1 4 o‘; { 1 Jd 4 1 4
HANMIAIUINTIANUFOIUTN 95% VoIANeINTl y, (L) 110 L=1,...,24 uaasaglumsain
6.8

M3197 6.9 1UVT1a09 Multiplicative ARIMA(2,0,0)x(0,1,1),, #1/528n6 1971 Natural Logarithms 94

Y
Ysuams lnavenir51e1@enve Blue River 1nd White Cloud 4837 Indiana

1 MWEIGHTS USED IN CALCULATING CONFIDENCE LIMITS
AND UPDATING FORECASTS AFTER NEHW OBSERVATION

j Vi

0 1.0000000E+00
1 5.5534304E-01
2 3.1779233%E-01
3 1.8169652E-01
4 1.0388685E-01
] 5.9398334E-02
2] 3.3961585E-02
4 1.9417872E-02
8 1.1102360E-02
3 6.3478843E-03
10 3.6294656E-03
11 2.0751828E-03
12 1.0238477E-01
13 S5.EB7B146E-02
14 3.25473917E-02
15 1.8608146E-02
16 1.0639970E-02
17 6.08350826-03
18 3.4783060E-03
19 1.9887558E-03
20 1.1370908E-03
21 6.5014292E-04
22 3.7172S64E-04
23 2.1253781E-04
24 1.0131978E-01

(3f)Inverse Transformation
x(L)=Exp(y,(L)
A10619013 Inverse Transformation INBYIAT x(L) 10A1 y(L) TUA15199 6.8 (FNUW)

o L=1 ez 2 udanglua13edea
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1 4 A
AMWYINTU yt(L) 1INAITNN 6.8

L Lower y, (L) Vase(L) Upper y,(L)

1 2.2950628 3.985177 5.6752916

2 2.7612926 4.6945396 6.6277865
x(L)=exp(y(L))

L Lower x,,,(L) X,56(L) Upper x,,,(L)

1 9.925059286 53.79481 291.5733489

2 15.82027903 109.34845 755.8073382

WaN1311 Inverse Transformation 'Ir‘iliﬂi] X

1 24 A
a19) wazganasa lugii 6.17

(D) 10 L=1,.. 24 naageg 1ua15197 6.8 (39

e AIRT-03
-

S.ESMGIE=02

S5.oTIITT=00

2. TPOIDES0R
1L ESIEIC0E
1. DESSCI+0E
FLEICIIE+0L

gﬂ‘ﬁ 6.17 Graph of Forecasts at Origin, Graph Interval is 2.1360E+01, T=456 with

(2,0,0)x(0,1,1);2, Model Applied to Monthly Flow Natural Logarithms of the Blue River Near
White Cloud, Indiana




6-32

(3g)Real Time Forecast

. A PR A a9 VA dy o A
Real Time Forecast A9N1TWIINTUNNUNIT Update mamayja‘lwmwmummsaﬂﬂﬂ 2 10U

1 a J o ]
(1) M3 Update 1aansilszanaiimsiinosveauuusiaod v

1 a d a
(2) M3 Update Tagl¥amnsiiimesia

9
Yo A

Forecast Update LUUH 2 azaanganii laaadl

Y=y (L+D+wy.e., [6.49]
liie

v (L)=mmennsaiifinis Update

y, (L+1) —ANENTBITN Lead Time=L+1 1nilafaunswensalipu

Y, = \J-weight ‘ﬁ Lead Time=L

g,,, = Forecast Error 11381 t 1182 Lead Time=L=1 91nflafdumsnensaliau

€1 =Yen — YD)

unua €., a3luauns [6.49] 9214 Forecast Update A9@UN13

V(L) =y L+D)+y (v, —y.(1) [6.50]

9
[ Y

WUHONTIVAT v, ~In(36) ILAIMITON Forecast Update N L=1 §1M511IA1 =457 1A

e

Yas1 (D) = Y456 (2) + W, (Y457 ~ Yase (1))
Vs (1) = 4.6945 +0.5553(In(36) — 3.9852) = 4.4714

Yus7(2) = Y456 (3) +\|/2(Y457 ~ Yase (1))
Vs (2) = 5.7638 4 0.31779(In(36) — 3.9852) = 5.6361

luihueuferfiuilonstu y,,~In(138) 9LAUITON Forecast Update 1 L=1 §115U1IA1
9 v dy
=458 ARl
Vass(D) = ¥,45,(2) + v, (Y458 ~ Yusz (1))
Vass (1) = 5.6361 +0.5553(In(138) — 4.4714) = 5.8892

Yass(2) = Y45, (3) W, (Y458 ~ Yasy (1))
Vs (2) = 6.4190 +0.31779(In(138) — 4.4715) = 6.5638
#1 Update Forecast 41150 L=1 uaadoglua1sei 6.10 iazgnndoalugiil 6.18 i Inverse

1 (2 A
Transform (x=In(y)) ¥93A1 Update Forecast gﬂwaa@ﬂug 1N 6.19
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M15199 6.10 Multiplicative ARIMA(2,0,0)x(0,1,1),, 115340 191 Natural Logarithms ¥o31/31naims

E4
Inaveuiiseideuued Blue River 1nd White Cloud Mﬁ%ﬂ Indiana

2 NEW CBSERUATIONS

UPDATED FORECASTS MITH 1 MZW
FERIODS AMEAD UPDATED
OF BASI 435  FCRECAST UPDATED
FORZCAST
2 4,47143147+00
3 5.62505035+00  5.23223072+00
q §.4190101E+0%  B.553335112+09
5 G.B451533Z+00  6.72755315+00
& B.5355354T+07  7.0459541E+00
7 6.7E331'31+00  B.2133372240)
a B.46312322+00  B.<B0IFTLI+ND
3 5.E723305E430  5.B317I052+00
1f 5.2233344Z+00  5.2312335I+00
1t 4.65303942+00  4.570823752+09
12 4,25789297497  4.33245/23+00
13 3.94930255+05 33:&‘3323:‘;3
14 4.65954172+00 . =3z
15 5,7495457E+30  5.7PEAF0EI+00
16 B.48334737+00 6. 4TISFISIH00
i7 6.53332737+3)  B.BI07IG7I+N0
g 7.01S33012+00  7.024575355420
13 5.79333017+00  B.B0I70E3I+00
20 B.4721170T+00  E.473T022I+400
21 5,52334203432  S.EFPVLIITHIN
§5.22249337+30  5.22301732:09
23 A.65933Iie00  4.6585393I+0)
2 4,33334537+00  9.33371200+00

FORECAST RESULTS IN TERR3 OF

o ot o e o

ey Hmm...__
L= =S D GO N AN S B Mg = S LD D S T U e L P

. 748352332+01
2.30331472402
6. 13333522+02
7.63043227+32
1.0551377C+03
3.2303492E+12
B.42535252+02
2.7E55az22+02
1.8508074E+02
1. 2343403202
7.B153320Z93!
5. 14344552+0!
1.06539321 2
3.1404325Z+02
B.54431322402
7.520953355+02
1.11358552+03
3.55337 195402
B.45331652+)2
2. 77733502402
1.85312735+02
1.068532092+32
7.B22)42250)

HTIANSFOANED

3.51133210+02
708333332422
ﬂ.‘:i#dﬂifz*ﬁ;

6.82403242402
2.73144732+02
1.37034732+02
«SBT0BEAI+I2
7.823297E2+01
5.14831372401
1. 11754535402
3.00265243402
B.d42330402402
8.04330532+92
112403435403
B.5FI7P4II402
B.47aT7IZI+22
2, 70033412402
1.52609422+02
1. 06532535+02
7 E'-‘R#’E?T'L‘Il

3 NEM

UPDATID
FORECAST

B.35513542+07
G.G035315I+00
G, 977E5:72+00
6. 77433532409
G.45334322+00
5,61585572+00
5.82355572+0%
4. 82521002+03
4+.:=3U7':: +09

4,71532352+00
5,72333172+00
Gs -1??350'5:."3%

i z+00
S G-"..-,‘N'E" 7
5.22837032402
4,65233352+07
4.33935352+07

rata

5, 73440273402
F.41233332402

10724456073
3, FE53317 202
B.2A003LEI52
2.7 35044355 +'JE
1.833574752+32
1055570402
7L3I0EZIEI4]L
5,14133331+31
1.116575224)2
3,10129742+22
6.50214732+02
7.53103002402
1.11623932+03
3.55723142+72
6.453858331+32
2.7757212I+02
1.23639557+02
1,92513122+02
7,0215550T+01

4 NzW
UPTRTED
FORZCRST

6.4162032T+00

6.5378=322+07
G.msmzmn
"'3 H)0

5. 21293.1] 70
4,G30N3332+1)
4, 55422355460
2.5376913T400
4,71423392+0)
5.733021EH])
G.44135252+7)

6. GIETPR1I+0]
70340552402
B.73L35021000
8. 457731 1E4])
5. 62932442407
5, uE70337E400
4.653535472+20
4.33307452+00

6.116767aI+d2
8.60578552902
3.£21430:%40

1.93545082+32
7. T3IGE21Z+01
5.12300555+01
1.11537255+)2
3.053305241402
6.07532551+52
7.75353142402
1,10353315+03
2.93033572+02
B.4422033T+02
2.770a773I+12
1.3324550522
1053344712402
F.3E4TG4AZ Y

5 HZH

UPIATED
FURECAST

FLO7FPFOLE+00
6.83216155+09
B DL LIGFE+ID
9.63770432+07
5.23471042+3)

6725335540
4.33187332+9)
3.29130222+30
4.71657092+1)
S.7ITG4Z4I4T)
B. 44552372403
S.CI73153240)
70370552140
B.2753747I40)
G.ATA7FRI+))
TLOERIFIEIMT
E.22QIETEI+D
4.53523)72+00
4,3353272249)

1.07674732413
1.07)11455402
7. 33311-‘51"?'11

--.-;Jn B e = "'}1

o s

CRIGINAL
FuReCAsT

#.53455555+00
5. 73373432400
5. 4313302400
3.E3538232+400
702243328400
5, 3J04527C+00
3.472137G2+30
5,627 22332400
3.2237341E+00

4,83234722+00

4. 33332352+00
3.33147222+00
4,E5253752+00
3. 755531835+00
Eu-».-l: '3;-"0']

el
B, ‘a""ﬂ". 32400
33272235200
5.3337325E+90
4.53335333Z+00

+.33553532+00

FITUAL.
TE FIiOMM

4. 327 253TE+00
59.51 3#:

75763071 400
7. G"’UEE_EE‘HJ&

G.Ei 51

Eq.

5 -'Erlf!i 200

B.011257E2400

6. ZI4TECEZ+00
17 O

£2I6542+00

Y o w d' Y a o [ Y
6.13 Yod1naninesiinsanlumsthnuus 1909 Multiplicative ARIMA T11l5zgnaly

(Limits to be Considered in Applications of Multiplicative ARIMA Models)

1 4 % 1 { 1
ATNINTU y (L) 3C1YAILUY Normal 91U) ﬂﬂﬂaﬂﬂl@i y=In(x,) Iﬂﬂﬁﬂ'] Standard

d 1w 1 J :
Error THMINGNTANIN 5 (L) AINBINTBLVY Updated Forecast 1431/u049 y (L) Tugiln

Pl 9 1 o [ 7
6.19 Gl‘wmaﬂ@laumumﬂ’nmwmnm“lugﬂmm X

u

v Jo o

ANUTUNUTIUAITUNT

@ luzlin 618 Tae x,s, 1ag g,s, i
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2
S
X = Exp(§/+?yJ [6.51]

s, = iqlExpisi i—l [6.52]

Y
v @

1 4 1
AUU ITTWITOHIANYINTU x (D)LAY Standard Error GlJ’t’)Qﬂ']WEJ']ﬂ'iﬂﬂ{g]}ﬁ]']ﬂﬁiJﬂ'li

o

iy LOG DATA
—p—t= LOG FORECAST

8. 000

LCG FLOW
o
8
]

3 . 000 T r

L T
-5 .00 .00 5.00 10.00 15.00
MOMTH

gﬂﬁ 6.18 Real Time Forecasts of Natural Logarithms of Monthly Flows, Blue River Near
White Cloud, Indiana

3000.
& DATA
—+——+ FORECRST
2600, —|
2000 . —|
o
% 1500 . —
o
1000 . =
600, —
o. r r r r
-5.00 .00 6.00 10.00 15.00 20,00 £6.00 30,00
HMONTH

gﬂ?‘l 6.19 Real Time Forecasts of Monthly Flow, Blue River Near White Cloud, Indiana
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( 52 (L)J
x, (L) =Exp| y, (L) + yT [6.53]
s, (L) =x,(L)/Expls;(L))-1 [6.54]

Y A1 W T A S 1 sldg} 1w = J
Wuiidunanaanuamanaeulumsnensel bildiuegiugama suiluma
o a a 4 g
Vl'lclﬁ!lﬂﬂﬂ’ﬂuWﬂWﬁ']ﬂGlUﬂ15ﬂ!WEl']ﬂ§ﬂlﬂ'] x(L)
1 Aa A 1 R 9| 9 Y
ﬂTﬂ’J']llNﬂ‘Wﬁ"lﬂ‘ﬂﬂﬁT’Jﬂ\iﬁTﬂJWiﬂLLﬂlleUulﬂIﬂfJﬂ']'i!,LllfN Yot Glﬁlﬂuﬂuﬂﬁllnﬁ”lllﬂﬂ

Stationary JEXeT Nonparametric Period Standardization (z,) udrveflauuyiraesny z,

7 = YV,‘E -y [655]

F
NIMIANEINUN 16 DYNTUIANTIIMSWADUN UM TNATOUANUHUIZ AN
Wabash River Logansport, Indiana (Station 3-3290) N VLU0 AR(2) Hazl
1 a J 1w
AMNINAD TN
6% =0.738,¢, = 0.468%0.043, ¢, = 0.082 + 0.043
1 4 ) 1 ~ £ Y
AMEINTB 1AUDT1009 ARQ) Tu31ued y=inkx) uaaeglugiln 620 dalvina
Y] 1 o
IndiAeany Multiplicative ARIMA(2,0,0)x(0,1,1),, i1 Standard Error 1UMSWEINTI 10 AR(2) 11

51904 7 Ao

sZ(L):\/1+\pf +yl 4.ty o, [6.56]
£ Y = (%

B9 19 Standard Error ¥03 y(L) tasumilasllawggniadsaums

s, (t,L)=s,(L)s, [6.57]
1o st = Periodic Standard Deviation UBDN y,

an dyd ) Y d = Y d? [ ~
Iﬂﬁn‘_ﬁu mmﬂwmawmmmm X, ummgﬂﬂawmwmgﬂm 6.21

6.14 MmstfSaumeunazvednaveuUINa0d ARMA Haz ARIMA

(Comparison and Limitations of ARMA and ARIMA Models)

v v
JoagUmsiauuuiiaes ARMA uaz ARIMA nueynsunanimaziidusmeaouldaog

A % < ' o Ao a 4 1 o 1
GluﬂTiN‘V] 6.11 Gdﬁmxmuhlﬁl’amuumam ARIMA mmauwwmmaiﬁaﬂmmummm ARMA 111
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v A

o A9y o w A o [l ~ o 9 [ <Y ] A
UUYINDI ARIMA lJEU'ﬂQWﬂQVlﬁTﬂﬂJuﬂﬂulillﬂiJ13%%31&1%11%1“?7']5@\1&?13']31’7‘1]’01]“'@111% nIonNg
91894 (Simulation) 8RAI06191UVT1ADI ARIMA(0,1,0),,

Z,=Z ), TE&

Y 9 Y g A

mm&m’:‘ﬁmmn‘tmmqmurmWmmauuﬂimu

Z3 =27 1&;

Zys =Z3F 85 =Z, + 8518y

Zy =Zy)s T8 =Z T3 18518y

T
Zyra =2t Z €641
=1

nnaumMsteuuzamnsoagllain 2, Ao Random Walk 409 T Independent Random

£ 1" W . Y 2 £ < Y1 . A dgl 1
Increments 454 Mean (NN z, 1@ Variance (NN TG8 «Ni}zmu”lﬂ’n Variance (NHUUNUAT T Las

v
U

=\ ) Y A o o 2 A 492/ 2 o Y [ ~ o Pl
Tramlianduasigr lvnuiaunuvuaunar 398 ARIMA  lumiangheziinlelums

1Y Y ]
Fuasiznvoya vy

u

STH. 3=-3A290

DTy MOMNTHLY MEAMNS o
e FORECAST FUMCTION Q.II_}

- I L I 1
L [+ ] L] 2 =] =

§ — iz L =2 [ 2

51/1 6.20 Forecasting Function for Logarithms of Monthly Flows of the Wabash River at
Logansport, Indiana
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12000

STH. 3=3290

Or———C MONTHLY MEANS 0
8000 | ® ®x FORECAST FH O lL}

G, L)
&000

4000

L 1 1 -
L Q o & 12 8 1)

2 ! 1 L
2 & 2 [+ 2

o

gﬂ‘ﬁ 6.21 Forecasting Function for Monthly Flows of the Wabash River at Logansport,

Indiana

mﬁnﬁ 6.11 Comparison of ARIMA Models for Monthly Data

Model Parameters %Passing® Usage¥
Monthly flow logarithms - 1,0,0 26 62.5 G & F
16 series
(McKerchar and Delleur, 1974) 2,0,0 27 100.0 G & F
(2,0,0)x(0,1,1) 44 4 100.0 F
Monthly Rainfall Square Roots 0,0,0 1 47 G & F
15 series :
(Delleur et al., 1976) 1,0,1 27 100 G & F
0,1,0 1 0 F
1,1,1 3 40 F
(1,1,1)12 3 80 F
(1,0,0)x(1,1,1)45 4 100 F

*Porte Manteau test, 90%
*¥k(G = generation,
F = forecasting

2 1
UONINIMIHT  Seasonal Differencing 019 litvangiaziinnlddia1l  Variance 13
nasunilasauggnia
1 < o . . . 4 .
P19 lsna W nuuSaewuy Monthly Periodic Coefficients m%ﬁﬂﬂﬁﬂﬁ@d Parsimony

d‘ A o a o a
L‘L!’EN%1ﬂiJiﬂl.!TJuW"liﬁJL@]ﬂﬁJ”lﬂlﬂuul‘]J
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Monthly Periodic Coefficient AR(1) W13 109D3UINNT Constant Coefficient AR(1) WA 11
wniines

Monthly Periodic Coefficient AR(2) W30 DT UINN Constant Coefficient AR(2) A 22
wWiimes

[ [

Seasonal Coefficient Model ﬂzﬁﬁ’f@ﬁﬁmiuauﬂim’amiwaﬂmﬁuaziw‘?ﬂ U Weekly tiag
Daily Seasonal ARMAC(1,1) Hmnniwes 52 @1 hld 6 Significant Harmonics Tumsmuln1 Mean
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Salas. J, J.W.Delleur, V.Yeyjavich and W.L Lane. 1980. Applied Modeling of Hydrologic Time Series.

Water Resources Publications. USA. pp.484
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APPENDIX A6.2.

101
102

103
104

ARIMA MODELING, EXAMPLE 6.2.5

PROGRAM MAIN ¢ INPUT,OUTPUT, TAPES=INPUT, TAPES=0UTPUT, TAPER, TAPES, TA
1PE3)

REAL MMEANC13},MSTDEU(13)

DIMENSION XMAT(38,12). YTOTAL(33), TEMP(300), XTEMP(1000), HEADERC
18), PACU(S0), ACULS0)s ACCS0), WKAREAC100D), XU(S500). XCONF(4), ¥C
20NF(4), GRC1000), AC1000), IND(B), PHIC11), THETACI1), SUMSOICI1.1
31)

CREATE DATA FOR LATER GENERATIOM
DRTH PHI/_.SU".4!-c3""-29_-1!0-v.ll -EI 3.4 .5/
DATA THETA/0.0,0.140.2+0.3,0.4,0.5+.6,.7».8,.3:1.07
FIRST CARD OF DATA IS A HERDER CARRD
READ (5,113) HEADER
WRITE (6+114) HEADER
READ DATA FROM CARDS--38 YRS--12 MONTHS PER CARD
NYEARS=38
READ (S5,115) ((XMAT(I,J)»J=1,12)»I=1+NYEARS)
HRITE (8,115) ((XMART(I,»J)»J=1,12),I=1,NYEARS)
COMPUTE SOUARE ROOTS FOR THE SERIES
DO 102 I=1.NYEARS

Do 101 J=1,12

KMAT(I, J)=XMAT(I,J)==.5

CONTINUE
CONTINUE

NOW CREATE A UECTOR FOR THT WHOLE SERIES FROM THE MATRIX

I1C=0
DO 104 I=1,NYEARS
DD 103 J=1,12
IC=IC+1
XTEMP(IC)=XMAT(I,0)
CONTINUE
CONTINUE

NMONTHS=NYEARS#*12.
CALL SUBROUTINE §TRDIF TO COMPUTE THE 1ST DIFFERENCE OF THE SERIES

CALL FTRDIF (1,0, 1s 12y NMONTHS, XTEMP, SHIF T NMONTHY, IERY
WRITE OUT LENGTH OF DIFFERENCED SZIRIES AS A CHECK
HRITE (6y116) NMONTH1

NMONTHS=NMONTH1

CREATE TABLE OF DATA ON TATE 3

WRITE (8,117
WRITE (8,118) ((IB),IB=!.12%
D0 106 @J=1,NYEARS

S5O OISO DDDDIODPDIPDIDODIPDIDPOIDDIDIDDIDPDDDIDDPODIDDDDIDDDDPDDODDDDPDDDD

6-43

COMPUTER PROGRAM USED IN SIMPLE

10
20
30
40
S50
&0
70
80
30
100
110
120
130
140
150
169
170
180
130
c00
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
260
37
320
330
400
410
420
430
440
450
450
470
480
130
310
310
520
530
5S40
550
560
570
530
580
00
G10
520
G20
Gan
639
GGY
oo

2o



aonoac

g¥elinlgl oonaOnn oaeo (e lgly

onoOoOoOnn

[y}

eleinliglinl

105
106

IB=(IJ-i)=12

IE=IJ=12

IF (IJ.NE.1) GO TO 3i0S

IB=1

IE=11

HRITE ¢8,119) IJs (XTEMP(IJ1),IJ1=IBE:IE}

GO TO 106

WRITE (8,120) I[Js (XTEMP(IJ1),I1J1=IB,IE)
CONTINUE

SUBROUTINE FTAUTO COMPUTES AUTOCORRELATIONS, PARTIAL AUTOCORRELATI

AND AUTOCOUARIANCES FOR ANY TIME SERIES.

CALL FTAUTO C(XTEMP) NMONTHS 30, 30, 7, AMEAN, ACU(1), ACU(2)» AC(2)» PACUC

127, HKARER)

107

108

SET AUTOCORRELATION AND PARYIAL CORRELATION OF LAG ZERD TO ONE.

Ac(1)=1.

PACUC1)=1.

WRITE ¢6,121) AMEAN,ACUT1)

WRITE (3,122) (IS5, AC(I5),PACY(IS),I15=1,31)

PRELIMINARY ESTIMATION OF AUTOGRESSIVE PARAMETER

CALL FTARPS (ACUs AMEANS L, 1, ARPS, PMAC HKARER)
WRITE (6,123) ARPS,PMAC

NOU ESTIMATE MOUING AVERAGE PARAMETER AND FIND WHITE NOISE UARIANC

ESTIMATE USING FTMPS.

CALL FTHMPS (ACU, ARPS) 1+ 1, PMAS, HNUs HKAREA, IER)
HRITE (6,124) PMAS,HNV

STORE THE VECTOR XTEMP BECAUSE FTMXL WILL DESTROY IT UPON OUTPUT

DO 107 IP=1,NMONTHS
TEHPCIP)=XTEMP(IP)
CONTINUE

GENERATE SUM OF SQUARES SURFACE USING PHI AND THETA UECTORS

SET THE ROW AND COLUMMN COUNTERS TO ONE FOR LATER USE

ITHETA=1
IPHI=1

DO 110 I5=1,1il
DO 109 I6=1,11 -

ETA=TEMP(2)-PHI (I6)*TEMP(1)

SUMSAL(ISs IB)=ETAwx2

DO 108 I7=3,NMONTHS
ETAL=TEHP(I7)-PHICIB)#*TEMP(I7-1)+THETA(ISI#*ETA
ETA=ETAL
SUMSQ1 (IS5, 16)=SUMSA1 (IS, IBI+ETAl*%2

CONTINUE

LET ITHETA AND IPHI BE THE ROW AND COLUHMN NUMBER CORRESPING
TO THE RCH AND COLUMN OF ARPS AND PMAS THAT GENERATE THE
MINIMUM SUMS OF SQUARES OF RESIDUALS

$PTPPPDPDPTDPDDPHPOSDDIDPDITDTPIPDPOIPDIDDDIDIPIDPPDIDDDDOPDIOODIOLDODDODDIODIO>DSIPDDLDDLDDDPDPDTD
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690
700
710
720
730
740
7S50
760
770
780
790
800
810
820
830
840
850
860
870
880¢
830
900
910
920
830
940
950
360
aro
a80
990
1000
1019
1020
1030
1040
1050
1080
1070
1080
1090
1100
11i0
1120
1130
1140
1150
1160
1170
1180
11390
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1309
1310
1320
1330
1340
1350
13E0
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108
110

111

IF (SUMSQ1(¢(IS,IB).GT.SUMSALC(ITHETA, IPHI)) GO TO 103

ITHETA=I5
IPHI=IBE

CONTINUE
CONTINUE

WRITE THE SUM OF SQURRES SURFACE OUT TO TAFE 9

WRITE (9,125)
WRITE (3,126) (PHI(IT), IT=1,11)

WRITE (2,127) (THETACIT), (SUMSO1CIT,IT1),IT1=1,11),1I7=1,11)

USE SUBROUTINE FTMXL TO ESTIMATE ARPS,PMAC,PMAS, AND COMPUTE

WNU. LEAVE RESIDUALS

IN THE FIRST IND(1) PDSITIONS OF THE UECTOR =Rz,

DATA IND/0s1s150+75:4414+3/
IND(1)=NMONTHS

LET FINAL ESTIMATES UOF ARPS AND PMAS FOR INPUT TO FTMXL BE THOSE
THAT LED TO THE MINIMUM SUMS OF SQUARES OF RESIDUALS GENERATED

ABOUVE.

PMAS=THETACITHETA)
ARPS=PHI (IPHI)

IF PHI=1 SET PHI=.83 SINCE PHI=1 IS NOT DESIRABLE

IF (PMAS.EQ.1.0) PMAS=,939
WRITE (B,128) ARPS:PMAS

CALL FTMXL C(XTEMP IND,ARPS,PMAS, PMAC, WNUsGRyA» IER)

WRITE (6,129) ARPS,PMAS, PMAC, UNU

COMPUTE SUM OF SOQUARES OF RESIDUALS

S5v=0.
DO 111 JH=1,HMONTHS
SSYL=A(JH)#=2
S58Y=55Y+55Y1
WRITE (B+130) A(JHI.SSYL,SS5Y
CONTINUE

FIND AUTOCORRELATION AMD PARTIAL AC OF RESIDUALS THAT ARE IN

THE #A# UECTOR AS OUTPUT OF FTMXL.

CALL FTAUTOD C(A.NMONTHS, 24,24,7,AMEAN, ACU(1), ACU(2)+RC(2) 4+ PRCUC2),H

1KAREA)
AC(1)=1.
PACU(1)=1.

WRITE OUT AUTOCORRELATION AND PARTIAL AC.
SUMMATION( CAUTOCORRELATION #*#2),

550=0.
Do 112 TH=1,25
IH1=TH-1

COMPUTE

»r»»®»r»r>»P»»r22»2>»>»r»>»2®»»2®»®»®»@Ww>r»>»®»®»8@X2r>32»2»r»2»2»2»22»>»22»222rr222>2DPITI2DDIITTITDIDIITDDIDIDDDDIDD
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1570
1580
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1620
1830
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1650
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1840
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HRITE (8,131) IHL,ACCIH)PACUCIH)

5S50Q=

SSA+AC(IH) w=p

112 CONTINUE
S5@=5s5G-1.
HRITE (6,132) 550

STOP

113 FORHAT
114 FORMAT
11S FORMAT
116 FORMAT
117 FORMAT

(BA10D

(2X+8ARL0-/10X, 3SHORIGINAL DATA FROM SALAMONIA SERIES,/~)
(121X, F5.3))

(20X, 31HLENGTH OF DIFFERENCED SERIES = ,I5)

(35X, SHTABLE 6-1,--28%, 33HFIRST DIFFERENCE OF SGQUARE RDO

1TS » 30HOF RAINFALL AT SALAMONIA, IND., /. 7,57%, SHMONTH)

118 FORMAT
113 FORMAT
120 FORMAT
121 FORMAT
1)
122 FORMAT
123 FORMAT
124 FORMAT
125 FORMAT
1S OF »
2RIES »
126 FORMAT
127 FORMAT
128 FORMAT

(2X,  4HYERR, 4%, 12(3%y 12, 4X) )

(3X» 125 14%, 11(FB.3,2X))

(3K 12+ SX» 12(F6.3,3X))

(2X» 44HMEAN AND UARIANCE OF 1ST DIFF OF SGRT SERIES,2F15.7

(5X, I2, 10X, F10.4, 10X, F10.4)

(s72X, 32HFTARPS ESTIMATE OF ARPS AND PMAC, 2F15.8)

(#7,2%s 30HFTHPS ESTIMATE OF PMAS AND HMNU, 2F 15.8)

(X, 39%» 1OHTABLE 6-2 ,-/25X, 31HSUM OF SQUARES OF RESIDUAL
26HIST DIFF. OF SQ. ROOT OF 32X, 24HMONTHLY RAINFALL SE
18HAT SALAMONIA, IND.,/s~s52X, 3HPHI)

(SXy  SHTHETA,2Xs 11(3%X: 75,2, X))

(SX»F5.2,3Xs 11(F8.2+1%))

(#/7v2X» 42HUALUES OF ARPS AND PMAS LEADING TO MINIMUM, 29H

1SUMS OF SAUARES OF RESIDUALS,SX,2F15.8)

129 FORMAT

(2X» 34HFTMXL OUTPUT OF ARPS, PMAS, PMACs WNU, 4F15.6)

130 FORMAT (3X, 30HRESIDUAL.SQUARE.SUM OF SQUARES, 3F15.8)

131 FORHAT

(2X+ 11HLAGs ACs PACU, 15, 2F15.6)

132 FORMAT (2X, 3BHSUMMATION(AC#*#2)~NOT INCLUDING LAG 0,F15.6)

END

:D:DID:DD:DI)bD:D:DDD:D:DZDDZDDDJ)D:DIDDJ):D:D:D:D:D:DD:D
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APPENDIX A6.3. PROGRAM UNESTM

Description

Purpose:

To estimate the parameters of the univariate time series

model by inputting the specified data and to do forecast-

ing after estimation by minimum mean square error
method.

Method:

(i) The Box-Jenkins Model ARIMA(p,d,q) is
NAR NDIFAC S] dj~ NMA
n ¢(B) 0 (1-B*JZ. =96 + N 8. (B)A
=1 ! =1 to g KO

Zt =z, - M if d=o

Zt = Zt if d#o
The NP parameters, from left to right, d)i, M, eo,
Bi, are squares of the residuals of random shocks
At‘ NAR, NDIFAC and NMA correspond to
MFAC(1), MFAC(2) and MFAC(3) in the param-
eter list given below.

(ii) Once the parameters are estimated, the foreeasting
can be achieved by the method of the minimum mean
square error forecasts. It is suggested to use the
program to estimate the parameters first, once these
are obtained the forecasts may be calculated.

Data Input Sequence

1. NOB, IEYON, IFYON, Format (1615)

2. FMZ(J); Format (20A4)

3. Z{d); Format as FMZ(J)

i. SERIES(J) Format (20A4)

itl, TLAM,TM,MFAC(J) Format (2F8.4,10I5)

i+2. If MFAC(2) = 0, (ND(J).IOD(J), J =1, MFAC(2));
Format (1615)
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it3. INC(J); Format (16I5)
it4. IOPA(J); Format (i5I5)
ith. PA(J) Format (16I5)

it6. EPS1,EPS2,MIT, ILDEST,IPDEST,IPRES,IPITER,
IPYYHR;

Format (2F8.4,10I5)

i+7. NAC,NPAC ,MCSE,NAPL,IWTPA ,NCHI;

Format (16I5)

i+8. NF,NTO,NU,ICI,ILDFCA,IPDFCA,IWTPF;

Format (16I5)

i+9. NT

i+10. If

NU # 0, INPUT the update series; ZN(J) other-

wise neglect these.

Format as FMZ(J)

Where the parameters are defined as follows: (¥*means user

supplied)
*EPS1

*EPS2

*FMZ

*ICI

*IEYON

*IFYON

- MAXIMUM CHANGE IN RELATIVE SUM OF
SQUARES BEFORE ITERATION STOPS. SET =
.00, IF WISH SUPPRESSED

- MAXIMUM RELATIVE CHANGE IN EACH
PARAMETER BEFORE ITERATION STOPS. SET
= .00, IF WISH SUPPRESSED

- ARRAY OF SIZE 20. CONTAINS THE FORMAT
SPECIFICATION FOR INPUT TO PROGRAM OF
TIME SERJES TO BE MODELLED OR FORECAST

- CONTROL ON THE WIDTH OF THE CONFI-
DENCE ‘LIMITS FOR FORECASTS. ONE OF
THE VALUES 1,2,3,4,5 FOR 50,75,90,95,99
PER CENT LIMITS, RESPECTIVELY

- SET = 0 IF WISH TO SUPPRESS THE ESTIMA-
TION STEP. ANY OTHER VALUE ESTIMATION
WILL BE DONE

- SET = 0 IF WISH TO SUPPRESS FORECAST-
ING STEP. ANY OTHER VALUE FORECAST-
ING WILL BE DONE



*¥ILDEST - SET = 0 TO SUPPRESS LISTING OF DATA BY
ESTIMATION ROUTINE. ANY OTHER VALUE
DATA IS LISTED BY ESTIMATION ROUTINE

¥ILDFCA - SET = 0 TO SUPPRESS LISTING OF DATA BY
FORECASTING ROUTINE. ANY OTHER VALUE
DATA IS LISTED BY FORECASTING ROUTINE

¥INC - ARRAY CONTAINING (MFAC(1) + MFAC(3) +
(2) NUMBERS OF EACH OF THE SPECIFIED
TYPES OF PARAMETERS IN THE MODEL TO
BE USED. MINIMUM SIZE 1S (MFAC(1) +
MFAC(3) + (2), MAXIMUM 25. (No. of ¢_; u,
6, 8.'s) u
o’ i

*IOD - ARRAY OF MINIMUM SIZE MFAC(2). CON-
TAINS THE MFAC(2) ORDERS OF DIFFER-
ENCES OF EACH TYPE OF DIFFERENCE DE-
SIRED IN TIME SERIES MODEL, I.E., THE
VALUE OF S IN (1-B*S). MODEL WILL
CONTAIN DIFFERENCE FACTORS (1 -
B*XJOD (1) )**ND(1)*(1-B**IOD(2) )¥*ND(2)*. ...

*JOPA - ARRAY OF MINIMUM SIZE NP. CONTAINS
ORDER OF EACH PARAMETER FROM LEFT TO
RIGHT IN TIME SERIES MODEL TO BE USED
(POWER OF B OPERATOR), order of each ¢
and 6

¥IPDEST - SET = 0 IF WISH TO SUPPRESS PLOTTING OF
DATA BY ESTIMATION ROUTINE. ANY
OTHER VALUE DATA IS PLOTTED

¥IPDFCA - SET = 0 TO SUPPRESS PLOTTING OF DATA
BY FORECASTING ROUTINE. ANY OTHER
VALUE DATA WILL BE PLOTTED

IPDID - NO PURPOSE HERE

¥IPITER - SET = 0 IF PRINTED OUTPUT AFTER EACH
ITERATION IN THE NON-LINEAR LEAST
SQUARED ALGORITHM IS DESIRED. ANY
OTHER VALUE SUPPRESSES THIS OUTPUT

*I[PRES - SET = 0 IF WISH TO SUPPRESS PLOT OF
RESIDUALS. ANY OTHER VALUE RESIDUALS
ARE PLOTTED

¥IPYYHR - SET = 0 IF PRINTING OF THE DATA, FITTED
VALUES, AND THE RESIDUALS FROM THE
FITTED MODEL IS DESIRED. ANY OTHER
VALUE SUPPRESSES THIS OUTPUT
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*IWTPA -

IWTPF -

*MCSE -

*MFAC -

SET = 0 IF WISH TO SUPPRESG PLOTS OF
RESIDUAL AUTOCORRELATIONS. ANY OTHER
VALUE AUTOCORRELATIONS ARE PLOTTED

SET = 0 TO SUPPRESS PLOTTING OF
FORECASTS

SET = 0 DO NOT WISH STANDARD ERRORS
OF RESIDUAL AUTOCORRELATIONS. ANY
OTHER VALUE STANDARD ERRORS ARE
CALCULATED

ARRAY OF SIZE 3. MFAC(1) = NO. OF
AUTOREGRESSIVE FACTORS IN TIME SERIES
MODEL, MFAC(2) = NO. OF DIFFERENCE
FACTORS IN TIME SERIES MODEL, MFAC(3) =
NO. OF MOVING AVERAGE FACTORS IN TIME
SERIES MODEL

#*MIT - MAXIMUM NUMBER OF ITERATIONS FOR

*¥NAC

*NAPL

*NCHI

*ND -

NDIFAC -

*NF = -

ESTIMATION. MAXIMUM ALLOWED IS 999

NUMBER OF AUTOCORRELATIONS OF
RESIDUALS, MAXIMUM 150

NUMBER OF RESIDUAL AUTOCORRELATIONS
PRINTED PER LINE. BETWEEN 1 AND 12 IN-
CLUSIVE, MAXIMUM 150

THE NUMBER OF AUTOCORRELATIONS TO BE
USED IN CALCULATING A CHI-SQUARE
STATISTIC. SET LESS THAN OR = 0 IF NOT
WANTED. MAXIMUM VALUE IS NAC

ARRAY OF MINIMUM SIZE MFAC(2). CON-
TAINS THE MFAC(2) NUMBERS OF DIFFER-
ENCES OF EACH TYPE OF DIFFERENCE DE-
SIRED IN TIME SERIES MODEL. (SEE IOD)

NO PURPOSE HERE. IS SET =0 BY A
SUBROUTINE

NUMBER OF FORECASTS DESIRED. BETWEEN
0 AND 300 INCLUSIVE

*NOB - NUMBER OF OBSERVATIONS IN TIME SERIES

NP -

TO BE MODELLED OR FORECAST

NUMBER OF PARAMETERS IN THE MODEL.
MAXIMUM ALLOWED IS 50
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*NPAC - NUMBER OF PARTIAL AUTOCORRELATIONS
OF RESIDUALS. MAXIMUM VALUE IS NAC

NT - ARRAY OF MINIMUM SIZE NTO, CONTAINING
FORECAST TIME ORIGINS

*NTO - NUMBER OF TIME ORIGINS FOR FORECASTS,
MAXIMUM 5. SOME GRAPH TITLES NOT GOOD
IF EXCEEDS 9

*NU - NUMBER OF NEW OBSERVATIONS READ IN
FOR UPDATES OF FORECASTS, AND NUMBER
OF UPDATES PRODUCED. MAXIMUM VALUE
IS NF-1

*PA - ARRAY OF MINIMUM SIZE NP. FOR ESTIMA-
TION, CONTAINS INITIAL ESTIMATES OF
PARAMETERS (NON-ZERO). FOR FORECAST-
ING, CONTAINS PREVIOUSLY ESTIMATED
PARAMETER VALUES (AUTOMATICALLY
THERE IF ESTIMATION DONE FIRST)

*SERIES - ARRAY OF SIZE 20. CONTAINS TITLE
DESCRIBING DATA OR ANALYSIS

*TLAM - DATA TRANSFORMATION PARAMETER. IF
TLAM = 1.0, THE SERIES Z REMAINS AS
READ IN. IF TLAM = 0, THE TRANSFORMED
SERIES IS LN(Z+TM). FOR ANY OTHER
VALUE OF TLAM, THE TRANSFORMED SERIES
IS (Z+TM)**TLAM. (SEE TM)

*TM - DATA TRANSFORMATION PARAMETER. IF
TRANSFORMATION IS  REQUESTED  (SEE
TLAM), THIS VALUE IS ADDED TO EACH
VALUE OF THE SERIES Z BEFORE TRANS_
FORMATION IS MADE

*Z - ARRAY FOR ORIGINAL TIME SERIES DATA.
MINIMUM SIZE IS NOB+NF, MAXIMUM 500.

*ZN - ARRAY FOR NEW OBSERVATIONS USED IN
UPDATING FORECASTS. MINIMUM SIZE IS NU

Reference:

"Computer program for Analysis of Univariate Time
Series Models" by David J. Pack (1976).
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APPENDIX A6.4. PROGRAM UNESTM AND DATA INPUT FOR
MULTIPLICATIVE ARIMA MODELING, EXAMPLE 6.3.5

noogoaoB
0020518

0020518
0020518
002051B

0020518

002051B
0020518

0020518
0020518
002051B
0301558
030164B
030164B
0301748
0302048
0302048
030215B
0302268
0302368
0302468
0302468
0302508
0302638
0302738
030275B
302758
0302778
0303138
0303278
0303318
0303128
0303538
0303538
J3035EB
(303628
0303628
030374B
0304058
03041EB
0304278
0304278
0304308
030444B
0304E60B
0304638
0304768
0305108
0305238
0305248
0305268

10

15

PROGRAM UNESTM(INPUT, OUTPUT: TRPES=INPUT, TRPEG=0UTPUT)
DIMENSION PA(25), SCRATC{5000),RHO( 150, 1), STE(150,1)sPHI(150,1}
I-ZP(BOO'S)-CLL(300-5)'CUL(300'5)oNT(SJ.U(300),ZN(ES)-FHZ(EO)
COMMON/TSRES/R(B00)

COMMON-TSOBS-Z(800)

COMMON- TSPAR-MAX1 1, MBO» NP» NOBs HFAC( 3, ND(30), I0D(30), INC(12)
1. 1I0PA(SH)
CUHHOH/EPﬂRfEPSL-EPSE.NIT-NDIHSoTLRN»TH.ILBEST-IPDEST.IPRES
1, IPITER, IPYYHR

COMHON/FPAR-NTO.HU, ICT+ ILDFCA, IPDFCA, IWTPE
COHHDN/IDPQR/NDIFRC-HD(S).JOD(S).NQPL-NCHI-HCSE.ILDID'IFDID-
1MPR1INT s THTPA. ULAM. UM

COMMONNAMES-SERIES(20Y, TITL(20)
COMMON/TSONE-C(200),CF(200), MPROB

READ 2.NOB. IEYON, IFYON

HRITE(Gs2) NOB, IEYON, IF¥ON

FORMATC(1615)

READ 3.(FMZ(I),1=1.20)

URITE(E:3) (FHZ(I)s1=1,20)

FORMAT(20A4)

READ(S,FM2Z) (2(I),1=1.NOB)

WRITE(Bs+FMZ) (2(I)s I=1.NOB)

READ 3, (SERIES(I),I=1.20)

WRITE(E,3) (SERIES(I), I=1,20)

NMODEL=1

DO 20 NPROB=]1,MNM0DEL

READ ©. TLAM, TM (MFAC(1),I=1,3)

HRITEC(E,B) TLAM, THs (MFAC(I)\1=1,3)

FORMAT{(2F 8.4, 1015)

MAX=MFAC(2)

IF(MAX.EQ.0) SO TO B

READ 2. (NDCI), I0DCT). I=1. HAX)

HRITE(Es2) (NDC(I),10DCI), I=1.HAXD

HAX=MFAC( 1) +MFAC(3)+2

READ 2, CINC(I). I=1,MAX?

WRITE(E,2) CINCCI)sI=1,MAX)

NP=0

DO 10 t=1.MAX

NP=NF+INC(J}

IF(NP.EG.0) GO TO 13

READ 2, (1I0PALI), I=1.NP)

WRITE(G.2) (ICPA(I), I=1.HP)

READ 7, (PR(I), I=1.NP)

WRITE(E:7) (PAC(I),1=1,NP)

FORMAT(10F8.4)

IFCIEYON.EQ.GY GO TO 1S

READ 6.EPS1.EP32s MITs ILDEST. IPDEST, IPRESs IPITER IPYYHR
WRITE(6.6) EPS1,EPS2,MIT, ILDEST, IPDEST, IPRES: IPITER: IPYYHR
NDIMS=7uNP+NP ={3P+2NOB+NP 408

READ 2. NAC. NPACs MCSE» NAPLy TWTPAL NCHI

HRITE(E.2) MNAC. NPAC, MCSEs NAPL, INTPA, NCHI

CALL ESTIM(NPROEB.NAC:NPAC, PA,RHO» STE,E+SH, PHI. SCRATC)
IF(MAX11.EQ.(-1)) GO TO 20

IF(IFYON.EQ.0) GO TO 20

REQD 2, NF»NTQ. MU, ICI, ILDFCA, IPDFCA, IHTPF



S2. 030541B HRITE(E+2) MF«NTOsNU. ICIs ILDFCA, IPDFCAs THTPF
i S53. 1305548 READ 2, (NT(I), I=1,NTO)
54 0305S65E WRITE(G:2) (NTC(I},1=1,NTQ)
5S. 0305768 IF{NU.EQ.0) GO TO 18
S6. 0305778 READ(S,FM2) (2MN(I1)« I=1.NU}
57. 030E10B HRITE(BsFMZ} {2ZN(I),I=1.NU)
S8. 0306218 13 TALL FCAST(NPROB.NF.NT,PA:ZM, ZPs CLL+CUL» Uy SCRATC (1}, SCRATC(NOB+1))
53. 0306368 20 CONTINUE
60, 0306408 STOP
B1. 030G643B END
456 1 i
(12FE.0)
181. S07. 822. 2776. 11S8. 613. 7S5. 467. 308, 309. 246. 307,
146. 9S38. 1132, 2676. 1093. 1819. 2185. 2163. =2i4. 1lla. 56. 107.
128. 93. 225. 207 ?6. 752. @263. S1. 1g0. 131, 79. 88.
46. 23. 385. 20§. 2197, 852. 1569. 648, 201. 11S. 73.
55. 2. 128. 293. 503. 7049. 1126. 1%0. 41, S8. 34, S2.
407. 7El. #273. €290. Jos8. 3965. E59. 1299, 247 g6, 224, 43.
260. 114, S63. 631, 1053. L780. 1111, S72. 245. 515. El0. 177.
28. a2, B3. 7B3. £185. 1973. 2050 268. 489. 348, 203. B4.
30. a8. 26. 173. 1098. 5S8. 1770, 453. 182. &7. as. 24.
19. 45. 74. 210. 141. 71, 42l. 94, 261. 213. as. 51.
68. 17GC. 320. B55. l061. 11565, 1108 453. B8l6 304, B87. 43.
25. 396. BB0., 486. 595. 2549. 680, 723. 4l4. 218, B7. 24.
18. 23. 2i. S7. 106. 1132. 1549. £39. l45. B2. 239. 418.
BE6. 53, 191. 667. i1969. 4293. 1379. 533. 9939. 335, 69. 211,
420, 485. S99. 830. 1898. 1197, 36l1. 1656. 425. 160. 307. 44,
33. 183. 532, 1415. 426, 275. 2422. 966, B832. 467. 174, 56.
3s. BS. 899. 353. 891. i882. 2277. 396. 28. 363. 38. 79.
38. 1209. 1267. 3178. 1699. 2334. 575, 423. 1545. 233. 386. 130.
243. BE. 922. 4504, 3404, 1084. 1781, 973. 8BS. 1398. 138. 314.
117. 1028, 1095. 2344. 1990. 2154, 1603. 375, 179. 109. B1. 105.
41. SS7. 2066, 1S51i. 1533. 1999. 841, 217. @36, 69. 33. 50.
22. 33. 193, 1124, 4B3. l12l4. 15. 1030. 161 292. 55. 19,
15. 2e. 24. 123. 170. 303. 84, 189, 1Bl. 45. 7l. @249.
237. 89, 334, S553. 2155. 206&61. 639. 382. 230. 328. 83. 162.
S15. 589. 230. 350. 3149, 1374. 6€39. 640, 3I34. 143, 8B. 75,
4s. 36, 109. 527. 1284. 560. 1979, 1?71. 745. . 106, 55.
37, 1337, 2417. 797. S27. 861. 824. 944, 193. 879. B00. 384,
195, 258, 563. 2664. 1288. 889, 626. 437. 206, 70. S7. 7l
68. 137. S20. 725. 1004, 779. 477, 253. 1882. 771. 85, 42.
24. 33. 56. 162, 603. 2302. 1368. 2939. 335. 352. 127, 70.
49, 140, 616, 1490, 2019, 1471. B630. 253. 152. 73. 36. 107.
7¢. 104. 110, 216. 200. 25¢5. 443. 246. 125. 216. 101. 57.
1B. 20. 18. 112, 151. 4058, 885. 315, S53. 145, 30. a2,
14, 28. 281, 5B83. 1279, 1153, 902. 248. 86, 302. 57. 541.
247. 1ll6. . 13B9. 1557. 725. 1546. 1068. 137. Ba. 101, 356.
49. i61. 6&71. 383. 554, 1349. 543, 1583, 1%a. 91. 1l46. 42,
51, 140, 13068. 539. B45. 1237. 1463. 1511. 428. 121. 2l6. 75.
30 98. 1028, 2032. 1033. 376. 112?. 805. 358. 412. 189, ra.
BLUE RIUER NERR HHITE CLOuUD
1-
1 12
2 0 Q.- 1
1 e 12
L5000 .1000 L9000
. 0040 .0040 26 0 0 0 0 [+
24 24 1 12 1 24
24 1 23 4 0 0 1
4586
36. 138. 248. 407. B93. 1876, 2102. 9566. 753. 139. 306, S4,
223, 408, 5Bl. 745. 2243. B805. 433, B05. 259. 251. 164.
Box, G. E. P., and Jenkins, G. M., 1976. Time series
analysis forecasting and control. Revised edition,
Holden Day.
Delleur, J. W., and Kavvas, M. L., 1978. Stochastic models

for monthly rainfall forecastmg and synthetic generation.
Jour. of Appl. Meteor. 17, 10, pp. 1528-1536.

Delleur, J. W., Tao, P. C. and Kavvas, M. L., 1976. An
evaluation of the practicality and complexity of some
rainfall and runoff time series models. Jour. Water

Resour. Res. 12, pp. 953-1970.

Hipel, K. W.
rescaled adjusted range,
Box-Jdenkins models. Jour.

pp. 509-516.

and McLeod, A. 1., 1978. Preservation of the
2. Simulation studies using
Water Resour. Res., 14, 3,



Kavvas, M. L. and Delleur, J. W., 1975. Removal of
periodicities by differencing and monthly mean subtrac-
tion. Jour. of Hydrology, 26, pp. 335-353.

Kavvas, M. L., Cote, L. J. and Delleur, J. W., 1977. Time
resolution of the hydrologic time series models. Jour. of

Hydrology, 32 (3/4), pp. 347-361.

Lettenmaier, P. P. and Burges, S. J., 1977. Operational
assessment of hydrologic models of long-term persis-
tence. Jour. Water Resour. Res. 13, 1, pp. 113-124.

McKerchar, A. I. and Delleur, J. W., 1974. Application of
seasonal parametric stochastic models to monthly flow
data. Jour. Water Resour. Res., pp. 246-255.

Panu, U. S., Unny, T. E., Ragade, R. K., 1978. A feature
prediction model in synthetic hydrology based on con-
cepts of pattern recognition. Jour. Water Resour. Res.,

14, 2, pp. 335-344

Rao, A. R., 1980. Stochastic analysis of rainfall affected by
urbanization. Jour. Appl. Meteor. 19, 1, pp. 41-52.

Tao, P. C. and Delleur, J. W., 1976. Seasonal and
nonseasonal ARMA Models in hydrology. ASCE Jour. of
Hydraulics Div., 102, HY1C, pp. 1541-1560.

Watts, D. .G., 1972. Discussion of paper "Evaluation of
seasonal time series models application to midwest river
flow data. By A. 1. McKerchar and J. W. Delleur.
Proceedings of the Intl. Symp. on Uncertainties in
Hydrologic and Water Resources System, Univ. of
Arizona, December 1972, 3, p. 1407.
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MULTIVARIATE MODELING OF HYDROLOGIC TIME SERIES
7.1 M

HUUREeIMaIwAILT (Multivariate Model) ApunuudIansfienusndiaooynsunaIvase)
9 [ a9y aA [ va Y [y 1Y o’oaj dy L:'

YANTONS) MU UUBAADAINITDTAENAMANTAANIUTHANUNUTNIAIWNIDWALAIWNUN (Temporal and
. . 9 =9 A A Ao a 4 [ a’/‘ 2K o Y v
Spatial Correlation) vesOYNIUIAIA  ualdoiFeRelidIUIINTMRTIN  daly Jainldiugl

v 9
uuvuiiaesi lududounn wu AR(1) ¥3o AR2) MW uanUU$1a09 AR aunsoinunuautiaaIu
k4 v
Short Term Dependence (M3 9 livang ﬁ‘]J’f)iéﬂiﬁJL’Jﬁ”lﬁﬁ Long Term Dependence
E4 9
Tuunil  aznandimsiauuuiassaedwlsiveynsunamiwuunel  waguuy

Periodic
7.2 npudraesrianadnlsa1unvita (Multivariate Lag One)

Matalas (1967) vlé]}mu’EJLLU1J“ﬁ1ﬂ’E'J\‘11"i'ﬁ1El?‘?l}’JLLﬂiﬁWﬁUﬁﬁﬁ\WﬂmmUﬂlﬂﬁ Markov (Multivariate

Lag-One Markov Model) %30 MAR(1) d9amnso@oulugvouuninldasaums

Zi = A1 Zt_1+B s [7.1]

4
~

aums [7.1] enansaleunuuiangal (Expanded Form) lagiail

z(1) 11 512 a0 z(1) pll p12  yln "'(tl)
t t-1
z(t2) 221 522 o0 ZE?I) p2l p22 20 8&2)

[7.2]

z(tn) an1 n2 . ghn (n) bnl bn2 e S(n)




Zt
. 72
we Z; = = Column Matrix Y11a [N x1]
177 |
I all gt aln ] i bl p2 pin |
al a2 .. g™ b2 p2 . . p2
A= | [nxn] B=1 | .. [nxn]
anl an2 ann bnl bn2 L. bnn
1
&t
2
€
& = t ......... [nx1l]
n
&t
€, = Vector of independent normally distributed random variables with mean = 0 and standard
deviation = 1 (uncorrelated in time and space)
Taoi . Nfgawiandinye
&t
i I
E(sg )89)) =0 1o i F] [7.3]
E(at s;r) = [7.4]
7.3 Lag k Correlation Matrix
Lag k Correlation Matrix (M, ) @11350%1 la01nauns
11 12 in ]
Pk Pk - Px
21 22 2n
_ T Y_|Px Pk - Pk | i
M, = E(2.2],)= ~[p}] 75
nl n2 nn
Pk Px - Pk




[7.6]
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zsi) A

pE = Correlation &1 Z!( nay Z%_k

/{+1 &

p;i Ao Lag k Cross Correlation Coefficient
Po = Py o=y

[0) Ili Ao Lag k Autocorrelation Coefficient

t+1

= a ij
3UM 7.1 Henwwes p )

TMTVUVUT1009 AR(1)
Zy = AL Zi1+B £t
T _ T T
ZtZpk M2 2kt B g 2k
Taking Expected Value ¥94aumsvauuag 1d

M,= A,M,, ; k>0

[7.7]

wio My =AKMg ; k>0 [7.8]
NI VUVVINE9 AR(2)

Zt: Alzt_1+AZZt_2+B§t [79]

M,= AM,_,+A,M,, ; k>0 [7.10]

d o %
7.4 MsHMNAmesvauuNaesraen s (Multivariate Model)

7.4.1 MIHANWIINDIVDI Multivariate AR(1)

A58l AR(1) 2@ NTOMIAWITIa03 1d01nanns [7.8]
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0
1 o [7.11]
BB" =M, - A,M/ [7.12]

a J o o
13 Derive MIW1510A05Y0UILUIIRBIHAA M S11UD AR(1)
Z,=A,Z, ,+B g,

Zt 'ZtT—k = Alzt—lth—k + B 'EtZtT—k

E(zt -th_k)= AlE(Zt_l th_k)+ B E@t -th_k); E(e;.Z1 ) =0
aums (7717 M, =AM,

M1: A1 Mo

A1: Ml M(_)l
Nnaus [7.8] 3214

M, =AM,

M,= A M,

lumueafeInu

Z A Z ,+B g

t
Zt'ZtT = A, Zt—l'ZtT+B'§t ZtT

E(z,-z7) = AE(z,,-2])+B-Ele,-27)

My = AlM_1+BE(§t-Z:[r) [7.13]
E(§t'ZtT) = E(§t '(Alzt—1+B§t)T)

E(ey Zf ) = E(gt 2l Al vepef BT)



T)_

T T
E(gt-Zt j - B

HNUA E(gt z] ) =BT adluaumsii [7.13]

_ T T
Mo = A M, +BB

T _ _ T 7.14
BB = Mo-A My [7.14]

a J a
MImAuun3Ing B 1ae35 Square Root
1B = Lower Triangular Matrix

< a o
uasg D= Lﬂulwﬂiﬂ“ﬁllﬂﬂ Positive Definite uuﬁ’ﬂ

dajp a2 413
@11 d12 . 0
‘a11‘>0 ; >0 ;a1 aoo anz|>

dp1 ap
dz; 4az2 Aaszs

BB! =D [7.15]
e anTammeaNasas B 1daeil

i .

ij_d’ 4
b _bjj maj:l Ci=1... .n [7.16]

i d1i Lﬁa i=1, ... ,n [7.17]
pil = &

bll

e

Yo A

AU [7.17] 3£eN50MIAT b Iaeatl

7-5



b1l _ /41l
b21_ d12
bll
b31: d13
bll
bnl_ dln
B bll

1

. . iZ1/ . 2] 2

b —{d'l_:zl(blk) } =24, N =

=

VINEUMS [7.18] 9 enuTonIaT b’ i i=jlaea

2
) 22 :\/dzz_(bmj
2
p33 _ d33_(b31j _(bszj
2
p NN \/dnn_nzl(bnk)
k=1

2

y Cogel, y
bl =[d”— 5 (bjkb'k)}b” =2 n—Li= 1N

k=1

VINEUMS [7.19] 9zenngona b’ 1ile i=j+1 1Adail

532 _ (dsz _b21b31)/b22

b42 _ (d42 _b21b41j,b22

b2 _ (dnz —b21bn1)/b22

[7.18]

[7.19]



43 _ (d43 31,41 3242 ),bss

553 _ (d53 31,51 32,52 ),b33

pN3 _ (dnB —b31bn1—b32bn2)/b33

bn,n—l _ (dn,n—l_ nizbn—l,kbn,kj/bn—l,n—l

[7.20]
k=1
7.4.2 MIMIANNINANDI VDI Multivariate AR(2)
Multivariate AR(2) HanyaIzaaaumy [7.9]
Zt: Alzt—l+AZZt—2+B§t
1 a o 9 YR} dy
AWIINADI VYD Multivariate AR(2) 115041 Iaanaumsaane 11/l
Ar = [Mi-NgRigt ] | [Wo - Malgta ] | [721]
-1
Ay = {l\hz—l\hll\hall\hl} {'\7'0—'\7'1'\7'6%\7'1} [7.22]
el . AT Nl
BB' = My [A1M1+A2M2} [7.23]

4
M3 Derive ¥IAMW191NB5UDI Multivariate ARQ2)

ANAUNT [7.9]

Zt=A1 Zt-1+A2Zt-2 +Bgy

T T T T

T T T T
E(zt.zt_kj = AlE(Zt_l.Zt_k)+ AZE(Zt_Z.Zt_kj+ B.E(gtzt_kj

Mk =A1|\/| k_1+A2|V| k—2 [7.24]

NNTUNIT [7.24]

M 1= AlM 0+ A 2 M -1 ;9NAUNIT [7.6] 1\/1.1:1\/[1T



M1 =A7 Mg +As MI

AlMO:Ml—AzMI [7.25]

NNAUNT [7.24]

M2 =A1 M1+A> MO [7.26]
-1

auns [7.26] xMO
M,M;'=A MM +A,
A, =M,Myl-A M M;? [7.27]

unua A, agluaums [7.25]
AIM :Ml—(M gMal—AlMlMal) v

AMo=M1-MoMsIMT + A MM Im]

1
1, T) 1, T
Al(l\/lo—lvllmoMlj_(Ml—MZMOMl)
1y, T —1,, T 71
A]_:(M]_—MzMOMlj(Mo—MlMOMl) [7.28]
Y
naums [7.26] 3z 1dN

AoMg=Mo -A1M1 [7.29]

AUMT [7.25] % M(_)1

Ar=MiMgl-A,MmIm !t [7.30]

unua A, agluaums [7.29]

A2|v|o:Mz—(Mlmal—AZMITM(‘)l)Ml
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Tm-Img

-1
A,Mg=Mo-M{Mg*M1+AM Mg

0
AZ(MO—MlTlvlalMlj:(Mz—Mlmallvllj
A2:(MZ—M1M51Mlj(Mo_M1TM61M1j‘1 [7.31]
zv.2] =A1 Z¢1.2{ +A2Zy_p.2] +Bg; Z]

E(zt.thj:Al E(zt_l.thj+A2E(zt_2.th)+BE (gt th)
Mo =A1 M_1+A> M_2+BE(§t.Z:[rJ

T T T
Mg =A1 Ml +A» |\/|2 +BE(§t.Zt) [7.32]

T T
E(e; Z¢) = E(gt(Alzt—l"‘AZZt—Z +Bey) )

11199970 (A+B) =(A"+B") 11az (AB)'=B"A"
E(etZ{)=E [ét {(Alzt—l)T +(A2Z1_2) + Bey)T H

T T AT . 7T AT . .TgT
Bzy 2y ) = E[Et{zt—lAl TZiphp Tt B ﬂ

iip497n E(e; Z{_1 A{ ) =0 uaz E(g; Z{_»A2) =0

E(eq Z{) = E(gt.s:[erT

E(§t~§:[l-j= I
E(§t ZIT) = B'

UNUAT E(gt.th j adluaums [7.32]
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Mo=A1 M] +Ap MJ +BB'
BB =Mg-A1 M] —~AsM] [7.33]

7.5 MIAUATIZHVYal¥ial (Generation of Synthetic Data)

%umaumsﬁqmﬁzﬁwﬂimam

(1 mwd Z, = [0]

(2) §UATILH Standard Normal Variate € t

(3) dunsieran Z; nnaums

@ Zi=A1Zi{_1+B-g;t=1.., N’

N'= Ng+ Ny [7.34]

d

A ° ] Ay o
e N'=$wudeyaiidosduns iz
o 9 ~ 9 [ 4
N =tuaudeyandesmsdunsiz
o { @ & A I Qy S q'.:
N =fuudeyandesdunsiziine 13daine (Warm-up Length) &4 Tagiia

edmuald midu 50

7.6 Approximate Multivariate ARMA (p,q)

1MEMIasuUiIaes ARMA(p,q) nsgigulsiferveseynsunar z Tuuni 5 sgamnso

4
v A

o J o ~ @ 9
‘L!"IlJ"I‘].I'i%‘c’gﬂﬂﬂ‘]_lﬂﬁﬂ!ﬁamﬁﬂuﬂﬁllﬂﬂﬁu

)0 0,00 . 60,0,

Zgl): Z (I)gl)zgl_)l_i_ggl)_ . e?)g?_)] [735]
=1 =1

o i ADFIUOYNTNIA TAWAY 1,......n

i v ! . 1
sg ) = awls Ui Time Independent L& Space Dependent

1 Mean = 0 1@ Variance= G E(i) 130 Residual Series 1138 Cross Series Dependence
O &
14 gy’ = = ; 1=1 n [7.36]
t y )y sreean y .
Gil )

€

2 i = .
St( ) U Mean =0 L@ Variance = 1



g'tl): BE, [7.37]
é t = f TJLL‘IJif]fiJ g Independent in Time and Space (Standard Normal Variate)
BBT =M, [7.38]

Mo o Lag-zero Cross Correlation Matrix U830 N3NIAN Zt(i)

F4

ayaﬁ”w Approximate Multivariate ARMA(p,q) HTunaudeae Ty

J

MSTUATIH

e

2

(1) dunsiy W Standardized Independent Normal Random Variate

) e0) ) &l per ¢ 1= Lo

)
afyt” ° Sagiyn

@ me =V i=1..,n:j=0,1 .., 1-q

a—J

@ m 2V = Z(I) t1+29

@ [ 4 !
Tdunwidoya t=1,...., N"iils N'=N  + N,

Annual Models)

F4 Y
MINATDUANMHE ANYDILULUIADIUTUADUAIH

(1) 1J38UM8D Multivariate Correlation Matrices M, M, 118 M, Y899UN3 1170189981311

{ o 4
i’]léﬂﬁill'lﬁ']ﬁﬁ\ilﬂﬁ']gﬁ
@ 1 [ { o 4
2) wseuney Correlograms GIJ/E'N’E)L!ﬂﬁlll')a’]ﬁ'J'E]ﬂWQﬂUﬂHﬂﬁNL?ﬁTﬁﬁﬁlﬂﬁ?gﬁ W%}’ON

#5790 Probability Limit A28auMT [3.49]

_ Zal/2
rOL/Z =t N

7.7 MINAFBUANMHINZANVD WV UIa095180 55181 (Goodness of Fit Test for Multivariate
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(3) nAAdU Independence in Time A Space UDI Multivariate Residuals Series (§t) N30 (é)

et = BY(Z¢ - A1Zi_1) M5V AR(1)

et =B Y(Z{ — A1Zt_1 - ApZi_p) 131 AR(2)

£ =Bl
()
RONSLE
O]

;i=1,.....n

= Standardized €,

(4) NAADUANNAFIUMTUINUIMUVINAYOI Multivariate Residuals Series (g,) 130 ()

7.8 A209619M3918090YN5NIANIEUAIY Multivariate AR(p)

Y
Y o o o o o 1
El]\iﬁi'l\ul'ﬂ'ﬂEl]Tﬁ@QL!UUW'ﬁ'lEJG]'JLHJ5’ﬁ’l‘ﬂ5U@1§ﬂ5ul3ﬁ1u1ﬂ15’lﬂﬂﬂlﬂﬂ 4 ﬁﬂ’lﬁ Strausburg,

Y 1 1
Antietam, Point of Rocks 1182 Cumberland ¥09g1111 11 Tauun Falidoyaszra19i) 1931-1960 $am15199

7.1 Smualdaonil

Strausburg=1, Antietam=2, Point of Rocks=3 18i¥ Cumberland=4

15197 7.1 Annual Flows (cfs) at the Stations Struasburg, Antietam, Point of Rocks and Cumberland

(1931-1960)

Station Strausburg (1)

282. 675. 344.
1047. 480. 241.
610. 494 769,
Station Antietam (2)
158. 3049. 268,
378. 228. 192.
251. 209, 3386,
Station Point of Rocks (3)
4642, 10100. T767.
13210. T887. 5220.
9002, 8692. 12670.
Station Cumberland (4)
731. 1314. 1192.
1440, 1228, 750.
1113. 1218, 1574.

592.

984.

268.
257,
340.

T7056.
B8B28.
13440.

1344.
1172.

1570.

804. 330.
567. 366,
T67. 226,
242, 127.
231. 181.
251. 173.
11350.  4665.
8925. 6849
10670.  4856.
1648, 543.
1439. 1134.
1356. 760.

T42. 741.
9938, 461,
790. 378.
383. 478.
357. 242,
344, 168,
10840.  11010.
13480. 6744 .
12700. 6920.
1237. 1336.
1652. 986.
1480. 1060.

745.
430,
232.

423,
270.
125.

13020.
7317.
4920.

1609.
1087.
B52.

500.
045,
402.

278.
229,
B543.

9108.
6490,

1231.
1175.
799.
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a d X o
7.8.1 m'nm‘nzﬁ!ﬁmﬁ’uuazmﬁsz‘qgﬂasuummuuumam (Preliminary Analysis and
Model Identification)
4
Nﬁﬂ”l'i@]i’Jﬁ]ﬁi’)‘uﬂﬁLH]ﬂLHNLL‘]J‘]J‘]JﬂG]ﬂJBQ’OHﬂﬁJLTJﬁWW1J’J”I ﬂ”lﬁllﬂi%ﬁ‘l/]‘ﬁﬂ’ﬂmﬁ} (Skewness

E4
Coefficients) ¥DI0YNINIAVBIAD A AR

¥1=0.388 N=30

Y =0.486 MNAT 1T 3.2
¥3=0.160 Yo 1(30)=0.662
Y4 =0278 Y0.0230)=0.986

=< Y as.t‘ = a
mmmiaﬁgﬂ”lmwmgﬂimamm 4 umsuanuaauulng
[ [V A & n 9
waamauﬂimammgﬂm 7.2 &l duanas Long-Term Memory L6 Long-Term Dependence Wa

o 1 1 1 I~ o (% 1
M3AIIUAT Lag One ACF wuhiiadesun dauilumsmiveayudeagdainan

@_
N’ = 0.118
r1(2) =-0.200 189N Multivariate AR(1)

r1(3) ~0.096

(4) _.
r "’ =0.058
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()
1200} 7t

600}

300

1)
soof ¥,(2) ¢

ars
250}

125

14000} %(3) (2)

10500
TOOO|

3500

2oo0} Y,(4) (3)
1500}

1000

S00

s 1 1 1 1 1 1
5 (o] 15 20 25 30

(4)

51% 7.2 Annual Flows (cfs) at the Stations (1)Struasburg (2)Antietam (3)Point of Rocks and

U

(4)Cumberland (1931-1960)

a d
7.8.2 nﬁﬂszmmﬁmnmmas

[ v Y ]
MR agazaIUDENUUNIATFIUYOIDYNINIAING 4 Aaaadog U319 7.2

[ ] ] 4
M99 7.2 ANRAUAS AIUTIAVUNIATTIUUDIDYNINIAIN 4

oUNTNLIAT (D) Mean Q(i) Standard Deviation &)
1 562.567 231.872

2 265.900 84.458

3 8,897.033 2,790.089

4 1,207.367 284.153




ANUIUN Standardized Series INTANUNT

N
0 _vt) -0
Zt R
&M
. (1) 282-562.567
2\ £96790E00 459
1 1 231.872
ZQZGB—%2%7:Q%5
231.872
() _ 402-562567 _ o

307 231872

Aanman rg wag 1) dieiuaz j=12.34 121d Mouay My aail

1.000  0.768  0.960
) 0.768 1.000  0.833
Mo = lo.960  0.833 1.000
0.828  0.714  0.913
~0.118  0.067  -0.079
i -0.129  0.200 -0.119
M) =l.0.148 0.121 -0.096
~0.118  0.208  -0.040
o =~ Ya/2 VN k-1
N_K
q(095)=“1ilgg“ﬁf‘l‘l:5039212,+032315

- O O O

.828
.714
.913
.000

.110
. 242
. 147
.058
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~ < J TR 1w 1 3 ' ~
My aasliifiun rl'J iattosnn gagaiiny 0.200 WY taaaAIs IMawz Mo luns

' a I <3 o oA as Y ° . . '
Uszmnammnsiimes od1e lsnamludiedisiisznaadismsasauuuiiaes Multivariate AR(1) ol

fMuramA, uaz BBT naums

_ -1
Ar= M; Mg

T _ T
BB = Mo-A M



_0.598  0.328 0.504  -0.308

) ~0.233  0.860 -0.035  -0.632
Al =|.0.760  0.515 0.595  -0.429
|-0.851  0.673 0.385  -0.186

[ 0.912 0.610 0.835 0.691

X 0.610 0.639 0.599 0.470

88T =] §.835 0.599 0.820 0.716 | =D

0.691 0.470 0.716 0.765

M 3 10835 Square Root

p11 _0.912 . fll - 57517 = 0.955

611
-12

21 _ 4% _0.610 _

b™ =47 = gross - 0-6%°
b
213

~31 _ d!® _0.835 _

6% = &7 = Gross - 0-87
+14

cal _ dM _0.691 _ 1o

~21 131

<23
o3z _ [d 552 b%1) | (0599 - 0.639 x 0.874) _ 4 osa
[ 0.955 0 0 0 |
) 0.639 0.481 0 0
B =1¢.87 0.084  0.222 0
0.724 0.061 0.367  0.325

7.83 MSNAAOU Goodness of Fit Y93IV 1009
(1) MUK Residual Matrix Series € INTANUNIT

~ _1 A
g =B (2t -A1Z; )
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RESIDUAL SERIES NUMBER 1

-1.266 454 -.961 -1.472 .946 -.259 .908 .484 .190 -.749
2.066 -.022 -1.272 -.257 112 -.472 2.086 -.010 -.617 -.289
036 -, 245 1.032 1.882 1.317 -1.069 154 -.941 -1.383 -.694

RESIDUAL SERIES NUMBER 2

-.972 -.144 1.188 1.419  -1.787 055 1.424 2.697 .140 .327
-.258  -1.063 .604  -1.181 -.909 .31 44T 594 .148 -.217
-.880  -1.080 1.472 077 -.996 .623 .025 -.963 -.661 573

RESIDUAL SERIES NUMBER 3

-1.517 -.099 1.572 .003 .065 ~.944 -.340 -1.722 1.513 -.589
-1.801 .351 -.037 -.928 .47 1.005 -.071 -1.094 -.438 . 209
-.690 1.423 2.314 -.092 .361 .204 1.607 .307 .156 -.952

RESIDUAL SERIES NUMBER 4

-.544 .627 .085 2.651 1.053 -1.271 .093 550 -1.601 -.129
-.802 1.320  -1.477 .156 2.316 .505 .848 .498 .504  -1.061
-.940 -.189 -.243 -.380 .097 -.465  -1.207 -.174 -.010  -1.091

(2) AMUIUN Lag-Zero Cross Correlation Matrix M (g)

1.000 -0.011 -0.002 0.003

~ |-0.011  1.000 -0.010 0.011
M.(e)=

0 -0.002 -0.010 1.000 0.002

0.003 0.011 0.002 1.000

(3) Probability Limit ¥4 Lag-Zero Cross Correlation TAUIUIINTNNST

(o) = i—“jﬁz

1.96
r0.05) =t—=1+
0 - 0.3578

(4) A1 Lag-Zero Cross Correlation 1§ 1ife 1# ] {iAag1u Probability Limit tiraa1 & Wudase
Y @ @ v
pazagl 191 AR(D) mnzauioynIuNAIAIE1

(5) MUIUN Correlogram 1y (e) (i=1,2.3.4) Taeldaums [2.5b] agAuI11 Probability

—1tug 2vVN-k-1
N—k

Limit 910@UM3 1 (o) = lamasazalin 7.2
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Q5

— i —
——— —— ———

T T T e e e, i S . i . s, s s

-0s5t (1)
r{€)
05 | 'k 95 %L _ _
k
0 X ) 1 i L /: -
10
5
osl T - (2 - —  __ ____
rk{ﬁ
05 | 95 %L _
e SN
i 5
-0.5 LT T T {31 e
rk{E}
05 | 95 9% L

-05L

——
— — — e —
e ————

g‘ﬂﬁ 7.3 Correlogram jj

(i=1,2,3,4) 14ag 95% Probability Limit

" (e)

1 Correlation r

i
k

4 1 (] 1 TR a )
(10 i=1,2,3,4 f10g11 Probability Limit uaaed ef udaszuazariveyy

o311 AR(1) Mg auiUoYNINNAIAI0E19
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Pl 1
NATOUN Residuals Imsuanuaauuvlnd Iasldmanaaouaduiszansanutd Fanams

nadouaaIag U1 tazawsnagy 1491 Residual Series Imsuvnuaanuulnd

Residual Series (i) Computed vy, Critical y(0.02) Hypothesis of Normality
1 0.541 0.986 Accepted
2 0.601 0.986 Accepted
3 0.305 0.986 Accepted
4 0.689 0.986 Accepted

7.8.4  Optional Tests of the Model

[ J o A
Glsla)') Multivariate AR(1) Glumimmﬁzweuﬂsmam LL%’JVI'IﬂWTVIﬂﬁ’f)‘]Jﬂ'NiJLTﬂJ"IgﬁiN’nN'J%ﬂ13

v 9 v A I A cudyd' 9
Tuate (3) HuneMsnageua NI UdATZUD4 Residual NUNWUT Iaald Lag-Zero Cross Correlation

(M,(€)) tagnaeroununiudaszuod Residual funmlaold Correlogram ! (€)

o v [ 4
AIVYNMIFUATICUDYNTULIAN

l:l(i)

s

o v® _
@) _ It

#1 = s62.6 + 231.9 21

#2) < 265.9 + 8a.5 &2

5(3) 5(3)
§\>) = 8897.0 + 2790.1 2,

~(4) _ 2(4)
¥ = 1204.4 + 284.2 EN

2t :Alzt—l + B§t

€, = Independent Normal Random Number 3 Mean=0 1182 Standard Deviation=1

t t

+

0.955 i1

0.639 ail) + 0.481 aiz)

+

t-1

0.874 eil) + 0.084 552) v 0.222 ais)

+

~(4 5(1) ~(2) 5(3)
K4) = _0.851 2;_) + 0.673 2,7} + 0.385 2,7

K1) = _0.508 1) + 0.328 52) + 0.504 23)-0.308

A2) _ (1) 5(2) _ A(3) _ 5(4)
zi ) = -0.233 5{1) + 0.860 2%) - 0.035 2,77 - 0.632 273

y . o (3 A(4)
%3 = -0.760 1) 4 0.515 22 + 0.595 23] - 0.428 27

) (4)
0.186 %,

+ 0.724 sil) + 0.016 8&2) + 0.367 aﬁ3) +0.325 £ﬁ4)

A(4)
2ta1




URGE!

[ d B N [
AUATITHIA1 Standardized Normal Random Number 851) Lﬁﬁl =1 ANNITN
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t (i) gl?

1 1 -0.155
2 0.420
3 0.360
4 -0.595

“1

v H { o 2 o i 4 . o L4
nind & Adunsizd Iddamaedraon ddmualid 2 =0 1ile i=1,2,3.4 azawsodunsizi

9

: Y o
0| devatl

2&1) = 0.955 (-0.155) = -0.148

2.2)= 0.639 (-0.155) + 0.481 (0.420) = 0.103

§§3) = 0.874 (-0.155) + 0.084 (0.420) + 0.222 (0.360) = -0.020
2% = 0.724 (-0.155) + 0.016 (0.420) + 0.365 (0.360)
+0.325 (-0.525) = -0.144

2 &’f X o v (i) ¥ dy
HADTINUHIIAMUIUNINT 3,7 AU

91 = 562.6 + 231.9 (-0.148) = 528.3
92 = 265.9 + 84.5 (0.103) = 274.6
§$3) = 8897.0 + 2790.1 (-0.020) = 8841.2
5% = 1204.4 + 284.2 (-0.144) = 1163.5
Tuihueuderiuduns iz Standardized Normal Random Number £ 1o =2 §301314
t (i) gl?
2 1 1.520
> -0.050
3 -0.650
4 0.265
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E4

» N N LT OI E
wamsaduaeimn 25 uae ¥, laasl

ﬁ;l) = -0.598 (-0.148) + 0.328 (0.103) + 0.504 (-0.020)
- 0.308 (-0.144) + 0.955 (1.520) = 1.608
252) = -0.233 (-0.148) + 0.860 (0.103) + 0.035 (-0.020)

0.632 (-0.144) + 0.639 (1.520) + 0.481 (-0.050)

1.162

5(3) = _0.760 (-0.148) + 0.515 (0.103) + 0.595 (-0.020)
0.874 (-0.144) + 0.874 (1.520) + 0.084 (-0.050)

+

0.222 (-0.650) = 1.208

-+

5(4) - _g 851 (-0.148) + 0.673 (0.103) + 0.385 (-0.020)

0.186 (-0.144) + 0.724 (1.520) + 0.016 (-0.050)
0.367 (-0.650) + 0.325 (0.265) = 1.162

-+

§{1) = 562.6 + 231.9 (1608 ) = 93535
9$? = 265.9 + 84.5(1162) = 3641

953) - 8897.0 + 2790.1 (1208 ) = 12,267.4
950 = 1208.4 + 284.2 (1162 ) = 1,5346

7.8.5  Reliability v@amiitnasuuyudiass

A [] A o a 4 o 9 A o c’d%l 1
ﬂ'ﬁ]ﬂ'li‘ﬂ'l“]ﬂQﬂ'ﬂiJ!“]fE]llu‘W'linJm’05€IJE]QLL‘U‘U%'I@'ENEI]'IT]m@yjaﬂﬁ%ﬂﬁ’lgﬂﬂlu‘lﬂn

7.9 U9INAYDI Multivariate Annual Modeling

LU11909 Multivariate AR(1) ﬁﬂmﬁ HIIANAIAT Mean, Standard Deviation, Lag-One Cross
< o 1 1
Correlation 4181 Lag-One Autocorrelation wioluuusiaeauy Short Memory 3 lieusonam Long
9
Term Persistence 30 Long Term Dependence %4 Drought 130 Storage Related Characteristics 16 frariu
MA0IMIHUVUIIA0INAINITDAIAT Long Term Persistence @04 191111UI10099 11951 ARMA(p,q)
A ) Yy a A o = A
ﬂim%ﬂuﬂiullﬁf’lﬂqﬂuﬂﬁlmﬂLLiNLL‘]J‘]J‘]JﬂG] 1/]1\1&?1@ﬂ114ﬂ15ﬁ]1’§1@\11| 3 HUINNNAD

33| o Lo {
—  msu/aseynsuaUY Non-normal 111 Normal Taeldilaadumsulasimunzaw udava

wimsdrasseunsunariulasauds
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o o ey ] I
— ‘VnﬂWiiﬂﬁ@ﬂE]“LgﬂillL’)auL‘U‘U Non-normal Llé}’JWTWQﬂ‘]fuﬂ1ﬂH]ﬂllﬁ]\iﬂ'ﬂhu'li]zl‘ﬂuﬂlﬂﬂ
Uncorrelated Residuals
o o 1 s 1 A o s
- WWﬂ’JWﬂJﬁ'ﬂJWH‘ﬁ‘i%ﬁ’JNIMLMUﬁﬂ 1uae 2 ﬂlﬂﬁ@lgﬂim’)ﬁ%m‘ﬂ%ﬂﬂ@l ﬂ‘UIlILiJuG]‘ﬂ 1uag 2
a A 9 1 P [ a
ﬂl@ﬁ@uﬂﬁm’)ﬁ%mﬂﬂﬂﬁ LW@i]gklﬂﬂﬁﬂ113JL3Ju@]°V] 1uag 2 GlJfoJlgﬂﬁJ!'JﬂHLUU]liﬂJﬂﬁ 2BV
add‘ 1 = v 9
’J‘ﬁﬂﬂﬁTJﬂ\ﬂU?‘i’J(’UfJ 323
1 a o o o o { a o 7 gy I a
MImmmeesvesuuimewuuvateins suluiwnsag My, BBT deuiluumsnd
Aa s 7 gy I
1121 Consistent (Positive Definite 39 Positive Semi Definite) fuunsnes M,, BB 11lutt11 Inconsistent
[~ .. . A .. . . 1 [ a S ¥
('lmﬂu Positive Definite 1159 Positive Semi Definite) %zllilﬁmﬁﬂﬁ”ImWﬁmmﬂ'ﬁ‘lﬂ Crosby 18

A a s 7 gy g a 4
Maddock(1970) 1@UBLUZATNMIHUNNTNE My, BBT MiluunInaiuny Consistent

7.10 Mmsdszgaaltuuudieesuuvarednlsiueynsauaa1siell (Annual Multivariate Model)

lumalfia

o % [ @ J
ﬂ']ﬁ61519)'}&!,1_1‘]_1%Tﬁ@\‘]LL‘U‘U‘ViaTEJ@]'JLHJiﬂUﬂlgﬂﬁﬂJL'Ja']ﬁTfﬁ] Glumi?Nmiwzweuﬂiunmmmwmﬂ

A Ao s A VS A A ) Y A . 1A
ao1u ll%@lﬂﬂﬁz’mﬂLWme’iJNLLW‘URUULLﬁﬁQH1“N3Jﬂ1ﬂW1WUHJ‘]J (Over-year Regulatlon) LANT

' o,, = 1 <3 o,, . . Aa 9 & o Y = Y 1<
TEUVUHAIU VU199 1UNVUYT (Multireservoir) mmﬂwmwﬂuaﬂymmmﬂLmﬂmmmu

o o 4 o 4 °
gamauazinudesdunigioynsunaisieggnia mduasizioynsumsegamanld 2 uuy

{ o @ [ o { o
Ao uuuf 1 Mmiluuudeewuunatednlsdunsizdoynsunarsengna uazuuui 2 Misaeg

Y o . . ~ ] [ o I :Jl A :Jl A

TaglBunT18909 Disaggregation LULN 2 HIMIFUAIIEHOYNINNANIY 2 Tufodun 1 13
o d ~ = qﬂjl ~ A A 3
dunsizoynsunaetlvesnateanil  wazdun 2 Asmsuaneynsunagilusieggna
(Disaggregation) 510a2186AN5 191UVI180MVY Disaggregation 3¢ ldnandeluuni 8 @edrams

A o

dunszioynsunarsiemenves s aniil aegili 7.4 awnsam1d 2 nuuauiinanundy

U
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PANE RIO CHILE
RESERVOIR SYSTEM

G —

S

¥

CONDOROMA
RESERVOIR

®
ANGOSTURA

Z\ RESERVOIR
O @
A

] | MAJES - SIGUAS
L SYSTEM

d‘ . . & 9 [ 4 =
31N 7.4 szvV%a152MU Majes-Siguas Tuilszmeamilydaneamsdunsizieynsunalved 5 4ol

UG

7.11 mﬁcﬁmmummmﬂﬁ";uﬂﬁﬁuauﬂﬁunmsmu Periodic (Multivariate Modeling of Periodic Time
Series)
A ' kY o @ Y o P dy
AUNDAINULAN ﬂ"liﬁ]”Iﬁi’NLL‘]J‘]J‘I’iE"ﬂEJG]TJLL‘]JiﬂU@HﬂSNL’JﬁWLL‘]J‘]J Periodic mmamm"lﬂmu
o a 4
GL%LL“IJU%'I@E]\‘I AR 1111 Constant ”Vi%!ﬂ Periodic W1310LA03T

o . . a o
Gh’f’gmumam ARMA 1111 Constant ‘H?E] Periodic W131UBDT

o a d Y]
7.11.1 ﬂ15ﬂ§$ﬁ£ﬂ9ﬂ‘lﬁ!‘ﬂﬂ%1aﬂﬁ AR 1tag ARMA t1UJU Constant W‘li‘lﬂl!ﬂﬂiﬂﬂﬂﬁfiﬁﬁ‘lﬂﬂ?!!ﬂﬁ

% [ Iq 9 o a &Y
SEI'J’E)ﬂ?\?ﬂ"liﬂiﬁgﬂﬁnlclﬂlfﬂ‘ﬂfmaﬂﬂ AR(1), AR(2) 1s8¥ ARMA(1,1) 44U Constant WIS1UABDITNU

E4
v A

nstinanednls ansoiildasi
Wz =2z [7.39]
e t= (V —1)(0 +tuazi=1, .., n

N AR(D: Z = A,Z,_, +Bg,

ﬂ‘sﬁARQ): Zt = A1Zt71 + Azztfz + B§t
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a3l ARMA(LLD: Z, = A,Z, , +B,g, - B,g, 4

7.11.2  uuU$1809 AR HaesUUHUY Periodic W15131M93 (Multivariate AR Models with

Periodic Parameters)

Yo.= B +0.2Z,, [7.40]
01 e
v pi?
YV,‘C = , ET =
ey ]
s 0 0
(2)
gt = 0 G‘C O
= Diagonal Matrix
0 M
- ) T
Zy)
2
Z)
Zv,r =
20
HUUS1889 AR(1) HUD Periodic W1351310195
ZV,'c = Al,rZ v,t-1 + B‘cgv,r [7-41]

A 11 = (n X n) Periodic Coefficient Matrix of Period T
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B . = (nXn) Periodic Coefficient Matrix of Period T
€,. = (nX1) Vector of Independent Normally Distributed Random Variable
E\Z = Ele =0
( R ) (—V,t ) [7.42]
Var \Z = Var (e =1
2,.) =var(e,.) s
E (8 f,i’)r ‘g ): 0 o i=j [7.44]
E (g ve Eys )= | = Identity Matrix [7.45]
31523 Periodic 131310105
(i) i)
7 _ Yvi— U
v, T (i) [7.46]
G‘E
A _ 0 -1
Al,t - M 1,7 M 0,7-1 [7.47]
5 T ’ ’ -1 2T
B‘EB‘E = M 0,t M 1,7 M 0,7-1 M 1,7 [7'48]
M 0x M 0. 1 WAZ M ;T = Periodic Correlation Matrix
11 12 1n
rk,r rk,r ' ' rk,r
21 22 2n
I\')I _ rk,l’ rk,r ' ' rk,t
k,t —
[7.49]
nl n2 nn
_Zk,r rk,’t ' ' rk,r_

ok =01lmaz t=1,..., 0
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A _ gl Z() ()

k,’E V,T V,T —k = Periodic Lag k Correlation Matrix [7.50]

(Y] d o Y] d
ﬂ1§ﬁﬂ!ﬂﬁ13‘ﬁi’)1§ﬂiN!'Jﬁ19%]3fJ!l‘lJ‘]J‘i]1ﬁi’)Q‘l’iﬁ1£lﬂ'J!!1l§!!‘1J‘U Periodic 15131103

Z +B_¢

Multivariate AR(1): Zv S A v -1 I S

1t

L4

(1) duATIEd €4

@ awnd Zy, = [0]

@ dwwm Z,, =A,, Z,,+Bg;,
@) duasizd €,

®) Ly, =A, Z,;+Bg,

0 o9 o Y _
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Multivariate ARMA(1,1)

Zt=A1 Zt-1+Bogy —B1gy_q [7.51]
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T T
Mk =A1MK_1 + BoE(tht_k)— B]_E(gt_l Zt—k}

1 k> q 19 k=2 uazq=1 1@
M, =AM, [7.52]

1 k<q 19U k=1 uag q=1

T
M1=A1Mg - Bl E(st_lzt_lj

.
E(St—l-zt_l) = E[St—l(Alzt—Z +Boet-1 - Blgt—Z)T}

T AT T oT T gI
= E(St_lzt_zAl j"" E(§t_]_8t_]_B j_ E(Et—lgt—ZBl j

_nl
=B,

M1=A1Mg - B1B} [7.53]
nnawms (75219218 A, = M ,M [*

unua Al adlllu[7.53] °21d

1
BBy =My [7.55]

B1Bg = MM Mg - Mg [7.54]
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gﬂ‘ﬁ 7.5 Fitted and Historical Periodic Mean and Standard Deviation of Monthly NBS of 4 Lakes
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M1319N 7.4 Harmonics 111 Corresponding Fourier Coefficients 111 3UN1TAT1UIM Fitted Monthly Means

i1ag Fitted Monthly Standard Deviation Y93 NBS U84 4 Neaay

Mean My St. Deviation o,

harmonic A B. harmonic A. B.

Lake ] ] ] ]
1 -13.162 32.586 1 -0.166  6.608
Ontario 2 -3.048 -10.522 2 0.024 -2.987
3 6.398 -3.169 4 -0.312  1.238
4 0.398  5.079 3 1.213  0.160
1 -11.062 41.503 1 3.732  7.761
Erie 3 4.780 -2.611 3 0.721  2.681
2 -1.371 -5.022 4 0.023  2.329
4 a.950 2.751 5 -0.829  0.259
1 -94.327 -0.243 1 -11.270 -2.557
Superior 2 5.407 -23.493 9 -2.006 -9.090
P 3 2.930 10.799 4 2.404 -0.912
4 -8.776 -1.776 3 -0.343  2.487
1 -93.848 84.036 2 -2.364 -14.685
.y 2 8.191 -34.842 1 -6.062 3.574
Michigan ¢ -8.567 -9.185 3 3.638 1.990
3 9.792 -0.353 5 0.656 2.590

13197 7.5 Fitted Monthly Means i8¢ Fitted Monthly Standard Deviation Y93 NBS U84 4 nedy

Lake Michigan

Lake Ontario Lake Erie Lake Superior Huron
Month )
~(1) ~(1) ~(2) ~(2) A(3) ~(3) ~(4) ~(4
! Hy O He % He %y He %y
1 29.248  21.813 20.580 37.200  -13.872  22.879 46.926  50.963
2 37.015  20.752 34.257  29.751 1.505  27.510 95.250  48.583
3 73.162  25.951 66.532  29.915 46 706  41.663  176.800  72.146
4 89.996  30.662 68.334 32.325 142,308  52.258  277.598  86.701
5 61.474 25.132 43 675 25.266  193.276  59.724  254.981  88.034
6 38.074  18.504 25.958 20.951  159.960  54.309  210.601  65.013
7 25.798  15.173 2359  15.917  178.152  39.981  120.492  52.451
8 6.534 11.899  -17.008 15.297  105.113  42.523 55.786  59.561
9 1.652  13.055  -21.697 19.236 68.791  51.753 96.393  £3.798
10 7.596  16.623  -24.165  20.791 2512 16.104 -5.866  T2.314
11 12.427  17.915  -11.767 19.782 8.510  37.787 33.129  66.254
12 24,538 20 599 13 394 28.200  -22.834  31.083 25 355 61,476
o A PR ) ) A ) .
Wi 2b 19115830011 Fourier Series Tua131991 7.5 Tumsutlas Y¢ iy 20 Tagaums
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2% = 0.011
2 = 1.011
249, = -0.658

3’, v , . < . ' . i '
Bun 2¢ mlasa 200 il 20 il t=(v-D12+1 udadaamn r? () e k=1,2....,40 uay

i=1,2,3.4 Tagl¥aums [2.5b] Fuiierh 1 (z) luwdoans il Idnadegii 7.7

r
k fk
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ozl o For AR(l) model L
L —7For AR[(2) model wl

--=-For series ¢
o For AR(1l) model
—For AR(2) model
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1) Lake Ontario

T =--For series ¢ rk
"k o For AR(l) model M
o ;J" —For AR({2) model axl
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---For series ¢
o For AR(l) model
— For AR({2) model

3) Lake Superior

4) Lake Michigan-Huron

Residuals 499 AR(1) itag AR(2)

gﬂ‘ﬁ 7.7 Historical Correlogram U9 Zgi) , AR(1) 14ag AR(2) Model Correlogram (482 Correlogram U9

Correlogram UYDINELAT 1Y Ontario 18 Erie LLd¥AJ Short Term Dependence STEAT Correlogram

VOINSLATIY Superior LLaE Michigan-Huron L&A4 Longer Term Dependence Juauenas uuuian
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AR(1) ©59 AR(2) Tum3812090UNTUNAIVBINIATTIL Ontario 118 Erie taz 19uuus1a09 ARMA lu
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Tufl 2d neaoald AR(1) fueynIuNAvBIANZIA1Y 141 Autoregressive Parameter A47]
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AUIN AR(1) Model Correlogram L1812 AR(1) Residuals Correlogram 910 %A‘,Ei) 130 t=2 93 828 1A
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@15197 7.6 Serial Correlation Coefficients LA Autoregressive Coefficients ¥93111U1a03 AR(2)

(i) Lake rgl) rgl) ?p&l) él)

1 Ontario 0.256 0.134 0.2375 0.0732
2 Erie 0.196 6.111 0.1809 0.0756
3 Superior 0.134 0.130 0.1183 0.1142
4 Michigan-Huron (.229 0.135 0.2091 0.0870

wamsiSeuiney AR(2) Model Correlogram 11 Historical Correlogram Glugﬂ‘ﬁ 7.7 WUN
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1 I NOY=: 1
LANLAIANNUILTUUDA Residuals SE') %43 Mean=0 118 Standard Deviation=1 LaLWUI Log-Normal

MUY 3 WSR3 WAL Residuals

f(e) = ! expi-[2n(e -€p) - m1%/2s%} [7.56]

(st—aO)SJ_ZE

J a 4 a 1 {
ANWITINIAD IV Log-Normal 3 w1smma§uﬁmag1ummﬁ 7.7 Probability Density Function
i8¢ Empirical Frequency Distribution U84 Residuals L& magj“lug U 7.8 Fanun Log-Normal 3

a I o v W {
W3R0S WA Residual Series 18@ taziimsuanuandienuaegdi 7.9

H a o a J
msnﬁ 7.7 W3R TUDN Log-Normal 3 WIT1UIADT

Parameters
(i) Lake m s £
1 Ontario 1.5969 0.1883 -5.0272
2 Erie 1.7454 0.1655 -5.8079
3 Superior 2.1801 0.1102 -8.9020
4 Michigan-Huron 1.7787 0.1608 -6.000

Four lakes combined 1.8016 0.1572 -6.1354
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| 1EEb

0.3 03
04 | 0.4
03 | 0.3
02} 0.2
01t 0.1
0 . d . r T - 0 : . . ! . .
3 2 a1 0 1 2 3 3 2 a1 0 1 2 3
(1) Lake Ontario (2) Lake Erie
Tic)
os| "™ 05|
04 04
03 03
0.2 0.2
0.1 0.1
0 £ 0 =

3 2 4 0 1 2 3
(4) Lake Michigan-Huron

w7

3

2 1 0 1
(3) Lake Superior

gﬂ‘ﬁ 7.8 Probability Density Function of Log-Normal 3 Parameters 0§l Empirical Density U934 Residuals

LLE

gﬂ‘ﬁ 7.9 Empirical Density U84 Residuals Y99 4 neiad wiSeumeuny Probability Density Function of

$ o 1 a 4 1
Log-Normal 3 Parameters 5311201 Tagldmimsilinesmasves 4 neaay

1 {3 a [
M3u1/aen Residuals Y04 4 nzi@ay Adly Log-Normal 3 W151iwes 1l Normal Tagls

1 a J 4 ég {
AN IUNDT N ATVDINLIATIUNY 4 91AATIN 7.7 Jagauns
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Sl(i) _ In(S,EI) — 80) —-m
t s

A

U9 m=1.8016

[7.57]

s=0.1572

€0=-6.1354

Lf‘lﬂ\j%’] I(i)hll 19 o [ 1(i) 1'1 T v =< 9 =
fl Mean U89 € lNIND 0 LA Standard Deviation U3 €, LNINY 1 3IABINNIT

uiae1¥iiuan Standard Normal Taeaums

l(l) l(i)

g = s"') [7.58]
g =B [7.59]
ﬁ ‘2 f® Variate Series Independent in Time and In Space U84 4 Neiad1U
wning M, =BB™ uazB wes &"® ueraseglunanedi 7.8 nag 7.9
m'swﬁ 7.8 Cross Correlation Matrix I\A/l0 VD 8"?)
Ontario Erie Superior Michigan-Huron
Lake (1) (2) (3) (4)
Ontario (1) 1.000 0.608  0.248 0.541
Erie (2) 0.608 1.000 0.191 0.487
Superior (3) 0.246 0.191 1.000 0.444
Michigan- 0.541 0.487 0.444 1.000
Huron (4)
maei 7.9 Anlszinave B vee &0
Ontario Erie Superior Michigan-Huron
Lake (D (2) (3) (4)
Ontario (1) 1.000 0.000 0.000 0.000
Erie (2) 0.608 0.7%4 0.000 0.000
Superior (3) 0.246 0.051 0.968 0.000
Michigan- 0.541 0.199 0.310 0.756

Huron (4)
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Tufl 3 MINATeUANMMINZAN (Goodness of Fit) Yoauud 1209
Taen'li) msnageuanumunzauvenuiIanaa1eanlsAon15ns19e01U71 Residual
i I a QaJJ § {
Series (SE')) dealludasziedunanaziiui (Independence in Time and in Space) L421¢ Residual Series
b4 [
Aoalimsuanuaauuulnd uadmsuaiednsi laszy 1A luiade 7.12(1) 1egdrasseynsuari 1l
a o 09/’ a I Aa 1 QaJJ
M3uanulnd AuiumInadeuANUHIN ANIIRITUIRNIZANUTNDATZIMIY Correlogram
i { 1 i I a 1o '
vos & Tuz1 7.7 aunsoagil 1891 Residual Series (6?) Wudaszdunan uadsli'ldnaaonany
I a 9y dy ~ Y ' aa o J A = Y 1 aa
Wudaszduiui wazazldmsnaasumadavesoynsunadunsizinlseufieunumadaoynsy

v 9 [
1781A1081991138N 1 Optional Test 4NU AduaasluTun 4

¥ v
v A

v aa (Y] d
VYHUN 4 NINATDUAUTNUANINADAVIIDUNINNINAAUATICH (Optional Test)

LLUU%WﬁfNWﬁWEJﬁ’JLL‘]Jﬁ"U@Q@HﬂiiJL’JﬁﬁWEJLﬁ@uGUfN NBS U849 Great Lake ﬁ@

B _— A _6(i)z(i)

v Mt T “vr

LA qe &) Al 4 o
A U, aE O uaadny lua1san 7.5 uag

(1) _ 5(1) 5(1) ~(1)
5.0 = 0.2375 2.7 + 0.0732 2,5 + 0.964 &,

>
e
B
~—
It

5(2) +(2) 2(2)
: 0.1809 z 7] + 0.0756 2,75 + 0.978 &

-

5(3) _ 5(3) 5(3) ~(3)
N 0.1183 277 + 0.1142 2,75 + 0.984 &;

N
|

N
[

#%) = 0.2001 &%) + 0.087 &%) + 0.970 &P

uagnaums [7.56] 9214

¢ = _6.1354 + exp(1.8016 + 0.1572 &), i=1, ..., 4
uaznaums [7.58] 214

~(1) _ (1)
&t = 1.000 &

]

(2 = 0.608 £ + 0.794 ££%

23 = 0.206 £1) + 0.051 £2) 4 0.968 £83)

8 = 0,541 £ + 6,100 £2) + 0.310 £3) + 0.756 £{P
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139 &Ei) Ao Independent Normal Random Variables Gdh;ﬂfl Mean=0 Lla% Variance=1 Liag i=1,2,3,4

v
o o [ d o
Gl%LLUU%Wﬁ@QWaWEIG]’JLLﬂiﬁ ﬁ\HﬂﬁWZT‘if]‘lgﬂﬁﬂJl'JaWﬁWEllﬁ@u"Uﬂﬂ NBS U894 4 nemaiy 914U 20

1 = =
%A UAAYANAINYI 50 1)

Al faaaalums1ai 7.10 (Lake Erie) taz 7.11 (Lake Superior)

1 { 1 1 { 1 OJ a Q‘
Hnaumaunae mmmﬁmmummgm tazmduilszans

HamIfSouioumananINeYNINNAIRIE AL OYNTUNATUATIZH WUNAIRAoLAZ AT

daudequuIAIFINYeIeYNTNNAITUATIEHYBINIAa 1Y Erie 1tag Superior laiautianaienaeiy

4
AVDIDYNITULINTNIDY LAZNELAT1Y Superior fJﬂWﬁhﬂiZﬁﬂ‘ﬁﬂDWNLﬂjﬂgWﬂﬂgﬂﬂu UANZIa Y Erie §

[ A & [ o'o' 1 LY A @ 1 %
ﬂ?ﬁﬂﬂi%ﬁﬂ‘ﬁ‘uﬂﬂﬂuﬂﬁ‘lll’)ﬁ']ﬁ\ﬂﬂﬁ']$WGI"Iﬂ’J'IﬂTﬁNﬂi%ﬁ'ﬂ‘ﬁﬂlﬂﬂ@uﬂﬁulﬂa'mﬁﬂﬂﬁ %\‘]ﬂ'ﬁﬂi‘ﬂ

[ Y
uuusraeaneunilymiae 11

Y EZR aa @ [l { o L4
ﬂ151~‘iﬁ 7.10 ﬂﬂ!ﬁﬂJ‘UﬁﬂNﬁﬂW’U@\?@HﬂﬁulﬂﬁWiWﬂLﬁ@u@ﬁ]ﬂElNLLaZE)L!ﬂiﬂlﬁaWiWﬂLaﬂu%ﬁ%ﬂﬁ1$1’i 20

A VDI NBS U03INeiad1l Erie

Mean St. Deviation Skewness

v s Coeff.

g;;t;{;c 16.797 40.122 0.648
Generated Samples

1 16.898 41.875 0.546

2 16.417 40.398 0.652

3 17.268 42.357 0.647

4 17.157 41.401 0.414

5 16.558 39.237 0.721

6 17.090 40.467 0.473

7 16.557 39.598 0.490

8 16.994 39.979 0.541

9 17.019 40.175 0.604

10 17.060 42.238 0.670

11 16.842 40.100 0.628

12 16.932 40.849 0.558

13 16.994 41.152 0.464

14 16.692 39.771 0.469

15 16.818 39.750 0.553

16 16.924 39.048 0.511

17 16.305 38.920 0.614

18 16.690 39.460 0.614

19 17.027 40.701 0.465

20 16.731 39.721 0.631

Mean of 16.849 40.360 0.563

20 walues
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M519N 7.1 guantianadaveseynsunaNefoudI0g 1Az e YN TUNAT VR UNFUATIZH 20

YA YD NBS voINLad 1l Superior

Mean St. Dewviation Skewness
y s Coeff. g
Historic 71.932 82.160 0.489
Sample
Generated Samples
1 71.861 82.534 0.523
2 71.429 80.368 0.465
3 71.912 - 83.005 0.482
4 72.828 84.521 0.602
5 72.181 82.933 0.466
6 71.546 79.440 0.483
7 72.481 82.042 0.416
8 71.800 §1.416 0.496
g 71.511 80.457 0.419
10 72.357 82.478 0.436
11 71.560 81.160 0.451
12 71.922 83.157 0.484
13 72.029 83.011 0.544
14 72.406 83.493 0.403
15 T72.519 85.262 0.649
16 72.343 84.889 0.599
17 71.711 78.496 0.431
18 71.973 83.051 0.589
19 72.212 82.151 0.482
20 71.243 80.263 0.507
Mean of 71.991 82.206 0.496

20 walues

10819 Lag Zero Cross Correlation Matrix M,) maqauﬂﬁunmﬁﬁmﬁwﬁ 1 %@ Ao

[1.000
0.622
0.272

0.516

0.622
1.000
0.232
0.505

0.272
0.232
1.000
0.415

0.516 |
0.505
0.415

1.000 _

& D2 Y A (9 ~ Y] 1 ~
%Qﬂﬂmﬁﬂﬂﬁiﬂamﬂﬂﬂﬂ MO‘1]i’NﬂiéﬂiiJL’JﬁW]’Jf’JfJNiHﬂ"liNTl 7.8
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=

YUN 5 Reliability VDUV UIAD

v 9 Y
AUIUMIAINTIADI 1INEYNTUNAFUATIZHIAAZYA (DYNTUNMINTUATIZHIUNLA 20

a I'd 1 3| 1 a 4 > o o ]
Glj@) HAZAATIZHNINMTUINUAIANNUIT UV NN DS "dﬁ\‘]ﬁ?MTiQHTNTﬂ"IU'Jﬂ!TﬂGB'Nﬂ'NiJ

A o J a 1
wauummmwwmmama"lﬂ

7.13 YadaveamsiasauuuHaedInlsnuayns NN MUY Periodic

(1

2

3)

Y

uuuSaeuUrateA s iueynIuNET Periodic ABITNMI Dependence Structure 19
v e I A ¢ o 9 A da Y 0
naaunaaziun 3 ldimslwesmnuazduden madennienlsnenissiass

[ ° ' . . 2 Y 1 = ~
ABUVVI 10V DIENEIY (Disaggregation Model) 99z Idnadaluuni 8

o < o o %
HUDT1E09 AR WuuDUSIAeWUY  Short Term Memory UazUUTIA0INAWAI]S

o a ' 3 4 ' a 4
Tagma lilen]d AR(1) waz ARQ) miniu osnnanugeenlumsilszmamsilnes
R AT TR TR L A T R T IS AT T R AT G

9

HUVUIABY ARMA 3V0AN0aINIAsNEINY Time U@y Space Dependence LAMT MY

o @ [ 1 a J v 09/’ aR
suudaearatealsuuy ARMA  Saiidlylumsiszinammnimes auiulnaas
a 9 = o Y] . J Y =X Aad o
Heylemuaenlunisdiaeelassnyl Time Dependence nBU 1AIIMIITINYI  Space

I v
Dependence 184 1AIY0317A5N11 Space Dependence Tunsliiadeldaniz M, v

d % %
7.14 msﬂsanmmmﬁmﬂmuﬂsnuaunsunm!m‘u Periodic

Y H
o @ . . o [ o 1 o AaA
HUVROIHAAMYTIUVY Periodic Nﬂsl%}GLUﬂ'liﬁ\?m'i']zﬁf’flj@ﬂgﬁi']fllﬁﬂuell@\3§'$ﬂﬂllﬁaﬁu'lﬂﬂ

1 <3 oy EY o Jd a oy 1 A A A 9 I 3’ ' 9
UANYDWNUNUUN ’61‘1]6151)'11!ﬂ'l'iﬁﬂlﬂi?%ﬁﬂiNWmu"WniTﬂLﬂﬂu ‘Vi3@NuiTﬂLﬂﬂulmﬂLlﬂﬁﬂL‘iJHU'I‘l’I'ITﬂfJﬁlGIf

LUVNDDY

g‘ 1 I ¥ = 9 [ c'oix' 3’ 1 9 v 3 Y 1 =
du-1im ala vseenldlumsduaszvnduraziihmmmions nunld wunsallagams

_ v o o g (= o A ad o
valszniu Majes-Siguas 1% Multivariate AR(1) lumsdunsigndsunathmsemou nsanuuIaey

naedusuuy  Periodic  luawnsodraosgmanianedlld  endeslduuniraswendiu

(Disaggregation Model) Tuuna 8 unu

7.15 19NA1301999

Salas, J., J.W.Delleur, V.Yevjevich and W.L.Lane. 1980. Applied Modelling of Hydrologic Time Series.

Water Resources Publications, USA. 484p.
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UNN 8
N135912090YNINNINAILUUUTIABINLUBENETIY

DISAGGREGATION MODELING
8.1 M

[ F4 [
upuSmeaendiufeuuiassiianYuyueudily  Parsimony  YoamIIIiMeIUDY
o v . . A o 9 o 4 . . &
uuusiaoraednls  (Multivariate) n3aii Tl lumsdunsziounsunamuy  Periodic  d9il
Suantinn  wuuseewendiudirieldaunsasnuquaianadannni 1 szau
annsasnIguaulianadavetdynI NIl uazseggma  unusIaeweNaIUNALININ
a (Y = v o Jda Y
auuag A mlsianduiusisudy
< { a o o 1 o '
Harms 1182 Campbel (1967) tHuauusniauaiuinalumsiuuudiaowendiu lagisuiae
o .. o 1 ! o < ! [
NUVUIA0IVDY  Thomas 1AL  Fiering(1962) tuv@euandIungnianuazilungeusun
& < 3 ° ; < A !
Tagia lihflunSwusnfionuusiaeues Valencia 18y Schaake(1973) Fadorlluyasuduniinis 1y
o ! 1 a o [ 4 a I~ y
HUDTI0IENAIUDI199TI09 TUMITUATIZHOYNTNIAIMNGNNINGT L Lane(1979) 1luauusni
@ a 4 4 1 o a 1
weneuaneuimes 1sunsuierslumsadunyiassnea Tauaadnuuuuenaiu
o 1 ] I [ 1
nuusiaewendiuasautseenty 2 anvugAs (1) MsuenaIUMNNIAT  (Temporal
4 I
Disaggregation) Lﬁmwﬂmgﬂimam‘imﬂgﬂquama (Annual to Seasonal Disaggregation) Uag (2) N3
[l dy A . . . A ~ A v 3 ~
HENTIUMUNWUN (Spatial Disaggregation) 1iNOLHENDYNTUIAITIEYVOIAMUYIANT UOYNIVNIAII 18]
Y
VoIa01HEDY (Key to Sub-station Disaggregation) Tuyntisgnandwnydiaswendin 3 LY Ao
Y
HUDSI@OUUDNUTIU (Basic Model) 11UU31009UDVe8 (Extended Model) HazuuUI1@0uULG0

(Condensed Model)
8.2 nyudraeuenaIunlyl (General Disaggregation Models)
o ' ™ 1 o a2 Y A . [ dy
Lm‘u11maa1,Lemmum”lﬂazagiugﬂmamuumammmu 130 Linear Dependence Model AU

Y = AX + Bg 8.1]
o Y=Column Vector vosmilagiiuveseunsunaysduiussumilogiuveseynsy
1781 X 150 Dependent Series
X=Column Vector ¥93A111391119090 150N IMANUTDOYNTUNAMUVIATZA NI

(Key %30 Time Independent Series)
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&= Column Vector sljmﬂ'wﬂ%fgﬁ’umm Completely Random Series %30 Stochastic Term

A, BN NFU9IN15 10993 V03 UUT a0 aend Iy

va dy 9 A
AUTUUALUDIAUUDI X LAY Y 1D
E(X)=0
E(Y)=0

Y 9 0 1 A ' ~ = < A
ﬂ'l@]ﬂ\if‘lﬁi]'lﬁ'6\1LLEJﬂET’TLJL‘Wﬂllﬂﬂﬂ1@1§ﬂiﬂl’3ﬁ1i'lﬂﬂﬂlﬁ]\? 2 f:mmeamﬂumgﬂim’smiwmau
a o o =\ %] dy
LSJ'I/]iﬂ‘;]fﬁlJENL’Jﬂmai‘lu’ﬁﬂJﬂW [8.1] azHUUIAANU
1 o o % a o
Y=Column Vector ¥84/119911 U930 1T 00215 101ADU FUNNTNFHYUIA (24x1)
1 o @ & a Jda
X=Column Vector ¥83M1ilag1iuuaiayninnarsell Faunsnguvuna 2x1)
&= Column Vector sljmﬂ'wﬂ%fgﬁ’umm Completely Random Series %30 Stochastic term
= a L=
FIUNNTOFUUUIA (24x1)
a 4 a J & a I
A=LUNTNFUDINWITTIUNDT A FUUNTNEUUUIA (24x2)
a 4 a J & a L
B=lUNINHFUDINITINNDT B FUUNTNFUUUIA (24x24)

o

A A = o ' 3 Y o =
ATUNIIUIUTDIUINTI n ﬁlzf’f”m”IS‘E]LEUEJI.!LLTJTJﬁ]"lﬁ@\‘iuflﬂﬁl]uu‘]_l‘]_lmllgﬂ"lﬂ ﬂ\ﬁﬂ‘ﬂ 8.1

U

[ 1 i 11 1 [ 171 ]
_\'1(1) a5, 'c‘Il:. .. A1 X(l) b].]. blz . ) ) bl.l:ll =;1
1
y{ ay, A, any, «(2) byy  b_ S bl.l:n ,_;(2)
A2
3 (1)
12 =12
~ =(2)
) =1
v(2) 8(5)
< ~(1) -
- - ()
Y2 | = + =12
3:1( n) s (il)
y )
. . )
2 a12n.1%12n.2 - - M 2nn bioniPion2 - - - braaazg| | =12
gﬂ‘ﬁ 8.1 Full Form of Basic Disaggregation Model




8-3

Y ~ [ Y 4 o 9 = a 4 a 4

MAUNALYRY X tazy himhnugud nuudraeeluauns [8.1] azdedimslnesiumsng C
INNAIAUNIT

Y=AX+Be+C [8.2]

A a J a 72X & Y a d
119 C=W151UADTIUNTNF FUYU Column Vector VUAMAVINNT NG Y
8.3 LU IR0 NI INMUNIAMUD Single Site (Single Site Temporal Disaggregation Model)

MI$1ROWLNTIUA NI MUY Single Site ABUUVTIADIFIBNBYNTUNAITIOTV0 1 d0il

< ! A = Ao o A
Lﬂu@uﬂiﬂmﬁ’li’lﬂq@ﬂ’lﬁﬁfuﬁ'lfllﬂ'ﬂu ll?j‘]Jl!‘]J‘]JVlﬁ’lﬂf,Uu 31U

(1) Lmuﬁmmﬁu;@m (Basic Model) (Valencia and Schaake, 1973)
Y = AX + Bg [8.3]
(2) BUVMADIUVVY (Extended Model) (Mejia and Rousselle, 1976)
Y =AX+Beg+CZ [8.4]
zﬂ' 1 A = v d! =
1118 Y=Column Vector Y035 18tAp U8/ 199171 Falivina (12x1)
xX=milagtiuvetoynsuarsell (1x1)
9 ¥
7= Column Vector Y9IMIIEABUIINIU w’ 1ADUYBIINBUNTITY Fadivuna (wx1)
&€= Column Vector ﬂlﬂﬂﬁTﬂ%ﬂﬁuﬂJ@\i Completely Random Series 130 Stochastic Term
=& a L=
FUUNTNFUVUIA (12x1)
a 4 a S R A
A=W191UADTLUNITNY FIWVUIA (12x1)
a 4 a S R A
B=1191§1903UNTNY HIUVUA (12x12)

a 4 a & a
C=M13109TUNTNY BINVUIA (12xW”)

5114 asgiln 8.2



Mo ] Ml T [.0] Te.. ¢ : , T
v, l(1) A A, A x(1) by bl2 by 8] ‘11 '"1: o Clim 3‘-_1_1(1)
a (1) . N . (1)
,\".é ) ] Ay 82, x(2) b:l b:: o bllln €2 €21 LI:: o Canmn |Pv-L2
W) AENEY)
}Y 1 g(llg Tv-Li2

S -2) e

- € -
—\:\1( ) ({) Y-11
v (2 £5 v (2
L - =12
v () . v-1.2

L - (:

o £]2 ro ()
s | = + + Y-z
| | @ | | ol

, _ . ;oo

. . .(l'l) . -~ . n
'\v.ig) 1?1202 - 200 bioniPyanz - Drzaaza| | 12 €1n1%1m2 0 0 Cland }V-Lil)

3 U 8.2 Full Form of Extended Disaggregation Model: Y=AX+BE+CZ

(3) UUUS1ADUUULD (Condensed Model) (Lane, 1979) 1941a0fiaz 1 Period 14U 1 10w
Y. =AX+Be+CY,, [8.5]
o Todeuilogiiu iile T-1 84 12 (w=12)
Y;fhﬁywhmmgﬁauﬂwﬁu T
X=ﬁ11‘i1ﬁwm'ﬂﬂm;ﬁu
Yo1= aminhveadeudeuniiniy T-1
&€= Column Vector ﬂlﬂﬂfﬂ'ﬁj%i}ﬁuﬂlﬂﬂ Completely Random Series 130 Stochastic Term

1 a J
Ar.Br,Co=MM5 A0 V0UADY T

8.4 HULD1ADISNTIUAMINIAMUL Maultisite (Multisite Temporal Disaggregation Model)

o ! .. o % 1 I
HUUADILINTIUATNINLL L Multisite ﬁ’f]!L‘U°Ui]'laE]\‘1g\‘lLlﬂﬂﬁﬂlu’f]‘léﬂiiJL'JﬁWiWEﬁJl‘]Juﬁ'lﬁl

]
A AA 1

o ) .. i . .
a8 AHIUNTUNNOYNITUNIAININNI 1 YA Wil uuUY Multisite tnuiazilun Single Site

=
ATUN

Y
nandeluiade 8.2 jUuuvvewnuiaesazadrenuny Single Site 1FU HUVNUFIV (Basic)

1 1 a o 1 1
Huvvey (Extended) 1att1)Ugd (Condensed) L!G]LiJ“I/]iﬂG])'ﬁ"Uu1ﬂGlﬁiUuﬂ’JWIHJ"UlHWUfN Multisite

Y
Tusiveiiagnannde HuUIIaeLeAFIUUDVVEBT M SUNTS Multisite Temporal

Y=AX+Be+CZ [8.6]

18 Y=Column Vector ¥03A11991/ U030 YN5UNA1T101ADY FaUUA (nwx1)
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X=Column Vector ¥84M1ila91iuunsoyniuna1sisl) aliaua (nx1)
=P 9 q;j; A &
7= Column Vector m@qmﬂﬂ’auﬁmuum@wuﬂsmamiwmeu FANUUIA (nw’x1)
&€= Column Vector ﬂlﬂﬂﬁTﬂ%ﬂﬁuﬂJ@\i Completely Random Series 130 Stochastic Term
&~
FINVUIA (nwx1)

4

a 4 a z:! =
A=N1T1UNDTIUNTNY FINUVUIA (nwxn)

a 4 a S R A
B=W151U0TUNTNY FIUVUIA (nwxnw)

a 4 a S R A
C=M17UNDTIUNTNY FIUVUIA (nwxnw’)
n=3147U Sites NWI1TU

w=3112uggnaly 11
8.5 uuUdIaeaena IUMUNUT (Spatial Disaggregation Model)

o 1 dy d‘ =y o d' 9 = =1 [
HUUADILYNTIUAIUNUN ﬂ’ﬂllllllfﬂ?ﬁﬂﬂﬂi“ﬁllﬂﬂﬂﬂﬂiﬂl?ﬁWﬁ']fJ‘]J‘lJ@QﬁﬂWLl‘Haﬂ (Key
. I ~ A . 2 o A o 1 agy Y
Stations) L‘]JuﬂuﬂiﬂLﬁaTiTﬂﬂﬂl@ﬂﬁﬂWﬂﬂﬂﬂ (Substation) HINUIUTADIUHANDIININDIT 1 ﬁﬂTLlﬂulﬂ
A A Aaa v o da Y o ~ @
HAasaDIUIIAD D IUNUA A UNUTIVUTUIUTDIUHAN
Y 1
sUnnuvewyuiaewendIun iy azligluuuadreduuuuiiasendiuaiung
Y
Lmuﬁugm (Basic) U818 (Extended) Lazsuugd (Condensed)

Y v
Lane(1979) taueuuzuuyiiassuendiuauiui laslduuudiaewuuvensues Mejia and

Y
Roussele 9 34

Y=AX+Be+CZ [8.7]
zﬂ' 1 = =) iKY % d! =
118 Y=Column Vector ¥03M1516vosera1tigosvesililagiiv dalivuna (nx1)
X=Column Vector ¥04m15 1w vosamiinanvesililogiiu dadivuia (mx1)
1 ~ =W} =Pl Y oaj & A
Z= Column Vector U04A15181vaa011808v031nouriiniiu $auvu1a (nx1)
&= Column Vector ﬁummﬂwﬁuﬂlm Completely Random Series %50 Stochastic Term
£ A
HINUYUIA (nx1)

s &

a 4 a
A=W151UABTUNT AF FITVUA (nxm)

=

a L4 a 4 d!
B=11511035LUNTNY BINVUIA (nxn)

a o a 4 d! =1
C=M1951UADITLUNITNY FIWVYUIA (nxn)

0 . da
n=91UIU Sites NNIITU
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8.6 uuUIIavENTIHMUNHRLazMUN (Spatial and Temporal Disaggregation Model)

Y v
°]_|"I\1ﬂﬁﬂ@'ﬁ]@g])'ﬂ\iﬁWﬂ'ﬁﬁ?ﬁ@\?IﬂﬂﬂTi%Wﬂ@ﬂLLﬂﬂﬁ?u@TNﬁuﬁWﬁﬂﬁ‘]_lﬂTﬁﬁ]o']ai’]Q!Lflﬂﬁ?u@'lllL’Ja”I
' Y o ks A S A v R ad o ¥
YU f]Wli’)\iﬂTiﬁQlﬂﬁTgﬂ'ﬂHﬂﬁlll'lffnﬁ1fJLﬂ't’)u"Uf‘NUWVI”I‘VIhlﬁﬂl"lﬂﬁg‘]_l‘]_lﬂﬁlxuﬂ‘]_lu"l Gmﬂ’imumﬁmﬂﬂi%
o g o 1o a 4 [y
1%L!‘]J‘]J’1]”Iaﬂﬂﬁa”lf]ﬁjllﬂﬁﬂﬂﬂialﬂﬁﬂlﬁa']ﬁ"lfl!ﬁﬂuiﬂﬂﬁﬁﬂ UATHIUNITIUINDTISUIN Llagﬂﬁ]ﬁﬂﬂluﬁ']
) a v A A y 0 ) A A
Parsimony ell@QW'li'lllLﬁ’f]ﬂﬂ VI’NILaE]ﬂﬂ@ﬂ’lii“]ﬂl'ﬂ'ﬂi]'Iﬁ'E_JQL!ﬂﬂﬁﬁu@]’lﬂwuﬂllagﬁ'lﬂnﬁ'l
1 Y 9 [ 4 A 3’ VoA 9 1 < 091 & Ao
(YU ﬂ’]ﬁ'ﬁ]ﬁﬂ’liﬁ\uﬂi'IZW'f]1§ﬂﬁ'llL'Jﬁ'li'IEJLﬂ'f]‘L!"UE]\11!’]1/]’]‘1/]1114'6“61]']53‘]J‘U9']\3Lﬂﬂu'] SHINVTIUIU n+1

3 4 e v g A o A g 2o e o oy
DNMNINUUN ﬂWUﬂl‘ﬂ 1 't’]']\uﬂuﬁﬂ’luﬁaﬂ ILASDN n @1\1Lﬂﬂu'llﬂuﬁﬂ'luﬂﬂﬂ ﬂ’]jﬂ']a@\clﬂga’lm’liﬂﬂ’lhl@

9
=

WaLUY A9

yUUN 1-Multivariate Periodic Time Series Model

uuuh 2-AR/ARMA+Spatial+Temporal Disaggregation Model

]

o A

&’f [ Jd 1a g} ' ~ ~ o . Y o
TuN 1-avunedunsizrlsnaiihms gt vesaoitvian (Key Statlon)IﬂflchIﬂmUi]”la?N

A

AR Y179 ARMA

D.

9y
o A A A o 4

Y Y
UYUN 2-fﬁmamumwﬂmumuﬁuw woduaszrUSuaihmsieilues n aotiges

=Y g‘ 1 = = 2
1ndsuanimsetlvesantivian

D.

o

09.: 1 4 ] d A g/ 1 [ < 3}
TUN 3-a0uVLINAIUMNNAT BT UAI1ZHUTIAIMITIeRoUUDY n+]1 919V
a g/ 1 ~ [ < g/
91n1suaimsetues n+l oAU
uuuH 3-Multivariate Annual Time Series Model+Temporal Disaggregation Model
g & v . . LAy 7ol ot g
JUN 1-1% Multivariate Annual Time Series IWodUAT1ZH TIN5 18]
Y
[ <3 o
Y94 n+1 91UAVEN
v

{ o 1 4 [ d a o;l 1 U I 09’
TUN 2-3100VVLINTIUATNIA Lﬁﬂﬁ\ilﬂﬁWgﬂﬂﬁﬂJWﬂlu']ﬂ']ﬁ']fJLﬁ’E)usU’EIQ n+1 9UNVUN

A oy [ =t [ <3 oy
91nUsuIimseves n+l 819nUN
U a d o
8.7 msdszanammslimesveuudans

8.7.1 ﬂ]iﬂﬁzu1m?’hw1i1ﬁm9§ﬂli’)d!!‘]J‘U431’619\1!!8111@!3149]1“!3@11/!&1@11! (Basic Model)
Lmuﬁmamﬂﬂdammuﬁugm (Basic Model)

Y = AX + Be

(nwx1)=(nwxn)(nx1)+(nwxnw)(nwxl1) ........ PUIAING N

E(Y)=0 itag E(X)=0
ﬁumié’nw%’m‘hmmmmwﬁwﬁma{mamuui‘hamuﬂﬂdaummamﬁrugm o

A =Syx Sy [8.8]

BB = Syy —Syx SxX Sxy = Syy ~ASxy [8.9]
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ilo S =E(XX")=Variance-Covariance Matrix of X
SYY=E(YYT)=Variance—Covariance Matrix of Y
SYX=E(YXT)=Covariance Matrix of Y and X

SXY=E(XYT)=Covariance Matrix of X and Y

. a é o \ A .
5 Derive TN UABIVBIUUVI1ADIUNAIHATNIATNUI T (BaSIC I\/Iodel)
Y = AX+Be

E(YXT) E(AXXT +Be XT) AEXXT)

E(YYT) ~E(AX+Be)Y T

= E(AXYT E(Be)AX + Be)!

—AE(XYTJ (Be XTAT +Be T BTj

{7

Syy = A Syy + BB’

BRT = Syvy -A Sxy

) o d
8.7.2 THARUMIAHINIAINININDS (Calculation Procedure)
Y] Y :JI o 1 a 4 o 1 4
TuitetiazuaasiunpuMIRUIUMIATNTINABS VBT a0 ENE UM U Y
Taofvualy
. d’ [ IS
i=1,.,n WO UIUTDIN n=2
T=1,..® Ho$1mIUNIa (No. of Periods) lunilal) o =3
tﬂ' =) o =
v=1,...,N (o N Aad1uiutlvedoynsumnan
Y v

x(i,v) =15uanimset 1wy v vesannil i

. a g} J A A =) d‘ =
y(i,v,T) = YSuahmse@oulwaou T UN v vesaoll i

SXX=E(XXT)=Variance-Covariance Matrix of X



1 sz(l, V) Zx(l, V)X(2, V)

Sxx = [8.10]
(N-1) )
> x(2, V)X(l, V) > X (2, V)
= =2 =1 i=2
T=1 T=2 T=3 T=1 T=2 T=3
v y(1,v,1) | y(1,v,2) | y(1,v,3) | y2,v,1) | y(2,v,2) | y(2,v,3) x(1,v) x(2,v)
I x x < v y . %y(hl,r) gy(z,m)
2 X >y(l.2.7) >y(2.2,7)
T T
N « >y(L,N,7) >y(2.N,7)
T T
Mean 0 0 0
Var 1 Var(x(1)) Var(x(2))

1 N
Syy=—"—2

(
N-1,5 yglv,l [y(Lv.)y(Lv.2) y(1Lv.3). y(2,v.1). y(2,v.2), y(2,v.3)]

(

(

[8.11]

)
)) [x(l,v) , X(2,V)] [8.12]

Sxy = S¥x [8.13]




v ¥ Y
Hanarulu Excel 991114 aail

1 Sxx, Syy 1ag Sxy ABA Variance-Covariance Y99 X (a2 Y Haau1snfiuala lngly

1IAWYLI5IADN DATA+DATA ANALYSIS + COVARIANCE t@@0441139181 Variance-

8-9

[ 4 v
Covariance 111118 1ag35 1l Ao Biased Variance-Covariance Ap35uud Iagmsamarndmla lag

(N/N-1) 15819 Function {=SUMPRODUCT(A,B)/(N-1)} #ia¢19813114¢1513% 8.1

M13197 8.1 A10819N15A 1IN Variance-Covariance Matrix 228 Tuga COVAIANCE 11 DATA
ANALYSIS tazilafi41 SUMPRODUCT
\% y(1,V,1) y(1,V,2) y(1,V,3) | v(2,V,1) | y(2,V,2) | v(2,V,3) x(1,V) | x(2,v)
1 133 117 0.8 47 1.4 54 242 21
2 113 77 2.8 17 26 4.6 162 | 89
3 7103 57 3.8 13 20.6 3.6 122 29
4 163 27 42 20.3 0.4 2.6 232 181
5 143 137 32 13 1.4 1.6 312 1.1
6 133 117 22 123 26 20.6 272 9.1
7 69.7 63 12 6.7 216 0.4 748 1.9
8 2163 103 202 5.7 20.6 1.4 62| 49
9 36.7 283 0.8 77 24 2.4 658 | 2.9
10 113 83 2.8 87 2.4 3.4 02| 29
Mean 0.000 0.000 0.000 0.000 0.000 0.000 0.000 | 0.000
Use function SUMPRODUCT(A,B)/N-1
Syy | 85068 21254 229 11146 -1.76 16.13 | 1060.93 97.08
212,54 175.12 7.18 -60.77 9.87 15.76 | 394.84 -35.14 | syx
2.29 7.18 7.29 -15.71 0.20 0.64 12.18 -14.87
11146 -60.77  -15.71 89.34  -558  -1591 | -187.93 67.86
-1.76 9.87 0.20 -5.58 3.60 3.60 8.31 1.62
16.13 15.76 0.64 -15.91 3.60 10.27 32.53 2.04
Sxy | 1060.93  394.84 12.18 _187.93 831 32.53 | 1467.96 “147.09 | Sxx
9708 3514  -14.87 67.86 1.62 2.04 | -147.09 67.43
Use COVARIANCE 11 DATA ANALYSIS 92 1@ Biased Covariance @99135uitAa78 (N/N-1)
y(1,V,1) y(1,V,2) y(1,V,3) y2V,1) y@2V,2) y2\V,\3) x(1,V) X(2,v)
v(L,V,1) 765.61
y(1,V,2) 191.29 157.61
y(1,V,3) 2.06 6.46 6.56
y(2,V,1) -100.31 -54.69 1414 8041
v(2,V,2) -1.58 8.88 0.18 -5.02 3.24
v(2,V,3) 14.52 14.18 058  -14.32 3.24 9.24
x(1,V) 954.84 355.36 10.96 -169.14 748 2928 | 1321.16
x(2,v) -87.37 31.63 -13.38 61.07 1.46 184 | 413238  60.69
Syy 850.68
212.54 175.12
2.29 7.18 7.29
“111.46 -60.77 -15.71 89.34
-1.76 9.87 0.20 -5.58 3.60
16.13 15.76 064  -1591 3.60 10.27
Sxy | 1060.93 394.84 12.18 -187.93 831 32.53 | 1467.96 Sxx
-97.08 -35.14 1487  67.86 1.62 204 | -147.09  67.43
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a L4 a 4
VYUIAUB Variance-Covariance Matrices U3 X LIS Y LLﬁzWﬁmLﬁfl‘iLNﬂ‘iﬂG}Sﬁ@

Sxx = nxn

Syy = noxnom
Syx = noxn
Sxy = nxnw

-1
SXX = nxn

A

-
A= Syx Sxx

= (noxn) (nxn) = (nwxn)
ASXY = (noxn) (nxn®) = (xOXxnm)
BBT = Syyv - A Syy

= (1’10) X 1’1(,0) - (HQ) X 1’1(,0) = (H(D X nO))

Y
o [ <
LL‘]J‘UmaENLL&Jﬂﬁ?HﬁHﬁWuLLUTJL@Mgﬂ

Y= AX+Beg

_Y(I,V,l) ] _a11 ap | _bll b, by
y(l,V,Z) a4y ay b, by, by
Y(I,V,?’) N s TR 2 {X(LV)}_’_ by, by by
y(2,V,1) - Ay Ay X(zaV) b, b, by
y(2,V,2) a5, Ay by, bs, Dby

_Y(2:V:3)_ 361 Q62 _b61 bg, by

d o
8.7.3 ﬂ15‘]JﬁgN1mf’hW1§1ﬁlﬂ@§m9@!!u‘ﬂ‘ﬁ1ﬁ@ﬂ!!ﬂﬂﬁ!juﬂﬂlunﬁ“ﬂ]usllﬂﬂlﬂ (Extended Model)

HULIIB0UENAIULLUVEY (Extended Model) (Mejia and Rousselle, 1976)

Y = AX + Bg + CZ

(nwx1)= (nwxn)(nx1)+(nwxn)(nx1)+(nwxn)(nx1)......

E(Y)=0
E(X)=0

E(Z)=0

a
VHIAULUNTNY

fmmsf‘h‘n%"uﬁ1mmmﬁ1w1s1ﬁma§mamwfﬁwaamaﬂdammmmﬂ Ao

A= (SYX —SYZSEIZSZX)(SXX ~Sxz S7z Szx )71

[8.14]



C= (SYZ -A SXZ)SEIZ

BBT =Syy —ASyxAT = ASy,CT —C S,xAT = C 8,,CT

BBT =Syy —ASyy —C Szy

. a ¢ o
113 Derive ‘ﬁ17‘“‘513»]W]@isll@Q!!TJU“lnflf‘)Q!!ﬂﬂd?uﬂ1u!3ﬁ‘]!!ﬂﬂmﬂ1ﬂ (Extended Model)

Y =AX+Beg+CZ
ExyT )= E[x(AX+Be +C2)" |
~E(xXTAT + XeTBT + x27CT)
Sxy =SxxA +8x,C!
EzYT)=Elz(ax +Be+CZ)" |
—E[ZXTAT +Z¢"B" + 22'C")
Szy =SzxA" +87,C'
E(YZT )= E(AX+Beg+CZ) Z'
E(YZt) = E(AXZT +Be ZT + CZZT)
Syz=A Sxz+C Sz
C= (SYZ -A SXZ) S77
E(YX")=E(AXX" +Be X" +CzX")
Syx = A Sxx +C Szx
= A Sxx + (SYZ - A SXZ) S77 Sz7x

A -1 A 1
=A Sxx +Syz Szz Szx —A Sxz Szz Szx

-1
A= (SYX ~Syz Szy SZX) (SXX ~Sxz Sz7 SZX)
E(YY")=E(AX+Be+CZ) Y
—E(AXY" +Be Y" +CZY")
—E(AXY" + Bz (AX +Be+C2Z) +CZY")
Syy = ASXY +BBT + CSZY

BBT =Syy —A Sxy -C Szv
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d o
8.74 ﬂ"ﬁﬂﬁg3~nmf’hW1§1ﬁlﬂ@§m9@!!uu%1ﬁ@ﬂ!!ﬂﬂﬁ!guﬂﬂlunﬁﬂlllﬂﬂﬂli’) (Condensed Model)

(Lane, 1979)

Y. =A X+Be+C. Y
(nx1)= (nxn) (nx1)+(nxn) (nx1)+(nxn) (nx1) ........ VUIANNT A

A‘c =[ SYX(T’T)_SYY(T7T_1)8;(1\((1_171_1)SYX(T_1’T) ]

-1
[SXX(’C,’C)—SXY(’C,’C—I) Syy(t—11-1) SYX(’E—I,’C)] [8.18]

C.= [ Syy(mr=1)-A Sy (r.r-1) |S7h(x-1,7-1) [8.19]

]A31]A33 =Syy (r, r)— ATSXY (r,r)— CTSYY (c —l,r) [8.20]

a d )
M3 Derive ¥IW151301NB5VDUVVINADILLNAIUMNIAWUVELD (Condensed Model)

Y.= AX+B.e+C Y,

E(y,Y",)=EAXY!, +B.e Y, +C, Y, , Y,
Syy(n1-1)=A, Syy(tt-1)+C, Syy(t-1,7-1)
C, =(Syy(tr-1)-A, Syy(t1-1)) S (1-1c-1)

E(y.X")=E(AXX" +BeX" +C,Y, X"

T 11

Syx (1:, T) = Ar Sxx (T>T)+ C. Syx (T - LT)

ATSXX (‘C,’C)+ Syy (r,‘c - 1) Sy (r -1, 1) Syx (r -1, 7:)

~A Sy (t,1-1) S (t=1,1-1) Syx(t-1,7)

A= [SYX (7, 1)=Syy(nt=1) Sy (T Lt —1) Syx(t - LT)]

[SXX(’C,’C)—SXY(’C,T—I) S;lY(T—l,T—l) SYX(T_LT)TI
E(Y,Y')=E(A.X+B.e +C.Y, )Y

T 11

Syy (r,r) = ATSXY (r,r)+ ]ASTE(gXTAT +€ §TB£ +e YTT_ICIJ + CTSYY (r -1, T)

= ATSXY (‘L‘,’C)-I— IABTIASI + éTSYY (’C -1, r)

B.B! =Syy (v,7)- A‘ESXY (v,7)- é‘rSYY (v-1,17)




8-13
v a [ o U &’ 4‘ () = . .
8.7.5 m‘51Js3341mmw5mmeﬂjaammmaaasmnmumuwummwamn‘un‘sm Multisite

Y= AX+Beg+CZ
nsaNNa 1 inan(Key Station) m 913 Lazan1ildos n a01il
(nx1)= (nxm) (mx1)+(nxn) (nx1)+(nxn) (nx1) ........ VUIAUNI N

Y
a J o F) @ o 1
‘W1513Jm’EJ%'GUENLL‘]J‘]JiﬂaENﬁi]Zﬂmﬁlﬂ‘]Jl,!,‘]J‘]Jiﬂa’f’N!Lﬂﬂﬁ’mmiﬂ’mulﬂ‘lﬂl&ﬂﬂﬁ@
o -1 oT 1 oT [!
A= lSYX - SYZ SYYSXZJ [SXX - SXZ SYYSXZT
~ N -1
C =8y, -Asy,] s

E4
9 o

A A = 9 QSJ‘ A = a L [l =1
(199910 Z A9 Y vodUnNoUKTINUL 150 7=Y(1) ﬁ]gﬁ"lll"liﬂ!fllﬂuﬁi]ﬂ”liWWiﬂJm@ialﬁiJll@ AN

R _ _ 1

A= [SYX —Syy (1)SY1YS>T<Y (1)] [Sxx —Sxy (l)sYlYS;F(Y (I)T [8.21]
C= [SYY(I)— ASXY(l)] S3L [8.22]
BB" =S, —AS,, —-CSI, (1) [8.23]

8.7.6 IBMIMUIUA Variance-Covariance Matrixes 811 SUHUUI A2 SNAIUMNIA MUY

i) (Condensed Model)

MIMUIBMMITNADS VDUV aIUMUA WUV Tuaums 8.18-8.20 92N8IT4

AUN5U5EUIUAT Variance-Covariance Matrices U4 SHW(TD), ST, T), S (T, T), S (T, T-1),
A A ' A
Syx(T-1,T) W T A AN 1¥U L1ADU
[ 4
AINNAN LUUA
A 1 Y 09/'
Sy (T-1,T-1) = S, (T,T) VoUADUADUNUINY 1Ay

Syy (1, 1=1)=S{x (t—1,7)

nFal n=2
(1)
1 N |{Yvz
Soo(T,1)= : [ (1) (z)}
YY( ) N—lvzzl y(z) Yvi Yvz [8.24]
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(1)
I N |Yvz
S D={ yoJ["g) < 528
(1)
1 N|X
Sxx(T»T)—ﬁVz:ll X(z)}[xg) x{? } [8.26]
(1)
LR N RARS (U RC) }
S > —l)=—— V,T— V,T—
YY(TT ) N—IVZ=1 ygzz |:y 1 Yy [8.27]
1 N Ysz)rl 1) ()
Syx(t-1,7)= N1 Z: ye) [Xv Xy } [8.28]

S A A o A A Ay ~
XX T, T HUAVHUDUNUNNIADU IUBDIVIN X ﬂ@ﬂ’lm@ﬂﬂuﬂiﬂma’li’lﬂﬂ

8.7.7 I5MIAUIUA Variance-Covariance Matrixes 115 UNUUS 10008 Na IUMNNUA
(Spatial)

o [ o 1 dy d' A Al Y o Y A =1 [

dsunuuiaeendIumuN U X, Y, Z Avoynsuna1siel) idmuald Saoriivan (X)
N m=2 @91 wazan1Heee (Y) WU n=4 @911 92 @ 10150A11IUNIAT Variance-Covariance

S uaz s (1) ladail

Matrices Sy, Syys Syyo S
1
Ly |
L3Iy T om oo o6 o
S o [y y@ y® @
Y N—lvzzl y(v3) ’ " o2
4
Ly
1 N_X(l)_ 1 2
S = S [x0 x@]
XX N_1V21_X(V2)_ v Xy [8.30]




N
SYY (1) :N— >

SXY (1) :ﬁ 2

. qa
y

1N y®
N-1v|y®?
g

RAY

1
y{

2
y?

3
y$

(4)

N _XEII)_

x®

K

E

[x ]

1) 2) 3 4
(v—l Y(v—l Y(v—)l Y(v—)l

1) 2) 3 4
(v—l Y(v—l Y(v—)l Y(v—)l

8.8 MINATDUANNHINETNVDIUUVINADY (Goodness of Fit Test)
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[8.31]

[8.32]

[8.33]

ATMINATOUANUHNZ TUVOIULUTIA0UENTIU %mﬁauﬁu'ﬁ%m‘smﬁﬂummmmmu

YBUVUT1809 AR, ARMA, ARIMA 112 Multivariate 11421701047 F1l5n00d08

a I a a
(1) fﬂﬁ‘Vlﬂﬁ'i’)‘]Jﬁﬂﬂ@ﬁ?ﬂﬂ??ﬂlﬂﬂﬂﬁiguﬁzﬂ”lilﬁ]ﬂl!i]\ill‘].l‘].l‘llﬂ@]‘ll@\i Residual Series

) mafseuney Model Correlogram, Generated Correlogram 11 Historical Correlogram

a 4
(3) MINATDY Parsimony UDINITININDT

8.9 A28 1INIDNAD IV VLN IU

g’ v d' = 3’ J =) ~ A
QU1 Yakima #9317 8.3 Noynsunanimisigfen 4 4011fe (1) Keechelus Lake (2) Kachess

Lake (3) Incremental Flow (ta& (4) Easton Diversion Dam gaaaaluasnan 8.2 Mviualid Easton ud]u

@ I 1
gaiivan (Key Station) tt81z Keechelus, Kachess, Incremental Flow Wuaatidoy (Sub-stations) foaMs

o § o 4 J 3’ . [ Y
auuiasuieduniizvounsuNa1s Ao UYDT 4 ao1i Tuguiil Yakima Al

[ 4 =1 =1 [
(1) ?NLﬂ‘iwﬁ@lgﬂimilmiwﬂ"llmﬁmuﬁaﬂ Easton Diversion Dam

o 1 g { . . . 4 [ 4
) aanuudaeuendiuamunun (Spatial Disaggregation Model) Lﬁ@mmawmuﬂimam

7161 up 90111808 (Keechelus Lake, Kachess Lake 118 Incremental Flow) 91001A341701

VOIADIUNAN
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0 ! .. . . { o ¢
3) auuudeewendiuaunal (Multisite Temporal Disaggregation Model) INOFUATIEH

AYNTUNATIBABUVDIAD IO INOYNTUNIA1T 16T

Keechélus Lake[ 1] Kaclfess Lake[2]
vl v2

Increamental flow [3]

Easton (Key station)
150 sq.mile

[l F
719 8.3 amiividnuazaniigosluguiin Yakima

U

v E4
M131397 8.2 OYNTUNIAAIDENVBITIUNANIAL TDI1EDEVDIUIT Yakima 58119191) 1926-1940

Year

1926 1927 1928 1929 1930 1931 1932 1933 1934 1935 1936 1937 1938 1939 1940
Annual data
Keechelus |Y(1)| 183.1 234.4 251.2 156.2 160.4 176.6 278.5 345.7 321.6 248.8 219.7 201.1 2159 213.6 186.1
Kachees Y(2)| 158.1 220.3 233.6 134.7 134.8 152 240.2 303.7 304.5 233.2 207.3 174.3 192.3 183.2 153.5
Difference |Y(3)]| 126.1 184.6 227.1 131.7 132.1 108.5 188.1 264.6 275.5 223.5 207.1 142.3 190.5 170.3 110.6
Easton X 467.3 639.3 711.9 422.6 427.3 437.1 706.8 914 901.6 705.5 634.1 517.7 598.7 567.1 450.2
May Data
Keechelus |Y5(1)] 24.7 79 215 11.3 182 219 322 84 477 145 151 12 9.7 141 228
Kachees Y5(2)] 23.3 71 209 119 19.1 218 34 74 46.9 157 159 11.3 10.3 15 20.2
Difference |Y5(3)] 22.2 12 224 115 205 136 289 104 393 178 16.6 11.8 133 148 154
Easton X5 70.2 27 648 347 578 573 951 26.2 1339 48 476 351 33.3 439 584
June Data
Keechelus |Y6(1)] 30.3 19.1 21 153 369 261 324 18.1 48.2 15 349 224 347 292 334
Kachees Y6(2)] 29.3 224 221 16 345 243 344 20 476 16.8 38.1 21 33 30.1 304
Difference |Y6(3)] 19.8 254 225 154 36.7 246 359 195 29.2 19.7 427 214 289 26.7 20
Easton X6 79.3 66.9 65.6 46.7 108.1 75 102.7 57.6 125 515 1157 64.8 96.6 86 83.7

[ [
v A

Y
(% L4 o ' @ . .
YUn 1 ﬂ"l'iﬁﬂlﬂi?zﬁ’f)lgﬂillL’JaTH"ITI"IiTEﬁJ‘U’ENﬁQTﬁﬂaﬂ (Easton Diversion Dam) Tag

LUVI1E09 AR(1)
y, = 0.568y,_+132¢€,

o y, = Annual Flow — Mean Annual Flow

v '
v A

(% 4 :I 1 = g’ 1
Tun 2 midunsizreynsunanihNevesdmildosninoynsunanimiseivesaniil
Y v
wan Taglduuuiraesuendiuauiiuiuuuvens (Extended Spatial Disaggregation Model) 11

aung [8.7]

Y = AX +Beg+CZ
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A
1®
3‘ 1 A % =)
Y=Column Matrix ¥848ynsunanimsgililagiiuves 3 anriides
Y
X= Column Matrix ¥840ynsuIanimselilgiiuvesaoriivan

Y 9
Z= Column Matrix vesoynsunanimmsetlvesilneuntiniuves 3 aoiides

Anamammaimesunsag A, B, C minaums [8.14], [8.15] uaz [8.17]

A

-1 -1 1
A = (Syx ~Sv575S7x ) (Sxx —Sxz S35 Sx
C=(Syz - A Sxz)s7.

YZ XZ )77
BBT =Syy —ASyy —C Szv

NANSAIUIN Variance-Covariance Matrices LAZAINIT A0S Ao

3101 . 3002. 2701.
Sow = | 3002. 2977 . 2762
Yy 2701 . 2762 2877 .
1844 . 1609. 861.5
Syy(1) = 1967. 1760. 1038
2168 2037. 1416.
Syx = [25880.1
‘8803.]
S = |87a1.
Yx | 8340
Syy(1) =  [5980. 5407 . 3316 ]
R r.3532
A = |.3372
| '3096
sum of A = 1.00
. C 5112  -.6510 .03759
Cc = 1707  -.1734  -.02162
- 6819 8244  -.01597
sumofC= 0 0 0
“ e " 64.29 15.50  -79.79
BB = 15.50 21.10  -36.60
|_70.79  -36.60 116.4
R 8.018 0. 0.
B = 1.933 4,167 0.
-9.951 -4.167 0.

sumofB = 0 0 0
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[ A ]
M13199 8.3 Variance-Covariance Matrices 8115 ULV 1@0enaUMUNUALLUVENY

Annual data(t) Annual Data(t-1)

Keechelus Kachees  Difference  Easton Keechelus Kachees  Difference  Easton
Year (t) Y1(t) Y2(t) Y3(t) X(1) Y1(t-1) Y2(t-1) Y3(t-1)  X(t-1)
1926 -43.1 -43.6 -52.7 -1394 -40.1 -48.2 -68.2  -156.5
1927 8.2 18.6 5.8 32.6 -43.1 -43.6 -52.7  -139.4
1928 25.0 31.9 48.3 105.2 8.2 18.6 5.8 32.6
1929 -70.0 -67.0 -47.1 -184.1 25.0 31.9 48.3 105.2
1930 -65.8 -66.9 -46.7 -179.4 -70.0 -67.0 -47.1  -184.1
1931 -49.6 -49.7 -70.3 -169.6 -65.8 -66.9 -46.7  -179.4
1932 52.3 38.5 9.3 100.1 -49.6 -49.7 -70.3  -169.6
1933 119.5 102.0 85.8 307.3 52.3 38.5 9.3 100.1
1934 954 102.8 96.7 294.9 119.5 102.0 85.8 307.3
1935 22.6 31.5 44.7 98.8 95.4 102.8 96.7 294.9
1936 -6.5 5.6 28.3 27.4 22.6 31.5 44.7 98.8
1937 -25.1 -27.4 -36.5 -89.0 -6.5 5.6 28.3 27.4
1938 -10.3 -94 11.7 -8.0 -25.1 -27.4 -36.5 -89.0
1939 -12.6 -18.5 -8.5 -39.6 -10.3 -94 11.7 -8.0
1940 -40.1 -48.2 -68.2 -156.5 -12.6 -18.5 -8.5 -39.6
Mean 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Y1(t) Y2(t) Y3(t) X(t) Y1(t-1) Y2(t-1) Y3(t-1) [ X(t-1)
Y1(t) 3101 3002 2701 8803 1844 1609 861 4315
Y2(t) 3002 2977 2762 8741 1967 1760 1038 4765
Y3(t) 2701 2762 2877 8340 2168 2037 1416 5621
X(1) 8803 8741 8340 25884 5980 5407 3316 14702

¥ [
v A

v 4 :j 1 09} J 1
UYUN 3 ﬂﬁE‘NL‘ﬂi131’1ﬂiéﬂi?JL’JﬁWH”I‘VI”IS18Lﬁ®uﬁnﬂmﬂgﬂ§m3a1u"I‘I/Iﬁ?ﬂﬂ‘]]@ﬂﬁiﬂﬁﬂ’ﬂﬂ Tﬂﬂsl%

HUVIIADILENTIUA NNV VYO (Condensed Form Multisite Temporal Disaggregation Model)

Y, =AX+B.e+C. Y,

Auamsnsiimesuning A, B_, C, vnauns [8.18], [8.19] uag [8.20]

A‘c :[ SYX(Tﬂr)_SYY(T’T_I)S;IY(T_I’T_I)SYX(T_LT) ]

-1
Sy (1.0) Sy (.2-1) S (1= 1-1) Sy (e-1,7)

Cr = [ SYY(T’T_I)_ATSXY(T’T_l) ]S;KIY(T_LT_I)

Bréf =Syy (r, T)_ ATSXY (r, T) - é‘CSYY (T -1, T)

Q . . . 1 a It Aa 4
HAN13A U Variance-Covariance Matrices LazAW1511IADS IR0 UAYUIOUCADUT 6) AD




[174.3

SXY(G’S) = {175.0

SYY(6,5)

SYYLS,S)

SYX(Sﬁ)

SXJ{(G,G)

SYY(G,G)

b

>

BI{F

oo I

[ 111.3

67.49
62.46

[ 18.92

110.7
109.3
76.57

37.56
91.86
[ 28.21

[3101.
3002.
L2701,

H

[87.56
79.81
| 45.08

T 2213
.1226
-.05735

[ 1.416
.5396
[-3.133

[38.70
36.61
L31.47

[6.221
5.884
1 5.059

171.9
173.7
119.1

67.13
63.01
23.44

109.3
109.4
77.23

38.15
96.61
37.76

3002.
2977.
2762.

79.81
76.27
47.81

.4229
.2549
.07423

.8238
-.1149
2.961

36.61
35.84
31.64

0.
1.103
1.697

174.07
182.2
163.7 .

48.38]
47 .61
21.12

76.57 ]
77.23
60.76

33.47]
95.29
63.73 |

2701. 7
2762.
2877. |

45.08
47.87

58.20

.1768
.1286
-.02786

L2171 7
. 3167
.549%4 |
31.47
31.64
37.07

0.
0.
2.934
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Annual data May Data June Data
Year () | YI() | Y20 | Y30 | X | YIS [ Y25 [ Y35 | X5 [ Yiwe) | Y26 | Y3w6) | X(16)
1926 431 436  -527 -139.4 5.9 4.6 42 14.6 25 1.3 -6.1 2.4
1927 8.2 18.6 58 326 -10.9 -11.6 6.0  -286 8.7 5.6 05 -14.8
1928 250 319 483 1052 27 22 44 9.2 6.8 5.9 34 -16.1
1929 2700 -67.0  -47.1 -184.1 15 -6.8 65 209 -125 -12.0 -105 =350
1930 658  -669 -467 -179.4 -0.6 0.4 2.5 22 9.1 6.5 108 264
1931 496  -497 2703 -169.6 3.1 3.1 -4.4 1.7 -1.7 3.7 -1.3 -6.7
1932 523 38.5 93 100.1 13.4 15.3 10.9 39.5 4.6 6.4 100  21.0
1933 119.5  102.0 858 3073 -10.4 -11.3 7.6 =294 9.7 -8.0 64 241
1934 954 1028 967 294.9 28.9 28.2 21.3 783 20.4 19.6 33 433
1935 226 315 447 988 43 3.0 0.2 -7.6 -12.8 -11.2 62 =302
1936 6.5 56 283 274 3.7 2.8 -1.4 -8.0 7.1 10.1 168  34.0
1937 251 274 365 -89.0 -6.8 7.4 62 205 5.4 7.0 45  -169
1938 -10.3 9.4 11.7 -8.0 9.1 8.4 47 223 6.9 5.0 3.0 149
1939 -126  -185 85  -39.6 4.7 3.7 32 -117 1.4 2.1 0.8 43
1940 -40.1 482  -682 -156.5 4.0 1.5 2.6 2.8 5.6 2.4 5.9 2.0
Mean 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Use SUMPRODUCT(A,B)/N-1
Yi) Y20 Y3® | x| viws Y25 Y35 | X5 | Yiwe) Y26  Y3(16) | X(t.6)
Y1(t) 3101 3002 2701 | 8803 174.3 171.9 174.0 | 5202 37.56 91.26 2821 157.6
Y2(t) 3002 2977 2762 | 8741 175.0 173.7 1822 | 531.0 38.15 95.95 3776 1725
Y3(t) 2701 2762 2877 | 8340 111.3 119.1 163.7 | 394.1 33.47 94.42 63.73 1925
X(t) 8803 8741 8340 | 25884 460.6 464.7 519.9 14452 109.2 281.6 129.7 5226
YI(t,5 1743 1750 1113 460.6 | 110.67 109.34 76.57 | 296.6 67.5 62.5 18.9 1489
Y2t,5) 1719 1737 1191 4647 | 109.34 109.41 7723 | 296.0 67.1 63.0 234 153.6
Y3(t,5) 1740 1822 1637  519.9 76.57 77.23 60.76 | 214.6 48.4 47.6 211 1171
1445.
X(t5) 5202  531.0  394.1 2 296.6 296.0 2146  807.1 183.0 173.2 63.5 419.6
Y1(t,6) 37.6 382 335 | 1092 67.49 67.13 4838 | 183.0 87.56 79.87 45.08 | 212.5
Y2(t,6) 91.3 96.0 944 | 281.6 62.53 63.05 47.62 | 1732 79.87 76.32 4778 | 203.9
Y3(1,6) 28.2 378  63.7| 1297 18.92 23.44 21.12 63.5 45.08 47.78 5820 | 151.1
X(t6) 1576 1725 1925 5226 148.9 153.6 117.1 4196 212.5 203.9 151.1  567.6
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PUIUG ’mﬁ(n) fﬁmaumma(w) Basic Model | Extended Model Condensed Model
1 12 156 168 36
1 24 600 624 72
1 52 2,756 2,808 156
2 12 624 672 144
2 24 2,400 2,496 288
3 12 1,404 1,512 324
20 12 62,400 67,200 14,400
n W n*w+n’w” 2n°wHn’w’ 3n°w
n 12 156n° 168n° 36n”
1 W wHw’ 2wHw’ 3w
2 w Aw+dw? Sw+dw’ 12w
n Small w Large ~W ~w” ~w”
n Large w Small ~n° ~n° ~n’
msnﬁ 8.6 LL’L!’J‘V]NﬂﬁﬁiﬂiﬂH Parsimony "UfNWTﬂﬁL@]fJ‘iJ
5@51’c’iaufﬂ°1mu%yaﬁaaﬁiwﬁiai‘hmuWﬂﬁma{ (R) FoNT
R<1 Impossible
1<R<3 Foolish
3<R<S Poor
5<R<10 Fair
10<R<20 Good
20<R Very Good

8.11 feehamsilszandlFuuudiaesuana i (Practical Applications of Disaggregation Models)
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APPENDIX A8.1 ESTIMATION OF COVARIANCES

The main object of this appendix is to illustrate the
estimation procedure for the covariance matrices used in the
disaggregation models presented in this chapter.

Two approaches may be taken to estimate covariance
matrices. One is to estimate the elements of the matrix
individually using standard estimation techniques. The
second is to use a matrix approach which estimates all of the
covariances at one time. This second approach will be used
here. The estimation of covariances will be illustrated for the
three temporal disaggregation schemes and for one spatial
disaggregation scheme presented in this chapter. A simple
example will be used to clarify the procedure.

For the temporal disaggregation models, the following
notation will be used. Consider the)periodic (seasonal) data
(i
v,T
1, ..., N;and 1 =1, ..., w; with i referring to one of
the individual sites or time series, v being the year, and
1 being the interval (season) of the year. The limits n, N
and w are respectively the total number of times series, the
total number of years of data, and the total number of inter-
vals (season) in the year. The annual data is denoted as

in question to be denoted as vy , 1=1, ..., n; v =

x(l) with i and v taking on the same meaning as before.
Firther consider that the means have been subtracted from
the original data so that the data now have zero means. Note
that this is done on a season by season and site by site
basis. There are therefore n annual means and w seasonal
means involved. For ease of presentation, the estimation pro-
cedure for the temporal models will be illustrated for the case
of n=2 and w= 3.

COVARIANCES ESTIMATES FOR THE BASIC TEMPORAL
DISAGGREGATION MODEL

The estimation of parameter matrices A and B as
given by Eqs. (8.14) and (8.15) require the sample covari-
ance matrices SXX’ SYX and SYY' The population value

corresponding to SXX may be expressed as

LD

N v (1) (2 ‘
E(XX") = E x(z) [Xv X ] (A8.1)
v

where E(.) is an expected value operator. The sample
estimate S\;\’-‘ is obtained from
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Suw = L bzI{xxT} (A8.2
XX N 5 vty ne)
or
(1)
N | x

_ 1 v (1) _(2) '
Syx = § 2 [xv ’Ev] (A8.3)

v=l xf.z}

Eguation (A8.3) is adjusted slightly to correct for the bias
introduced in the covariance because of the need for estimat-
ing the means. The adjustment amounts to reducing the de-
nominator of Egs. (A8.2) and (A8.3) by one, resulting in

Suw = 3 X xT A8.4
Xx - N1 2 (XGXQ) (A8.4)
v=1
and
(1)
N X
_ 1 v [u) (21]
Suw = wom 3 X (A8.5)
XX TN 5| g v *v

KV

These "unbiased" forms are used in this chapter. The reader
should note that many authorities use the biased estimation
equations. The alternative approach, estimating the indivi-
dual elements of SKX separately, may be written as

) aG)
5 Xy Xy {AB.6)
where sx}{(i,j} is the element of SX_}{ from the i-th row

and j-th column.

The covariance matrix SYX’ made up of the covariances

between the seasonal and annual series, is given by

N rl«
5: (Y X)) (AB.7)

1

o
Syx = W41

ar
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(1)
v 1
(1)
v 2
(l) , o
_Y_;_3_ [X(l) x(z)] . (A8.8)
(2 v

V 1
(2)
Iy , 2
(2)
L v,3

w
It
Ir—-ﬁ
g

<
]|

Again, the individual elements can be equivalently estimated
as .

..._ 1 X gk L) Ag o
Syx{1:1) = N-1 vi:l Yot %v (A8.9)

where

izwk +1 . (A8.10)

Having illustrated the individual element estimation technique
for both SXX and SYX’ only the matrix approach will be

covered for the remaining covariance matrix estimates. In-
dividual element estimation equations are fairly easy to deter-
mine and that task is left to those interested readers.

The covariances among the seasonal series, SYY is
estimated by

(A8.11)

or

(1)
v 1
(1)
v 2
p N (1:)3 (1) (1) (1)1 (@) _(2) (2

- V)_ ]
S T N-1i 5:1 -EZ) [vlyvzyv,S.vlyv2yv3]

v 1 (A8.12)
(2)
V 2
(2)

v,3
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COVARIANCE ESTIMATES FOR THE EXTENDED TEMPORAL
DISAGGREGATION MODEL

The parameter estimates for this model are given by Eqs.
(8.16), (8.17), and (8.18). These equations require sample

estimates for SXX’ SYX‘ SYY’ SZZ’ SZX’ and SYZ‘ The

first three of these are the same as those given for the basic
temporal model. To determine the covariances involving Z,
consider the case where Z contains two seasons of the pre-
vious years data. For this example it has dimensions of
(2n x 1) or (4 x 1) and has the form

(1)
yv-1,2
Fili ;
v-=1i,
Z,= |- (A8.13)
(2)

N5
2

| Yv-1,3

Before presenting the estimation equations, it 1is
appropriate to point out that there are two basic types of
moment estimators, open series and circular series estimators.
For the preceding equations, there are no differences between
the two approaches. For the circular series approach, the
(1)

series is taken to repeat itself so that wvalues of y_ . and
xi,ﬂ for v=0 or v=n+1 have mean::\.ng and may be
1) (i)

used in calculations. In this approach ¥y equals ¥y )

D qpate x D gD e v O )
Xg~ equals Xy, VYpn4q o €quals ¥y ¢+ and  xXn
x$ For the open series approach the assumption of con-
tinual repetition of the sample series is not made. In actual-
ity the value of the estimates are only changed a negligible
amount. The estimation procedure is made slightly more
complicated for the open series approach. For this approach,
the summations no longer always go from one to N as they do
for the circular series approach; they go only over all pairs
of values for which both elements of the pair are defined. In
addition the mean wvalues (to subtract from the series) are
usually calculated only over the values used in the covariance
calculation. For this chapter, only the circular series
approach is used.

equals

Thus the covariance matrix estimate, SZZ* may be
calculated as



Spg =
or
s =L 3
22 7 N-1

If all of the seasons are included inr Z, then S

identical to SYY .

The covariance matrix estimate,

as
SZX=
or
SZX:
Likewise, SZY
Szy =
or
N
Sou = e 3
ZY N-1 ~
v=1

| Yv-1,3 |

(1) (1)
[yv-l,z Yv-1,3

N
1 ; T
T <2 (Z.X7)
N-1 v=1 vy
(1) ]
Yy-1,2
(1)
1 N Yelig (1)
-1 2| o] %
v=1 (2)
y_v-1,2
(2)
Yv—1,3
may be calculated as
N
1 , T
N-1 51 (Z,Y,)
(1)
Yv-1,2
ey
Yv-1,3. [y(l) (1) (1)
(2) v,1 Yv.2 Yv.3
yv-1,2
(2)
L_yV-l,?) -
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(A8.14)

(2) (2)
yv—1,2 yv-l,B]
(A8.15)
would be

ZZ

SZX’ may be calculated

(A8.16)

@]
X, ] (A8.17)

(A8.18)
(2)  (2) (2)
3v,l Ye .2 }v,S]

(AB.19)
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COVARIANCE ESTIMATES FOR THE CONDENSED TEMPORAL
DISAGGREGATION MODEL

The parameter estimates for this model are given by
Eqs. (8.19), (8 20) and (8 21). The required moment esti-
mates are Y('C 1), X(t 1), SXX(I,'E), SYY(I,I'—l),

SYX(T-I,I) using the notation described in Sec. 8.3.4 and
where 1 is the season. Moment SYY(I"I,I-l) of Egs.
(8.19) and (8.20) is simply SYY(t,t) of the previous season
and moment SXY(‘E,I-l) is simply the transpose of SYX(I—I,T,)

so these moment estimates will not be illustrated separately.
For this model there are a separate set of moments and pa-
rameters for each season. The required moments may be
estimated as ’

1 N v (1) (@)
Suv(T,1) = s = v, [ ] (A8.20)
YY N-1 .5 (2) Yvou Vvt
V '[
1 N v ] 1) (2
Sue(T,T) = o 2 Tv,T [x X ] (A8.21)
YX N-1 v=1 (2) v v
V TZ
(1)
N X
Sy =g 2 | [xél) x‘(fz)] (A8.22)
v=l [ (2)
v
(1)
N |y
o1y = L v,T (1) (2)
Syy(t,t-1) = g3 3=1 ;@ [yv,t—l Yy 1- 1] (A8.23)
V » L
and
1 N vl 1 [y @
Soul(T-1,1) = == 3 Yv,t- [x X ] (A8.24)
YX N-1 v=1 (2) v \Y
v ,T-1

S“(I,I) has the same value for all seasons of the year.



COVARIANCE ESTIMATES FOR THE SPATIAL
DISAGGREGATION MODEL

this model, both Y and X are annual time series,
the I;or column mat;‘ix composed o+f annual values for the sub-
ctations and the X column matrix composed of annual valuﬁs
for the key stations. For illustrative purposes, consider the
case of four substations and two key stations. Tdhe Iéequﬁgd
moment E:S_timates, SYY’ SXK’ SYK’ SYY{I) an xy 1)
may be estimated as

2
N |y 1) (2 (3 y{au]
(3) Yy Yy Yy v
v=l ¥y (A8.25)

(4)
RN

1l

Syy = N-i

1 Xy [ (1) (2)] (A8.26)
S = -1 )3 X X

l‘.

(1) _(2)
Syx = §-i 2 ‘{’3} [xv xv-l (A8.27)

v=1 Vo

- (D)7

5

vo (1) (2) ,(3) (4)] (A8.28)
vy = [y

v-1 Yy-1 Fv-l ?v-l

|
Zz
o
[

and

NPl oy @ @ @
v , : , .
Syy(D = §o 2 [%-1 Vo1 Y-l 3v—1] (A8.29)
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